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Unit LA2 Linear equations and matrices

Introduction

Systems of simultaneous linear equations arise frequently in mathematics
and in many other areas. For example, in Unit LA1 you found the point of
intersection of a pair of non-parallel lines in R? by solving the two
equations of the lines as simultaneous equations—that is, by finding the
values for x and y that simultaneously satisfy both equations. In particular,
you found the solution to the system of simultaneous linear equations

Jr —y= 1,
r—y= _1)
to be x = 1, y = 2. In other words, the two lines 3x —y = 1 and
x —y = —1 intersect at the point (1,2).

The solution to a system of simultaneous linear equations in two unknowns
(z and y) corresponds to the points of intersection (if any) of lines in R?.
Similarly, solutions to systems of linear equations in three unknowns
correspond to the intersection (if any) of planes in R3. Although systems
with more unknowns can be thought of in relation to intersections in
spaces of higher dimension, we develop a strategy for solving such systems
without the need to visualise a multi-dimensional world!

Matrices appear throughout mathematics. In this unit we assume no prior
knowledge of matrices, although you may well have met them before. We
use matrices as a concise way of representing systems of linear equations,
and then go on to study matrix algebra and determinants. Throughout
this unit we relate our results to the solutions of systems of simultaneous
linear equations. Many of the ideas and methods introduced here will be
used in the following three units on linear algebra.

In Section 1 we begin by considering simultaneous linear equations in two
and three unknowns. We introduce the idea of a solution set, and interpret
our results geometrically. We then generalise these ideas to systems of

m simultaneous linear equations in n unknowns, and introduce the method
of Gauss—Jordan elimination to solve them systematically.

In Section 2 we develop a strategy for solving systems of linear equations,
based on performing elementary row operations on the augmented matrix
of the system in question. We transform the augmented matrix to
row-reduced form, from which we can easily read off any solutions. This
method is algorithmic, and a computer can be programmed to perform it;
this enables large systems with many unknowns to be handled efficiently.

In Section 3 we study the algebra of matrices. We investigate the addition
and scalar multiplication of matrices, and see that matrices can be thought
of as a generalisation of vectors. We use the dot product of vectors to
define the multiplication of one matrix by another. Finally, we introduce
some important types of matrices, and the matrix operation of
transposition—interchanging the rows and columns of a matrix—which
will be used later in the block.

In Section 4 we introduce the inverse of a matrix. This plays a role in
matrix arithmetic similar to that of the reciprocal of a number in ordinary
arithmetic. We show that many matrices do not have inverses, and give a
method for finding an inverse when it does exist. We also link the idea of
the invertibility of a matrix with the number of solutions of some systems
of linear equations.

Recall from Unit LAT,
Subsection 1.2, that an equation
of the form 2x + 3y +4z=5
represents a plane in R

Most computer programs use a
slightly modified version of this
method.



Section 1

In Section 5 we use systems of linear equations to introduce the
determinant of a square matrix. The determinant assigns to each square
matrix a number which characterises certain properties of the matrix. In
particular, we prove that a matrix is invertible if and only if its
determinant is non-zero; this provides a method for determining whether
or not a given matrix is invertible.

Study guide
Sections 1 to 5 should be studied in the natural order.
Section 1 is straightforward and should not take you long.

Section 2 is the audio section. Using row-reduction to solve systems of
linear equations is an important method to master.

Much of Section 3 may be revision for you. If you have not multiplied
matrices before, then you will need to spend some time practising this as it
may seem strange at first. Matrix multiplication plays an important part
in the remainder of the block.

Sections 4 and 5 both contain important material. There is a lot of theory
in these sections, and you need not master it completely. You should,
however, make sure that you can find the inverse and evaluate the
determinant of a 2 X 2 or 3 x 3 matrix, and you should at least read the
statements of the theorems.

1 Simultaneous linear equations

After working through this section, you should be able to:

(a) understand the connection between the solutions of systems of
simultaneous linear equations in two and three unknowns and the
intersection of lines and planes in R? and R?;

(b) describe the three types of elementary operation;

(c) use the method of Gauss—Jordan elimination to find the solutions
of systems of simultaneous linear equations;

(d) explain the terms solution set, consistent, inconsistent and
homogeneous system of simultaneous linear equations.

1.1 Systems in two and three unknowns

Systems in two unknowns

One equation

Recall that an equation of the form
axr + by =c

represents a line in R?. There are infinitely many solutions to this
equation—one corresponding to each point on the line.

Simultaneous linear equations

Unit LA1, Subsection 1.1.

Here, a, b and c are real
numbers, and a and b are not
both zero.
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Two equations

The solutions to the system of two simultaneous linear equations

axr + by = c,
de +ey = [,

in the two unknowns x and y correspond to the points of intersection of
these two lines in R2.

Two arbitrary lines in R? may intersect at a unique point, be parallel or
coincide. This means that solving a system of two simultaneous linear
equations in two unknowns yields exactly one of the following three
situations.

e There is a unique solution, when the two lines that the equations
represent intersect at a unique point.

For example, the system
r—Yy= _1)
20 +y = 4,
has the unique solution x = 1, y = 2, corresponding to the unique

point of intersection (1,2) of the two lines in R

e There is no solution, when the two lines that the equations represent
are parallel.

For example, the system

€r—Yy= _1)
€r—Yy= 1)
represents two parallel lines in R?, which do not intersect, and so has

no solutions.

e There are infinitely many solutions, when the two lines that the
equations represent coincide.

For example, the system

—6z + 3y = —6,
2t — y= 2,

has infinitely many solutions, as the two equations represent the same
line in R?. In a sense, the two lines intersect at each of their points;
that is, each pair of values for z and y satisfying 2x —y = 2 is a
solution to this system.

Systems in three unknowns

One equation

Recall that an equation of the form
ar+by+cz=d

represents a plane in R?. There are infinitely many solutions to this
equation—one corresponding to each point in the plane.

Here, a,b, ..., f are real
numbers.

Unit LA1, Subsection 1.1.

WX

Unit LA1, Subsection 1.2.

Here, a, b, ¢ and d are real
numbers, and a, b and ¢ are not
all zero.



Section 1 Simultaneous linear equations

Two equations

The solutions to the system of two simultaneous linear equations

b =d
{am+ Y+ ez ’ Here, a,b,...,h are real
ex + fy + gz =h, numbers.
in the three unknowns z, y and z correspond to the points of intersection
of these two planes in R3.
Two arbitrary planes in R? may intersect, be parallel or coincide. In Unit LA1, Subsection 1.2.

general, when two distinct planes in R? intersect, the set of common points
is a line that lies in both planes. This means that solving a system of two
simultaneous linear equations in three unknowns yields exactly one of the
following two situations.

e There is no solution, when the two planes that the equations represent
are parallel.

For example, the system

r+y+z=1,
T+y+z=2

represents two parallel planes in R? and so has no solutions.

e There are infinitely many solutions, when the two planes that the
equations represent coincide, or when they intersect in a line.

For example, the system

r+ y+ z=1,
20 4+ 2y + 2z = 2,

has infinitely many solutions, as the two equations represent the same
plane in R3. Each set of values for z, y and z satisfying z +y + 2z = 1
is a solution to this system, such asx =1,y =0, 2 =0 and x = -2,
y=4,z=—-1.

Similarly, the system

r+y+z=1,
r+y =1

has infinitely many solutions: the planes in R?® represented by the two
equations intersect in a line. The z-coordinate of each point on this
line is zero, so the line lies in the (z,y)-plane. Each set of values for z,
y and z satisfying  +y = 1 and z = 0 is a solution to this system,
suchasx=1,y=0,z=0and x=5,y=—4, 2 =0.

Three equations

In a similar way, the solutions to the system of three simultaneous linear
equations

ar + by + cz =d,
ex + fy—+ gz =h, Here, a, b, ...,l are real numbers.
ix+ jy+ kz=1,

in the three unknowns z, y and z correspond to the points of intersection

of these three planes in R3.

Three arbitrary planes in R® may meet each other in a number of different
ways. We illustrate these possibilities below.
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A system of three simultaneous linear equations in three unknowns yields
exactly one of the following three situations.

There is a unique solution, when the three planes that the equations
represent intersect at a unique point.

For example, the system

r+y+z=1,
r+y =1
x —z =0,

has the unique solution x = 0, y = 1, z = 0, corresponding to the
unique point of intersection (0,1,0) of the three planes in R3.

There is no solution, when two of the planes that the equations
represent are parallel, or when the three planes form a triangular prism.

For example, the system

rH+y+z=1,
THy+z=2,
r+y—z=0,

represents three planes in R?, the first two of which are parallel, and so
has no solutions.

Similarly, the system

T4y =1,
T + z =1,
—y+z:1,

has no solutions: the planes in R? represented by the three equations
intersect in pairs, forming a triangular prism, and so there are no
points common to all three planes.

There are infinitely many solutions, when the three planes that the
equations represent intersect either in a plane or in a line.

For example, the system
T+ y+ z= 1,

—-r— y— z=-—1,

20 + 2y + 2z = 2,
has infinitely many solutions, as the three equations all represent the
same plane in R?. Each set of values for z, y and z satisfying
x4y + 2z =1 is a solution to this system, suchas x =1,y =0, 2 =0
andz=-1,y=3, z=—1.

Similarly, the system

r+y+z=1,
x4y =1,
r+y—z=1,

has infinitely many solutions: the planes in R? represented by the three
equations intersect in a line. The z-coordinate of each point on this
line is zero, so the line lies in the (x,y)-plane. Each set of values for z,
y and z satisfying  +y = 1 and z = 0 is a solution to this system,
suchasx=1,y=0,z=0and x =—-5,y=6, z =0.

=3
N
L=
<>
1



Section 1 Simultaneous linear equations

1.2 Systems in nn unknowns

The equations for a line in R? and a plane in R? are linear equations in
two and three unknowns, respectively. Similarly, an equation of the form

Here, a,...,e are real numbers,
and a, b, ¢ and d are not all zero.

ar+by+cz+dw=ce

is a linear equation in the four unknowns z, ¥, z and w. In general, we can
define a linear equation in any number of unknowns.

Definitions An equation of the form

a1x1 + asxs + - + apx, = b, A linear equation has no terms
that are products of unknowns,
Wherg a1,0z; .- ; an, b are rgal numbers, and aq,...,a, are not all such as 22 or z124.
zero, is a linear equation in the n unknowns 1, zs, ..., x,. The

numbers a; are the coefficients, and b is the constant term.

Exercise 1.1 Which of the following are linear equations in the
unknowns z1,...,x57

(a) 1+ 3w9 —x3 —bxy — 225 =0 (b) 1 — 29+ 2x324 + 325 =4

(c) Brg —x5 =2 (d) a1y +asx3 + - +aszd =b
We write a general system of m simultaneous linear equations in Frequently, we refer simply to
n unknowns as systems of linear equations, as
the full description is rather a
apry + ajpry + -+ apT, = by, mouthful!

a2171 + axxry + -+ agx, = ba,

Am1T1 + Q222 + -+ + ATy = by

The numbers b; are the constant terms, the variables x; are the unknowns
and the numbers a;; are the coefficients. We use the double subscript ij to
show that a;; is the coefficient of the jth unknown in the ith equation.
The number m of equations need not be the same as the number n of
unknowns.

A solution of a system of linear equations is a list of values for the
unknowns that simultaneously satisfy each of the equations. In solving a
system, we look for all the solutions—you have already seen that some
systems have infinitely many solutions.

Definitions The values 21 = ¢y, 29 = ¢9, ..., 2, = ¢, are a solution
of a system of m simultaneous linear equations in n unknowns,
T1,...,Ty, if these values simultaneously satisfy all m equations of the
system. The solution set of the system is the set of all the solutions.

For example, you saw earlier that the solution set of the system

r+y+z=1,
T +y =1, (1.1)
T —2z=0,

is the set {(0,1,0)}, which has just one member.
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You also saw that the solution set of the system

r+y+z=1,
r+y+z=2, (1.2)
r+y—2z2=0,

is the empty set.

Definitions A system of simultaneous linear equations is consistent
when it has at least one solution, and inconsistent when it has no
solutions.

The system (1.1) is consistent, and the system (1.2) is inconsistent.

When a system of linear equations has infinitely many solutions, we can
write down a general solution from which all solutions can be found. We
illustrate this with an example that you have already met.

You saw earlier that the solutions of the system

r+y+z=1,
r+y =1
r+y—z=1,

are the sets of values for z, y and z satisfying x +y =1 and z = 0. The
unknowns x and y are related by the equation x + y = 1, which we can
rewrite as y = 1 — x. Thus for each real parameter k assigned to the
unknown x, we have a corresponding value 1 — k for the unknown y. We
write this general solution as

r=k, y=1—k 2=0, wherekeR.

To highlight the connection between the solutions of the system and the
intersection of the planes in R?, we can write the solution set as a set of
points in R3:

{(k,1—k,0):k € R}.

Homogeneous systems

In the following systems of linear equations, the constant terms are all zero:

2¢ + 3y =0,

r—y—z2=0,

20 +y —2=0, (1.4)
—z+y+z=0.

Such systems are called homogeneous.

Definitions A homogeneous system of linear equations is a system
of simultaneous linear equations in which each constant term is zero.

A system containing at least one non-zero constant term is a
non-homogeneous system.

If we substitute z = 0, y = 0 into system (1.3), and x =0,y =0, 2 =0
into system (1.4), then all the equations are satisfied. These solutions are
called trivial.

10

The order of the unknowns must
be clear—the triples (1,0,0) and
(0,1,0) correspond to different
solutions.
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Definitions The trivial solution to a system of simultaneous linear
equations is the solution with each unknown equal to zero.

A solution with at least one non-zero unknown is a non-trivial
solution.

A homogeneous system always has at least the trivial solution, and is
therefore always consistent.

Exercise 1.2 Write down a general homogeneous system of m linear
equations in n unknowns, and show that the solution set contains the
trivial solution.

Returning to system (1.4), we see that there are other solutions. For
example, x = 2, y = —1, z = 3 is a solution. In fact, this system has an
infinite solution set, which we can write as

{(2k, —k,3k) : k € R}.

Number of solutions

We have already seen that when m < n < 3, a system of m equations in
n unknowns has a solution set which

e contains exactly one solution,
e or is empty,
e or contains infinitely many solutions.

In fact, the solution set of a system of m linear equations in n unknowns
has one of these forms, for any m and n.

We saw earlier that two non-parallel planes in R? cannot intersect in a
unique point. A consistent system of two linear equations in three
unknowns therefore has an infinite solution set. In general, a consistent
system of m equations in n unknowns, with m < n, has insufficient
constraints on the unknowns to determine them uniquely; that is, it has an
infinite solution set.

1.3 Solving systems

We now introduce a systematic method for solving systems of simultaneous
linear equations. This method is called Gauss—Jordan elimination. It
entails successively transforming a system into simpler systems, in such a
way that the solution set remains unchanged. The process ends when the
solutions can be determined easily.

The idea is to reduce the number of unknowns in each equation. In
general, we use the first equation to eliminate the first unknown from all
the other equations, then use the second equation to eliminate another
unknown (usually the second) from all the other equations, and so on.

To avoid confusion when applying this method, we label the current
equations rq, re, and so on. We can then write down how we are
transforming the preceding system to obtain the current (simpler) system.
We use the symbol «» (‘interchanges with’) to indicate that two equations
are to be interchanged; for example, r; <+ ro means that the first and
second equations are interchanged. We use the symbol — (‘goes to’) to
show how an equation is to be transformed. For example, ro — ro + 11
means that the second equation of the system is transformed by adding the
first equation to it.

Simultaneous linear equations

Non-homogeneous systems have
only non-trivial solutions.

System (1.3) has no non-trivial
solutions.

This assertion will be proved in
Unit LA4.

You will meet this method again
in Section 2, where you will use
matrices to represent systems of
linear equations. A strategy is
given there.

The same notation, ry, ro, and
so on, will be used in Section 2
where we transform rows of
matrices, hence the choice of the
letter r.

11
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We start by illustrating this method with a system of two linear equations
in two unknowns. Although this method is not the simplest way of solving
this particular system, it proves very useful in solving more complicated
systems.

Example 1.1  Solve the following system of two linear equations in two
unknowns:

2z 4+ 4y = 10,
dr + y= 6.

Solution  We aim to simplify the system by eliminating the unknown y
from the first equation and the unknown z from the second. The
operations we perform do not alter the solution set of the system.

We label the two equations of the system:

r] 2z + 4y = 10,
ro dr + y= 6.

We begin by simplifying the first equation; we divide it through by 2, so
that the coefficient of x is equal to 1:

r1—>%r1 {x+2y:5,
4r + y=6.

We then transform this system into a system with no x-term in the second
equation. To do this, we subtract 4 times the first equation from the
second:

rT+2y= 5,
ro — ro —4ry — Ty = —14.

We now simplify the second equation of this new system by dividing
through by —7. This yields a system which already looks less complicated
than the original system, but has the same solution set:

{x + 2y =5,

1

I'2—>—7I'2 y:2.

We next use this new second equation to eliminate the y-term from the
first equation. We subtract twice the second equation from the first, which
yields the system

ry —r;—2ry T = 1,
y = 2.
We conclude that there is a unique solution—mnamely, z =1, y = 2.
In calculations of this sort, errors are easily made. It is therefore advisable
to check the solution by substituting it back into the equations of the

original system. For this example, substituting x = 1 and y = 2, we find
that

{(2><1)+(4><2)
x 1) 4+ (1x2)

10, v
1x2 6. v N

The steps we performed in this example involve either multiplying (or
dividing) an equation by a non-zero number, or changing one equation by
adding (or subtracting) a multiple of another. Neither of these operations
alters the solution set of the system. Changing the order in which we write
down the equations also does not alter the solution set of the system.
These are the three operations, called elementary operations, that we
perform to simplify a system of linear equations when using the method of
Gauss—Jordan elimination.

12

In other words, we aim to reduce
the system to the form

T = x,

{ Yy = *,
where the asterisks denote
numbers to be determined.

At each step, we relabel
(implicitly) the equations of the
current system. These two
equations therefore become the
new ry and ro.
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Elementary operations The following operations do not change the
solution set of a system of linear equations.

1. Interchange two equations. Operation 2 includes division by

2. Multiply an equation by a non-zero number. a non-zero number.

3. Change one equation by adding to it a multiple of another. Operation 3 includes subtracting

a multiple of one equation from
another.

Exercise 1.3 Solve the following system of two linear equations in
two unknowns:

r+y=4,
2z —y =5,

by performing elementary operations to simplify the system as in
Example 1.1.

We now solve a system of three linear equations in three unknowns. We
use elementary operations to try to reduce the system to the form

T = x,
Yy = x*, Here, the asterisks denote

Z = x*, numbers to be determined.

Example 1.2  Solve the following system of three linear equations in
three unknowns:
T+ y+2z=3,
2¢ + 2y + 32z =5,

T— Yy = 0.
Solution = We label the three equations of the system:
ry T4+ y+2z=3,
ro 20 + 2y + 32 =5,
r3 r— vy = 5.

We begin the simplification by using the first equation to eliminate the
z-term from the second and third equations:

T4+ y+2z2= 3
ro — ro — 2ry — Z:—l,
rs —-rs—rg —Qy—QZ: 2.

We now have no y-term in the second equation, and so cannot use this
equation to eliminate the y-term from the first and third equations. We
also cannot use the first equation to eliminate the y-term from the third
equation, as this would reintroduce an x-term. We therefore interchange
the second and third equations, to obtain a non-zero y-term in the new
second equation:

T+ y+2z= 3
ry <> 13 -2y —2z= 2,
— z=—1.

We simplify this new second equation by dividing through by —2:

rT+y+2z2= 3,
I'2—>—%I'2 Y+ z:_L
- z=-—1

13
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We can now use the second equation to eliminate the y-term from the first

equation:
ry —-ry —rop x +z= 4,
Yy +z= _17
—z=—1.

We simplify the third equation by multiplying through by —1:

x +z= 4,
y+Z:—]_,
rs — —rs z= 1.

Finally, we use the third equation to eliminate the z-term from the first
and second equations:

ry - r;—rg X = 3,
rg —ro—1r3 Y = -2,
z= 1
We conclude that there is a unique solution—namely, x = 3, y = —2, You should check this solution
z=1. M by substituting it into the

original equations.

Exercise 1.4 Solve the following system of three linear equations in
three unknowns:
xT+ y— z= 8§,
20 — y+ z= 1,
—x + 3y + 2z = 8.

Each example solved in this subsection has a unique solution. We now
show how to apply the method to a system that does not have a unique
solution.

It is not usually possible to reduce a system with an infinite solution set to
one where each equation contains just one unknown. This is illustrated by
the following example.

Example 1.3  Solve the following system of three linear equations in
three unknowns:

Solution = We label the three equations, and apply elementary operations
to simplify the system. To save space, we write the explanations to the
right of the equations.

ry T + 2y = 0
ry y—z= 2 We label the equations.
r3 T+ y+z=-2
T+ 2y = 0 .
.= 9 We eliminate the z-term from rs
J using ry.
r3 —r3—ri - y+z=-2
ry —r; —2ry x +2z=—4 o
y— z= 2 We eliminate the y-terms from
d i .
r3 — I3+ 17 0z + 0y +0z= 0 F1ane bs ISe T2

14
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We have written the current rg equation as Ox + Oy + 0z = 0 to highlight
the fact that all the coefficients are zero, although in future examples we
shall simply write 0 = 0. This equation gives no constraints on z, y and z.

If we were to try to use equation ry to eliminate the z-term from ry, we
would reintroduce a y-term. Similarly, using equation r; to eliminate the
z-term from the equation ro would reintroduce an z-term.

The system has an infinite solution set, as there are insufficient constraints
on the unknowns to determine them uniquely. We have two equations, one
relating the unknowns x and z, and the other relating y and z. As each
equation involves a z-term, we can choose any value we wish for z, and
write the general solution as

r=-4—-2k y=24k z=k keR. N
Whenever the simplification results in an equation 0 = 0, we have, in
effect, reduced the number of equations. We simplify the remaining

equations as far as possible, in order to determine the solution set.

Exercise 1.5 Solve the following system of three linear equations in
three unknowns:

r+3y— z=4,
—x+ 2y —4z =6,
T+ 2y = 2.

We now try to solve an inconsistent system.

Example 1.4  Solve the following system of three linear equations in
three unknowns:

T+ 2y+4z= 6,
y+ z= 1
z 4+ 3y + 5z = 10.

Solution = We apply elementary operations to simplify the system.
r] rT+2y+4z= 6
ro y+ z= 1
r3 T+ 3y + 52 =10
r+2y+42=6
y+ z=1
rs —>r3—rg y+ z=4
ry —>ry —2ry T +2z=4
y+ z=1
rs —rs3—1ro 0=3

Concentrating on the current r3 equation (0 = 3), we see that there are no
values of x, y and z that satisfy it. The solution set of this system of linear
equations is the empty set. M

Whenever the simplification results in an equation 0 = %, where the
asterisk * denotes a non-zero number, we have an inconsistent system, as
this equation has no solutions. There is no point in simplifying the
remaining equations further. In fact, in Example 1.4, inconsistency of the
system could have been inferred at the penultimate stage, as the equations
y+ z=1and y + z = 4 form an inconsistent system.

Simultaneous linear equations

‘No constraints’ means that any
values for z, y and z satisfy the
equation.

r=—-4—2zand y =2+ z.

We label the equations.

We eliminate the z-term from rj
using ry.

We eliminate the y-terms from
ri and r3 using rs.

Compare this equation with the
final equation rs in the solution
to Example 1.3.
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Exercise 1.6 Solve the following system of three linear equations in
three unknowns:
r+y+ 2= 6,
—r+y—3z2=-2,
20 +y+3z= 6.

1.4 Applications

Systems of simultaneous linear equations frequently arise when we use
mathematics to solve problems; that is, when we formulate a mathematical
model to help solve a problem.

In general, to model any straightforward problem we follow the same basic

procedure.

1. Identify the unknowns.

2. Analyse each statement of the problem, and rewrite it as an equation
relating the unknowns.

3. Solve these equations.

4. Write the solution in words to answer the problem, checking that it
‘makes sense’.

These four steps are illustrated in the following example.

Example 1.5 The sum of the ages of my sister and my brother is
40 years. My brother is 12 years older than my sister. How old is my
sister?

Solution  First we decide what the unknowns are. Here we are asked to  This is step 1.
find the age of my sister, so this is obviously one unknown. The statement

relates my sister’s age to my brother’s age. We do not know my brother’s

age, so this is a second unknown. These are the only two unknowns in this

problem. Let us denote my sister’s age by s and my brother’s age by b (in

years).
The first statement of the problem now translates to the equation This is step 2.
s+ b =40,
and the second statement to
b=s+12.
We write these two equations in the usual form:
s+ b =40,
—s+ b=12.
This system could be solved more simply but, as a further illustration of This is step 3.
the method, we apply elementary operations to simplify it.
ry s+ b=140 .
ry { st b=12 We label the equations.
s+ b=40 We eliminate the s-term from ro
rys — ro—+r] 2b = 52 using ry.
s+b=40 We simplify ry by dividing
ry — %I‘Q b=26 through by 2.

16



Section 2 Row-reduction

ry —ry;—ry S =14 Finally, we eliminate the b-term
b=26 from ry using ro.

The system has a unique solution—namely, s = 14, b = 26.

The answer to the problem is that my sister is 14 years old. This makes This is step 4.
sense, as it is positive and not an unreasonable age. (An age of 612 years

would be unreasonable!) We also note that 14 and 26 do add to 40, and

that 26 4s 12 more than 14. W

Further exercises

Exercise 1.7 Find the solution set of each of the following systems of
simultaneous linear equations.

x4+ 4y =-7
(a) ¢ 22— y= 4
—x + 2y = -5
4 — 6y = —2
(b) {—6x+9y:—3

p+ g+ r=25
(c) p+2q+3r=11
3p+ q+4r=13

Exercise 1.8 Find the points of intersection of the planes z +y — 2z =0,
y—2z=0and 3z —y+ 52z =0in R>.

Exercise 1.9 Solve the following system of simultaneous linear equations
in four unknowns.

a—b—2c+ d=3

b+ ¢+ d=3
a—b— c+2d="7
b+ c¢c+2d=7

2 Row-reduction

After working through this section, you should be able to:

(a) write down the augmented matriz of a system of linear equations,
and recover a system of linear equations from its augmented
matrix;

(b) describe the three types of elementary row operation;

(c) recognise whether or not a given matrix is in row-reduced form;

(d) row-reduce a matrix;

(

e) solve a system of linear equations by row-reducing its augmented
matrix.

In this section we give a systematic method for solving a system of linear
equations by Gauss—Jordan elimination. This method makes it easy to
solve even quite large systems of linear equations. It involves a technique
(row-reduction) that will be useful in another context later in this unit.

17
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2.1 Augmented matrices

We begin by introducing an abbreviated notation for a system of linear
equations.

You may have met the notion of a matriz at some point in your study of
mathematics. A matrix is simply a rectangular array of objects, usually
numbers, enclosed in brackets. Here are some examples:

2 -7
11 (3.17 2.23 7.0 0.00> ; 1; 1;
2 ) ) -
0 1 4.88 1.71 1.72 5.55 1 7 —s

The objects in a matrix are called its entries. The entries along a
horizontal line form a row, and those down a vertical line form a column.

For example, the first row of the first matrix above is 2 —7, and the second

-7
column of the same matrix is 3 .
12

We can abbreviate a system of linear equations by writing its coefficients
and constants in the form of a matrix. For example, the system

dr + y= -1,
z—3y= 0,

can be abbreviated as

4 1| -7
1 =3 0)°

In general, the system

ap1ry + apxry + -+ apx, = by,
a21°1 + agexy + -+ + anx, = ba,

Am1T1 + Ama®2 + -+ QpnTp = by,

of m linear equations in n unknowns 1,9, ..., , is abbreviated as the

matrix
air a2 aip | b1
a1 G2 aop | ba
aml Am2 Amn bm

This matrix is called the augmented matrix of the system. The word
augmented reflects the fact that this is made up of a matrix formed by the
coefficients of the unknowns on the left-hand sides of the equations,
augmented by a matrix formed by the constants on the right-hand sides.
Later, we shall sometimes consider these two matrices separately.

In the augmented matrix, each row corresponds to an equation, and each
column (except the last) corresponds to an unknown, in the sense that it
contains all the coefficients of that unknown from the various equations.
The last column corresponds to the right-hand sides of the equations.

Example 2.1  Write down the augmented matrix of the following system
of linear equations:

r 4+ 0y + 10z = 5,
v+ y— 4z=-1,
dr — 2y + 6z= 1.

18

In M208 we use round brackets
for matrices; some texts use
square ones.

It is helpful to draw a vertical
line separating the coefficients of
the unknowns on the left-hand
sides of the equations from the
constants on the right-hand
sides.

Before writing down the
augmented matrix of a system of
linear equations, we must ensure
that the unknowns appear in the
same order in each equation,
with gaps left for ‘missing’
unknowns (that is, unknowns
whose coefficient is 0).



Section 2

Solution  The augmented matrix of the system is
1 0 10| 5
3 1 —4|-1|. |
4 =2 6 1

Example 2.2  Write down the system of linear equations corresponding
to the following augmented matrix, given that the unknowns are, in order,
T1,T9:

1 =215

0 119

4 310

Solution  The corresponding system is
T — 21‘2 = 5,

1‘229,
4dr1 4+ 329 =0. N

Exercise 2.1

(a) Write down the augmented matrix of the following system of
linear equations:
4561 - 21’2 == —7,
To + 3563 = O,
— 3352 + Tr3 = 3
(b) Write down the system of linear equations corresponding to the

following augmented matrix, given that the unknowns are, in
order, x,y, z, w:

23 0 7|1
01 -7 0]-1
10 3 -1} 2

2.2 Elementary row operations

When we used Gauss—Jordan elimination to solve a system of linear
equations in Section 1, we worked directly with the system itself; but it is
often easier to apply the same method to its abbreviated form, the
augmented matrix. The three elementary operations on the equations of
the system correspond exactly to three equivalent operations on the rows
of its augmented matrix.

Recall that the three elementary operations are as follows. Subsection 1.3
1. Interchange two equations.

2. Multiply an equation by a non-zero number.

3. Change one equation by adding to it a multiple of another.

These correspond to the following operations on the rows of the augmented
matrix.

1. Interchange two rows.

2. Multiply a row by a non-zero number.

3. Change one row by adding to it a multiple of another.

We call these elementary row operations of types 1, 2 and 3,
respectively.

Row-reduction

19
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The next example shows a system of linear equations solved by
Gauss—Jordan elimination. On the left, in Solution (a), we perform
elementary operations on the system itself, as we did in Section 1. On the
right, in Solution (b), we perform the corresponding elementary row
operations on the augmented matrix of the system. You can see that in
Solution (b), we have less to write down at each stage.

In this example, and elsewhere, we use the same notation for elementary
row operations as we use for elementary operations (r; <+ r;, and so on).

Example 2.3  Solve the following system of linear equations: This system is the one that we

T+ y+2z=3,
2z + 2y + 3z =5,
T— Yy = 5.

Solution (a)

We perform a sequence of elementary
operations on the system in order to
transform it into a system with the same
solution set but whose solution set is easy to
write down.

ry r+ y+2z=3
ro 20 + 2y + 32 =5
r3 T— Y =5

r+ y+2z= 3

ro — ro — 2ry — z=-1
rs > r3—rg —2y—2z= 2
r+ y+2z= 3
Iy <> I3 -2y —2z= 2
- z=-1

1‘2—)—%1‘2

rr —r1—1I9

rs — —I3

rr —-r|y —rs
ro -T2 —TI3

——— — — = —/
8
+
< =
I+ +
N
ISR RN
1
(.
—_ = W

The solution is z =

&
<
I
|
\.l\?
I\
|
—

20

solved in Example 1.2;
Solution (a) is simply repeated
from there (in abbreviated
form).

Solution (b)

We perform a sequence of elementary row
operations on the augmented matrix of the
system in order to transform it into the
augmented matrix of a system with the same
solution set but whose solution set is easy to
write down.

r; 1 1 2] 3
Iro 2 2 3 5
r3 1 -1 0 )

ro — ro — 2ry
rs —rs3—r;

o <> I'3

rr —r1—1I9

[a)
—= O
—
|
—_

rs — —I3

—_
)
@)
w

rA —-r|y—rs
ro —To —TI3

o O
O =
=)

|
— N

The corresponding system is

T = 3,
Yy = _27
z= 1.

The solutionisz =3, y=-2,2=1. A
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It is important to appreciate the following point about elementary row
operations.

When a sequence of elementary row operations is performed on a matrix,
each row operation in the sequence produces a new matrix, and the
following row operation is then performed on that new matrix. For
example, the working for the first two row operations in Solution (b) above
should, strictly, be set out as follows.

rp 1 1 2] 3
Iro 2 2 3 5
rs3 1 -1 0 5)

O =
O =
|
— N
|
—_ W

ros — ro — 2ry

—_
|
—_
o
(@)

1 1 2] 3
0 0 —-1|-1
rs —rs3—r; 0 -2 -2 2

However, we often perform two or more row operations in one step, to save
time. Whenever we do this, we must ensure that when a row is changed by
one of these row operations, the new version of that row is used when
performing later row operations.

The easiest way to avoid difficulties is to perform two or more row
operations in one step only if none of these row operations changes a row
that is then used by another of these row operations. The above row
operations ro — ro — 2ry and rg — r3 — r{ meet this criterion: the first
changes only row 2, and the second does not involve row 2. In this course
we perform two or more row operations in one step only if they meet this
criterion.

Row-sum check

We end this subsection by describing a simple checking method that can
be useful for picking up arithmetical errors when we perform a sequence of
elementary row operations on a matrix by hand.

To apply this method, we proceed as follows. To the right of each row of
the initial matrix, we write down the sum of the entries in that row.

r1 1 1 2| 3\ 7
ro 2 2 3| 5] 12
rs 1 -1 0| 5/ 5

From then on, when performing elementary row operations, we treat this
‘check column’ of numbers as if it were an extra column of the matrix, and
perform the row operations on it. So the first step of the calculation in
Solution (b) above would look as follows.

1 1 2| 3 7
ro — ro — 2ry 0 0 —1|-1 -2
rs —rs—r; 0 -2 -2 2 —2
At each step in the calculation, each entry in this extra column should still We have included the check

be the sum of the entries in the corresponding row. If this is not the case,  column in an example in the
an error has been made. audio frames.
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2.3 Solving linear equations systematically

We now describe a systematic method for solving a system of linear
equations by Gauss—Jordan elimination. The method involves performing
elementary row operations on the augmented matrix of the system.

Listen to the audio as you work through the frames.

22
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9. Exercise 2.5

Solve the system corresponding to each of the following
row-reduced matrices.

(a) Assume that the unknowns are x4, Xo.

o l3)

(b) Assume that the unknowns are x,, X5, X3.

oIy Oll—

1
O
O

o - O
OERNENO)
- O O

(c) Assume that the unknowns are xq, X5, Xz, X4, Xg5.

T3 0 2 0|7
O 0 1 -2 0] &
0O 0 0 0 11
0O 0 0O 0O 0|0

(d) Assume that the unknowns are x4, X5, Xz, X 4.

1
O
O

o — O

o 1
O 4
T 0

o O O

10. Strategy 2.1 Row-reducing a matrix

Carry out the following four steps, first with row 1 as
the current row, then with row 2, and so on, until

EITHER every row has been the current row,

OR Step 1is not possible.

Step |

Select the first column from the left
that has at least one non-zero entry
in or below the current row.

Step 2

If the current row has a O in the
selected column, interchange it with
a row below which has a non-zero
entry in that column.

Step 5

If the entry now in the current row and
the selected column is ¢, multiply the
current row by 1/c to create a leading 1.

Step 4

Add suitable multiples of the current
row to the other rows to make each
entry above and below the leading 1
into a O.

Step 1:
select the
column for the
current row's
leading 1

Steps 2 and 3:
create a
leading 1

Step 4
make each entry
above and below
the leading 1
into a O

uononpalrI-moy ¢ uonodag
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Further exercises

Exercise 2.6

0 01
1 00
010
1 00
0 01
0 00
0 00
0 00

o
—_

0 0

o ==

Which of the following are row-reduced matrices?

5 1 14 0 23
7 M [0 0 1 44

7 0 00 0

00 1 010 -3 12
00 0 001 0 7
01 0 @000 1 2
00 0 000 0 0
00 0 000 0 0

o
|
w o
I o
EN TN
|
= W
SN———

o (300 0)

Exercise 2.7 Solve the systems of linear equations corresponding to the
following row-reduced augmented matrices. (Assume that the unknowns

are i, xa,....)
1 0 0
a) [0 1 0
0 0 1
1
1 Lo
®m [0 o0 1
0O 0 O
1 0 4
@ [0 1 -3
0 0 0
1 3 0
@ (o o1
0 0 O
1 0 -5
0o 1 -7
© o0 o
0 0 0

o O O OO
_ o o

W

S W o=
OO WO ONN H OO N —— 1t O
—_
(\]

)

Exercise 2.8 Solve each of the following systems of linear equations by
reducing its augmented matrix to row-reduced form.

(a)

28

7

(32 — 11y — 32 =3

20 — 6y — 22z =1
5r — 17y — 6z =2
dr — 8y =7
a —4c —2d= -1

a+2b—2c+4d= 6
20 +4b —3c+9d= 9
20+ b—5c+ d= -4

2x1 + 2x9 — dx3 + 624 + 1025 = —2
2x1 + 2209 — 623 + 624 + 8xr5= 0

2%1

— x3 + 224 + 7:65: 7

T, + 2x9 — dx3 + d14 + 4565 = -3



Section 3

3 Matrix algebra

After working through this section, you should be able to:

(a) perform the matrix operations of addition, multiplication and
transposition;

(b) recognise the following types of matrix: square, zero, diagonal,
lower-triangular, upper-triangular, identity, symmetric;

(c) express a system of simultaneous linear equations in matriz form.

Earlier, we saw how an augmented matrix concisely represents a system of  Subsection 2.1
simultaneous linear equations.

A matrix of size m x n has m rows and n columns. An n X n matrix is
called a square matrix. The entry in the ith row and jth column of a
matrix A is called the (i, j)-entry, often denoted by a;;. In general, we
write A or (aj;) to denote a matrix:

ail a12 o Aln
asy a22 cct A2n

A= T .| = (ay).
am1 Am2 - Amp

Exercise 3.1 Write down the size of each of the following matrices.
Which matrices are square? What is the (2, 3)-entry in each matrix?

o (38 o) w (3

Two m x n matrices A = (a;;) and B = (b;;) are equal if a;; = b;; for all
values of 7 and j.

Definition Two matrices A and B of the same size are equal if all
their corresponding entries agree. We write A = B.

Thus (i g 2) is not equal to < g as the (1, 3)-entries differ,
111 1
and (1 1 1) is not equal to 1 as the matrices are different

sizes. A matrix of size 1 X 1 comprises Just a single entry; we often omit
the brackets and identify such matrices with ordinary numbers—scalars;
for example, we identify the matrix (5) with the number 5.

We call a matrix with just one column a column matriz, and a matrix with
just one row a row matriz. For example,

1
2 is a column matrix and (1 2 3 4) 1S a row matrix.

3

Matrix algebra
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3.1 Matrix addition

Let a = (aj,az) and b = (b, by) be two vectors in R?. Their sum is defined  Unit LA1, Subsection 2.2.
to be the vector

a+b= (a1 +b1,a2+b2).
For example,

We add matrices in precisely the same way; that is, by adding
corresponding entries. For example,

10+2—1_1+20+(—1)_3—1
1 2 0 1) \140 2+1 1 3
and
2 15 n -2 4 2\ (0 5 7
3 01 13 2) \43 3)°
It is clear that only matrices of the same size can be added together. For
example, the following is meaningless:
1 2
(129 (s
5 6

We now write down a general formula for the addition of two matrices.

Definition The sum of two m X n matrices A = (a;;) and B = (b;;)
is the m x n matrix A + B = (a;; + b;;) given by

a1 +bin  aip+biz - aip +bin

ag1 +ba1  ap+ban - agy, +ba,
A+B= . . .

am1 + bml am2 + me crr Qmp T bmn

Exercise 3.2 Evaluate the following matrix sums, where possible.

@ (3G w04

12 12 2 06 —2 1 29
@ [1 o]+ 131 @ |18 2|+f1 04
41 —2 4 5 03 4 3 -4 1

In Exercise 3.2, parts (a) and (b) give the same answer. The commutative
law, a + b = b + a, holds for the addition of scalars, as does the associative
law, a + (b+¢) = (a +b) + ¢, for all a,b, c € R. Since matrix addition is
defined in terms of addition of scalars, matrix addition is both
commutative and associative.

Theorem 3.1 For all matrices A, B and C of the same size,
A+B=B+ A (commutative law),
A+ (B+C)=(A+B)+C (associative law).
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Proof Let A = (a;j) and B = (b;;). To prove the commutative law, we
add the corresponding entries of these two matrices.

The (4, j)-entry of the matrix A + B is a;; + b;j, and that of B + A is
bij + aij.
Since Q45 and bij are scalars, a;; + bij = bij + agj. Thus

A+B= (CLZ‘J’ +bw) = (sz +CLZ‘J’) =B + A.

We ask you to prove the associative law in Exercise 3.3. H

Exercise 3.3 Prove the associative law: for all matrices A, B and C
of the same size,

A+(B+C)=(A+B)+C.

Zero matrix

We have seen that matrices can be added in a way analogous to addition of
scalars. There is a type of matrix that corresponds to the number 0,
namely, the zero matrixz, which, as its name suggests, is a matrix of 0s. It
is denoted by 0, ,, or by 0 when it is clear from the context which size of
matrix is intended.

Definition The m x n zero matrix 0,,, is the m x n matrix in
which all entries are 0.

The following are all examples of zero matrices:

0 0 0

0 0000 0 0 0
o) (000), {0000 and o :
0000 o :

O o0 --- 0

The following exercise shows that the zero matrix acts in the same way as
the number 0 under the operation of addition. The zero matrix is the
identity element for the operation of matrix addition.

Exercise 3.4 Show that A + 0 = A for any matrix A = (a;;).

Definition The negative of an m x n matrix A = (a;;) is the m x n
matrix

—A = (—ay).

For example, if

1 -2 3
A‘<—4 5 —6)’

-1 2 -3
_A_( 4 -5 6>'

Matrix algebra
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The negative of a matrix acts in the same way as the negative of a number
under the operation of addition.

Theorem 3.2 Let A be a matrix. Then
A+(-A)=(-A)+A =0

Proof Let A = (a;j), so —A = (—a;;). We add corresponding entries:
the (7, j)-entry of the matrix A 4+ (—A) is a;; + (—a;;) = 0. Thus the
matrix A + (—A) is the zero matrix 0.

Matrix addition is commutative, so (—A) + A = A 4+ (—A). Thus
(—A) + A is also the zero matrix 0. M

The m x n matrix —A is the additive inverse of the m x n matrix A.
Since the four group axioms

G1 CLOSURE, G2 IDENTITY, G3 INVERSES, G4 ASSOCIATIVITY

are satisfied, the set of m x n matrices under the operation of matrix
addition forms a group.

Using the negative of a matrix, we can subtract matrices:

A-B=A+(-B).

Exercise 3.5 Evaluate the following matrix differences, where
possible.

(a) (3 0)_ 1? ? () (5 8 12)_(3 10 2>
2 7 5 19 72 -1 4 9 21

3.2 Multiplication of a matrix by a scalar

Multiplication of a vector by a scalar generalises in the obvious way to
matrices. To multiply the vector a = (ay, az) by the scalar k, we multiply
each entry in turn by k; this gives

ka = (kal, k‘az).

Similarly, to multiply a matrix by a scalar k, we multiply each entry by k.
For example,

G 23\_(3 6 9y (-4 2)\_(2 -1
456) \12 15 18)0 "2\ 0 -6)"\0 3)

Definition The scalar multiple of an m x n matrix A = (a;;) by a
scalar k is the m x n matrix

kair  kaiz -+ kay,
ka1  kazy --- kag,
kami kams - kamn

Notice that (—1)A = —A and 0A = 0.

32
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Exercise 3.6 Let

5 =3 2 1
A = 2 3 and B=| -2 -7
-1 0 3 5

Evaluate the following.
(a) 4A (b) 4B (c) 4A + 4B (d) 4(A +B)

You should have obtained the same answer for parts (c) and (d) of
Exercise 3.6. In fact, we have the following general result.

Theorem 3.3 For all matrices A and B of the same size, and all You are asked to prove
scalars k, the distributive law holds; that is, Theorem 3.3 in Exercise 3.16.

k(A +B) = kA + kB.

3.3 Matrix multiplication

You have seen that the addition of matrices generalises the addition of Subsection 3.1
scalars and of vectors. In Unit LA1, Subsection 3.1, we introduced a

method of ‘multiplying’ vectors—the dot product. Let a = (a1, ag,as) and

b = (b1, b2, b3) be two vectors in R3. Then

a-b =a1b; + asby + asbs.
Matrix multiplication is a generalisation of this idea.

To form the product of two matrices A and B, we combine the rows of A
with the columns of B. The (i, j)-entry of the product AB is obtained by
multiplying the entries in the ith row of A with the corresponding entries
in the jth column of B, and summing the products obtained.

For example, let

1 2 3
1 2 3
A—<4 5 6) and B=[4 5 6

To obtain the (1,2)-entry of the product AB, we combine the first row of  One way to remember how to
A with the second column of B: we multiply together the first entry of the —multiply matrices A and B is to
first row of A and the first entry of the second column of B, then multiply p;cgure guﬁilmgdglpng (‘;he ro:}vls
together the second entries of each, and then the third entries, finally Zolumagls of En tving cown e
adding these three numbers. The (1, 2)-entry of AB is thus

(1x2)+(2x5)+ (3 x8) =24 10 + 24 = 36. J§ b

To obtain the (2,3)-entry of the product AB, we combine the second row <° . °>
of A with the third column of B. The (2, 3)-entry of AB is

(4 x 3)+ (5% 6) 4 (6 x 9) = 12 + 30 + 54 = 96.

We can compare the way in which we combined the first row of A and the
second column of B with the dot product of two vectors:

(1,2,3)  (2,5,8) = (1 X 2) + (2 x 5) + (3 x 8) = 36.

We therefore say that we take the dot product of the first row of A with
the second column of B to obtain the (1,2)-entry of the product AB.
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Likewise, we take the dot product of the second row of A with the third
column of B to obtain the (2,3)-entry of the product AB:

(4,5,6) - (3,6,9) = (4 x 3) + (5 x 6) + (6 x 9) = 96.

Exercise 3.7 Find the (2, 1)-entry of the product AB, for the
matrices A and B given above.

To form the matrix product AB, we combine each row of A with each
column of B. We therefore obtain 2 x 3 entries in the product AB, so this
matrix has 2 rows and 3 columns. We have found three of the six entries,
as highlighted below.

1 2 3 1 2 3 30 36 49 You should check the other
<4 5 6) 4 5 6| = ( ) entries.
78 9 66 81 96
Notice that we can form the product AB since the matrix A has the same
number of entries in a row as the matrix B has in a column; that is, the
number of columns of A is equal to the number of rows of B.
The product AB is not defined when the number of columns of the
matrix A is not equal to the number of rows of the matrix B.
Definition The product of an m x n matrix A with an n x p Notice that the product AB has
matrix B is the m x p matrix AB whose (4, j)-entry is the dot the same number of rows as the
product of the ith row of A with the jth column of B. matrix A, and the same number
of columns as the matrix B.
Schematically,
“——n—-> p p
I ! ; I
m EOECICICI n : = m *
l A
TowW 1% . column j = (i,7)-entry

Example 3.1  Evaluate (where possible) the matrix products AB, where:

(a) A:(_?)) é) andB:(i) _f 2);
(b)A:<_§ é) and B = (3 —2).

Solution

(a) The matrix A has 2 columns and the matrix B has 2 rows, so the
product AB can be formed. Since A has 2 rows and B has 3 columns,
AB has 2 rows and 3 columns.

To find the (1, 1)-entry of the product AB, we take the dot product of When evaluating a product of

the first row of A with the first column of B: matrices, it is advisable to find
the entries systematically, either
2x3)+(1x1)="T. column by column, or row by

row. Here, we find the entries

Next, to find the (2,1)-entry of AB, we take the dot product of the column by column.

second row of A with the first column of B:

(=3 x3)+(0x1)=—9.
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Together, these give the first column of the product AB:

7 *x %
-9 % x|
To find the (1,2)-entry of the product AB, we take the dot product of
the first row of A with the second column of B:

(2x—=2)+(1x1)=-3.

Next, to find the (2,2)-entry of AB, we take the dot product of the
second row of A with the second column of B:

(=3x —=2)4 (0 x 1) = 6.

We now have the second column of the product AB:

To find the (1,3)-entry of the product AB, we take the dot product of
the first row of A with the third column of B:

(2x0)+(1x4)=4.

Next, to find the (2, 3)-entry of AB, we take the dot product of the
second row of A with the third column of B:

(=3 x0)+(0x4)=0.
We now have the third column of the product AB:

7T -3 4
-9 6 0 )°
Thus
2 1\ (3 -2 0\ [ 7 -3 4
-3 0 1 14) (-9 6 0)°
(b) The matrix A has 2 columns and the matrix B has 1 row, so the

product AB is not defined. M

Exercise 3.8 Evaluate the following matrix products, where possible.

(a) g _ila @) (b) (2 1)<é g)

1 2
2
3 2 1
© |- (4 _1) (@) (2) (3 0 —4)
31 9 -2 0 1
(e) 0 5 1 L3 0
4 1 -1
Earlier, we showed that the operation of matrix addition is both Subsection 3.1

commutative and associative.
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Exercise 3.9 Let

11 1 4
A:<3 2) and Bz(2 1>.

Calculate the products AB and BA. Comment on your findings.

You should have obtained different answers for AB and BA in

Exercise 3.9; thus matrix multiplication is not commutative. This means
that it is important to describe the matrix product carefully. We say that
AB is the matrix A multiplied on the right by the matrix B, or the
matrix B multiplied on the left by the matrix A.

Matrix multiplication is associative; that is, the products (AB)C and The associativity of matrix

A(BC) are equal (when they can be formed). multiplication is proved in
general in Unit LA4.
You have seen that the distributive law holds for multiplication of a matrix

by a scalar. This law also holds for multiplication of a matrix by a matrix;
that is, A(B 4+ C) = AB + AC, whenever these products can be formed.

Diagonal and triangular matrices

The entries of a square matrix from the top left-hand corner to the bottom

right-hand corner are the diagonal entries; the diagonal entries form the The main diagonal is sometimes
main diagonal of the matrix. For a square matrix A = (a;;) of size n x n,  called the leading or principal
the diagonal entries are diagonal.

ail, a22, ..., Apn-

Definition A diagonal matrix is a square matrix each of whose
non-diagonal entries is zero.

For example, the following are diagonal matrices:

3 00
<(1) _g) and 0 =7 0
0 00
To see how diagonal matrices multiply, try the following exercise.

Exercise 3.10 Let

10 -3 0 2 0
A_<0 7>, B—< 0 4> and C_<O 12).

Evaluate the following products.
(a) AB (b) BA (¢) ABC

Notice that the product of two diagonal matrices is another diagonal
matrix. Multiplying diagonal matrices is straightforward—the ith diagonal
entry of the product is the product of the ith diagonal entries of the
matrices being multiplied. Multiplication of diagonal matrices is therefore
commutative.

A square matrix with each entry below the main diagonal equal to zero is
called an upper-triangular matriz. Similarly, a matrix with each entry
above the main diagonal equal to zero is called a lower-triangular matriz.
A square row-reduced matrix is an upper-triangular matrix. A square
matrix that is both upper-triangular and lower-triangular is necessarily a
diagonal matrix.
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Exercise 3.11 State which of the following matrices are diagonal,
upper-triangular or lower-triangular.

w (022] o (5 0)

10
@ (1)
Identity matrix
We have found that there are matrices corresponding to the number 0, the
zero matrices 0,,,. There is also a matrix corresponding to the number 1,
namely, the identity matriz, denoted by I,,. The subscript n indicates that = The identity matrix is written

the matrix is an n X n matrix. simply as I when the size is clear
from the context.

(c)

= o o [an}
N~ O S N
W N = W N

Definition The identity matrix I, is the n x n matrix

10 --- 00

01 -+ 00

00 --- 10

00 -~ 01
Each of the entries is 0 except those on the main diagonal, which are
all 1.

For example, the identity matrices I, I3 and 14 are

1 0 00
10 (1) (1) 8 01 00
0 1)’ 00 1 ’ 0010
00 01
If we multiply a 3 x 2 matrix on the left by I3 and then on the right by I,
we obtain
1 00 a b a b
010 c d]l=|c d Here, a, b, ¢, d, e and f are any
0 0 1 e f e f real numbers.
and
a

b 1 0 a b
c d 01)7= c d
e f e f

In both cases, the matrix is unchanged.

Theorem 3.4 Let A be an m X n matrix. Then You are asked to prove
I,A=AI, = A. Theorem 3.4 in Exercise 3.17.
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3.4 Transposition of matrices

There is a simple operation that we can perform on matrices. This

operation, called transposition or taking the transpose, entails Transposition of a square matrix
interchanging the rows with the columns of the matrix. Thus the transpose can be thought of as reflecting
of the matrix A, denoted by AT, has the rows of A as its columns, taken ~ the matrix in the main diagonal.

in the same order. For example, .,
12 3\" /147 2 7\ " s 6 0 ..L//ﬂ
4 5 6 =12 5 8 and -6 1 :<7 1 4).
789 369 0 4 ‘e

Definition The transpose of an m x n matrix A is the n x m
matrix AT whose (i, j)-entry is the (j,7)-entry of A.

Exercise 3.12 Write down the transpose of each of the following

matrices.
1 4 2 1 2
(a) 0 2 (b) 0 3 -5
—6 10 4 7 0

The identity matrix I is not changed by taking the transpose; that is,
M =1
The rows of the matrix A form the columns of the matrix A, and the

columns of AT form the rows of (AT)”. Therefore the rows of A form the
rows of (AT)T; that is, these two matrices are equal:

(AT)T = A.

Exercise 3.13 Let

1 2 7 8 10
A=(3 4|, B= 9 10 and C—<1 1).
5 6 11 12

(a) Find AT, B” and (A + B)7, and verify that
(A+B)T =AT + BT,

(b) Find CT and (AC)7T, and discover an equation relating (AC)7,
A" and CT.

The relationships satisfied by the matrices in Exercise 3.13 hold in general.
We collect together these results for the transposition of matrices in the
following theorem.

Theorem 3.5 Let A and B be m x n matrices. Then the following We omit the proofs: (a) and (b)
results hold: are straightforward to prove.
(2) (AT)" = A;

(b) (A+B) =AT + BT,
Let A be an m x n matrix and B an n X p matrix. Then
(c) (AB)T =BTAT.
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Symmetric matrices

Some square matrices remain unchanged when transposed. These matrices
are called symmetric matrices, since they are symmetrical about the main
diagonal.

Definition A square matrix A is symmetric if

AT = A.

The entries off the main diagonal of a diagonal matrix are all zero, so all
diagonal matrices are symmetric, as are the following:

1 2 3 4
?é} 11 2 56 7 -5 2
113’11’3689’ 2 3)
4 7 9 10

3.5 Matrix form of a system of linear
equations

In this subsection we show how a system of linear equations can be
expressed in matriz form as a product of matrices. This helps to explain
why we multiply matrices in such an ‘odd way’.

Consider the system of simultaneous linear equations

1 + 2w + 423 = 6,
T+ T3 = 1)
T, + 3x9 + dxg = 10.

We can write this system as a matrix equation:

r1 + 229 + 4(E3 6
To + XT3 = 1
T1 + 3x9 + dx3 10

Now the 3 x 1 matrix on the left can be expressed as the product of two
matrices, namely, the 3 x 3 matrix of the coefficients and the 3 x 1 matrix
of the unknowns:
T + 229 + 43 1 2 4 €
o+ xz3 | =10 1 1 X9
r1 + 329 + Sx3 1 3 5 T3

Thus we have the matrix equation

1 2 4 T1 6
011 To | = 1
1 3 5 T3 10

Similarly, we can express any system of simultaneous linear equations

a11r1 + apxry + -+ appr, = by,
a2171 + axnxry + -+ ax, = ba,

Am1%1 + AmaT2 + - - + GpnTp = by,

as a matrix product.

Section 3 Matrix algebra
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Let the matrix of coefficients be A, the coefficient matrixz of the system,

that is,
ail ai2 T A1n
aai a2 T A2n
A =
aml aAm2 - Gmn

Let the matrix of unknowns be x, and let the matrix of constant terms

be b, so
T b1
€T9 bg
X = and b= .
In bin

The system can then be expressed in matrix form as

Ax = Db,

or in full as
air a2 - Gy 1 by
a1 Gz - G2p T2 by
Aml Am2 *°° Amn Tn bm

Further exercises

Exercise 3.14 Let A = (é _2) and B = (S f) Evaluate the

following.

(a) A+B (b) A—B (c) B—A (d) AB (e) BA

() A2 (9 AT () BT () ATBT

Exercise 3.15 Suppose that we are given matrices of the following sizes:

A:2x1, B:4x3, C:3x2, D:1x4,
E: 3x3, F:3x4, G:2x4.

Which of the following expressions are defined? Give the size of the
resulting matrix for those that are defined.

(a) FB+E (b) GFT —~ADB  (c) BF — (FB)”
(d) CLAD+G) (e) (CATD  (f) ETBTGTCT

Exercise 3.16 Prove the distributive law, that for all matrices A and B of This is Theorem 3.3.
the same size, and all scalars k,

k(A +B) = kA + kB.

Exercise 3.17 Let A = (a;;) be an m x n matrix. Prove that I,,A = A This is Theorem 3.4.
and AL, = A.

Hint: Notice that the entries in the ith row of 1,, are all 0 except the entry
in the ith position, which is 1.
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4 Matrix inverses

After working through this section, you should be able to:

(a) understand what is meant by an invertible matrix;

(b) understand that the set of n x n invertible matrices forms a group
under matrix multiplication;

(c) determine whether or not a given matrix is invertible and, if it is,
find its inverse;

(d) state the relationship between the invertibility of a square matrix
and the number of solutions of a system of linear equations with
that square matrix as its coefficient matrix;

(e) understand the connections between elementary row operations
and elementary matrices.

4.1 Matrix inverses

In Section 3 we saw that many of the properties of ordinary arithmetic

have analogues in matrix algebra. We now consider the extent to which a

further important property of ordinary arithmetic is mirrored in matrix

algebra. You are familiar with the fact that, for each non-zero real

number a, there exists a number b, called the reciprocal or multiplicative For example, the reciprocal of 4

inverse of a, such that is 1.

ab=1 and ba=1.

Each non-zero real number a has exactly one reciprocal, and we denote it
by a~! or 1/a.

The role played by the number 1 in ordinary arithmetic is played in matrix
algebra by the identity matrix I; therefore we make the following definition.

Definition Let A be a square matrix, and suppose that there exists
a matrix B of the same size such that

AB=1 and BA =1 You need both these equations
for B to be the inverse of A.

Then B is an inverse of A. One alone is not enough.

Notice that we restrict the definition to square matrices. It can be proved
that if A is not a square matrix, then AB and BA cannot both be identity
matrices—so the definition cannot be extended to non-square matrices.

For example,

3 -1 is an inver f 21
5 9 s a verse o 5 3
since
2 1 3 -1 1 0
5 3 -5 2 0 1
3 -1 21\ (10
-5 2 5 3/ \0 1)°

and

41



Unit LA2 Linear equations and matrices

Similarly,
-1 -5 =2 1 3 -1
0 2 1 is an inverse of | —2 -5 1
—2 1 1 4 11 =2
since
1 3 -1 -1 -5 =2 1 00
-2 =5 1 0 2 1]1=(0 10
4 11 =2 -2 1 1 0 01
and
-1 -5 =2 1 3 -1 1 00
0 2 1 -2 =5 1]=(0 10
-2 1 1 4 11 -2 0 01

Just as a real number has at most one reciprocal, a square matrix has at
most one inverse, as we now prove.

Theorem 4.1 A square matrix has at most one inverse.

Proof Let A be a square matrix, and suppose that B and C are both
inverses of A. Then AB =1and CA =1

Multiplying the equation AB =1 on the left by C, we have
C(AB)=CI=C,

while multiplying the equation CA = I on the right by B gives This shows us why we need both
AB =1 and BA =1 in the
(CA)B=1B =B. definition on page 41.

Since matrix multiplication is associative, it follows that B=C. N

Now, every non-zero real number has a reciprocal, so it is natural to ask
whether or not every non-zero square matrix has an inverse. The next Certainly a square zero matrix
exercise demonstrates that the answer to this question is no—it gives an has no inverse (just as the real

example of a non-zero square matrix with no inverse. number 0 has no rec_lpro_cal)'
This is easy to see: if 0 is a

1 —1 square zero matrix, then any
1 1) product of 0 and another matrix
is a zero matrix, so there is no
matrix B such that 0B = 1.

Exercise 4.1 Let A = <
Prove that there is no matrix B = (Z Z) such that AB = 1.

In fact, there are many non-zero square matrices with no inverse. The next
theorem gives an infinite class of such matrices.

Theorem 4.2 A square matrix with a zero row has no inverse.

Proof Let A be a square matrix one of whose rows, say row ¢, is a zero
row. Then if B is any matrix of the same size as A, the (i,7)-entry of AB
is 0, since it is equal to the dot product of row i of A (a zero row) with
column ¢ of B. But the (7,7)-entry of I is 1, which shows that there is no
matrix B such that AB = 1. Hence A has no inverse. M
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Definition A square matrix that has an inverse is invertible.

We denote the unique inverse of an invertible matrix A by A~!. Thus, for
any invertible matrix A,

AA' =T and A'A=1

Notice from these equations that if A is an invertible matrix, then A~! is
also invertible, with inverse A; that is,

(A™H™t = AL
In other words, A and A~! are inverses of each other.

The next example and the following exercises give some other useful facts
about matrix inverses.

Example 4.1 Let A be an invertible matrix. Prove that A7 is invertible,
and that (A7) = (A~ HT.

Solution ~ To prove that A7 is invertible, with inverse (A~!)7, we have
to show that

ATAHT =1 and (AHTAT =1
But

ATA DT = (ATA)T =17 =1,
and, similarly,

AHTAT=(AA Y =T"=L

The required result follows. M

Exercise 4.2 Prove that I is invertible, and that I"* = I.

Exercise 4.3 Let A and B be invertible matrices of the same size.
Prove that AB is invertible, and that (AB)~! = B~'A~".

Notice the reversal of the order of the matrices in the identity
(AB)"! =B A"l

The result of Exercise 4.3 extends to products of any number of matrices.

Theorem 4.3 Let Aq,As,..., A, be invertible matrices of the same
size. Then the product A1As--- Ay is invertible, with

(AjAy--- Ayl = A/;1A1;_11"'Af1~

Using the results of the above exercises, we can show that the set of all
invertible matrices of a particular size forms a group under matrix
multiplication.

Theorem 4.4 The set of all invertible n x n matrices forms a group
under matrix multiplication.

Section 4 Matrix inverses

This is similar to inverses in R,

where (a71)7! = a.

We introduced A7, the
transpose of A, in
Subsection 3.4.

Recall from Subsection 3.4 that
(AB)T =BT A",

This can be proved using the
result of Exercise 4.3 and
mathematical induction.

The group axioms were defined
in Unit GTAL.

The set of all n X n matrices
does not form a group under
matrix multiplication: it fails to
satisfy the axiom G3 INVERSES,
since, for example, the n x n
zero matrix has no inverse.
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Proof We must check that the four group axioms hold.

Exercise 4.3 tells us that the group axiom G1 CLOSURE holds for this set.

Exercise 4.2 shows that I is a member of the set, so the set contains an
identity element. In other words, the axiom G2 IDENTITY holds.

Each matrix in the set has an inverse, and this inverse is itself invertible
and therefore also in the set; so the axiom G3 INVERSES holds.

Finally, we know from Section 3 that matrix multiplication is associative,
so the axiom G4 ASSOCIATIVITY holds. H

4.2 Invertibility Theorem

The following two questions may already have occurred to you as you
worked through the previous subsection. First, how can we determine
whether or not a given square matrix is invertible? Second, if we know
that a matrix is invertible, how can we find its inverse? The next theorem
answers both questions.

Theorem 4.5 Invertibility Theorem

(a) A square matrix is invertible if and only if its row-reduced form
is I.

(b) Any sequence of elementary row operations that transforms a
matrix A to I also transforms I to A~}

To illustrate this theorem, consider the matrix A = 9 9

that we wish to determine whether or not A is invertible and, if it is, to
find A=L.

! 3>. Suppose

Below, on the left, we row-reduce A in the usual way. On the right, we
perform the same sequence of elementary row operations on the 2 x 2

identity matrix.
r 1 0
ro 0 1

r 1

Iy 2

1 1 0
ro — ro9 — 217 —2 1

ro — ro — 2ry (0

=W Www Oow

N N— 7 N~

1 1 0
ro — %I’Q 0 ro — %I‘Q —% %
ri —ry —3ry 1 0 ri —»ry—3rs 3 -1

0 1 2 1

3 3

The row-reduced form of A is I, so we conclude from the first part of the
Invertibility Theorem that A is an invertible matrix.

By the second part of the Invertibility Theorem, the final matrix on the
right above must be A~!; that is,

— 3 —1
3 3

When we apply the Invertibility Theorem to find the inverse of a
matrix A, we have to perform the same sequence of elementary row
operations on both A and I. We can do this conveniently in the following
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Remember, (A™!)~! = A.

We prove the Invertibility
Theorem in Subsection 4.5.

You should check that this
matrix is indeed the inverse

of A.
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way. We begin by writing A and I alongside each other, separated by a
vertical line, giving a larger matrix which we may denote by (A | I). We
then row-reduce (A | I) in the usual way. When we do this, the above
calculation looks like this:

Ir 1 3 1 0

ry 29 0 1
1 3 1 0

ros — ro — 2ry 0 3| -2 1
1 3 1 0

ro — %I‘Q 0 1 —% %

ri —>ry —3ry <1 0 3 —1>

2 1)~

0 1l-3 3

Thus the Invertibility Theorem gives us the following strategy.

Write down (A | I), and row-reduce it until the left half is in
row-reduced form. +

1
e If the left half is the identity matrix, then the right half is A~". @] A=)
e Otherwise, A is not invertible.

Remark Strategy 4.1 is most useful for matrices of size 3 x 3 and larger.
In Section 5 we give a quick method for determining whether or not a
2 x 2 matrix is invertible, and for writing down its inverse if it is.

Example 4.2  Determine whether or not each of the following matrices is
invertible, and find the inverse if it exists.

11 2 1 35
(a) | -1 0 —4 ) [3 17
3.2 10 2 4 8

Solution = We use Strategy 4.1.

(a) We form the matrix (A | I), and row-reduce it in the usual way.

ry 1 1 2 1 0 0
ro -1 0 —4| 0 1 0
rs 3 2 10y 0 O 1
1 1 2 1 0 0

ro —ro+1] 0 1 -2 1 1 0
r3 — r3 — 3r] 0 -1 41 -3 0 1
ry -r; —ro 1 0 4 0 -1 0
0 1 -2 1 1 0

rs — 3 +1ro 0 0 21 =2 1 1
1 0 4] 0 -1 0

0 1 -2 1 1 0

1 1 1

rs — 53 0 0 1] -1 5 5
ry —-r; — 41‘3 1 0 0 4 -3 -2
rs — ro + 2r3 0 1 0] —1 2 1
o o 1/-1 3 1

Matrix inverses

Strategy 4.1 To determine whether or not a given square matrix A You may find it helpful to
is invertible, and find its inverse if it is. remember the following scheme:
(A | 1)
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The left half has been reduced to I, so the given matrix is invertible;
its inverse is given by the right half, that is,

4 -3 -2
-1 2 1

1 1
-1 3 3

(b) We row-reduce (A | I).

rq 13 5] 1 00
ro 3 1 7, 0 10
r3 2 4 8] 0 01
1 3 5 1 00
ry — rg — 3r] 0 -8 -8|-3 1 0
rs — r3 — 2r; 0 -2 —-2|-2 0 1
13 5] 1 00
ro — —%1‘2 0 1 1 % —% 0
0 -2 -2|-2 01
ri —ry —3rs 1 0 2 —% % 0
0 1 1| 2 -1 0
I3 — T3+ 2ro 0 0 0|-2 -11

The left half is now in row-reduced form, but is not the identity
matrix. Therefore the given matrix is not invertible. M

Remark If it becomes clear while you are row-reducing (A | I) that the
left half will not reduce to the identity matrix (for example, if a zero row
appears in the left half), then you can stop the row-reduction immediately,
and conclude that A is not invertible. There is no point in continuing until
the left half is in row-reduced form.

Exercise 4.4 Use Strategy 4.1 to determine whether or not each of
the following matrices is invertible, and find the inverse if it exists.

9 4 1 1 —4 2 4 6
(a) ( | 1) | 2 1 -6 © [1 2 4
-3 -1 9 5 10 5

4.3 Invertibility and systems of linear
equations

We can use matrix inverses to give us another method for solving certain
systems of linear equations.

Consider the system

2z + 4y = 10,
dr + y = 6.

This system may be expressed in matrix form as
2 4 z\ (10
4 1 y) \ 6)°

1
The coefficient matrix ( 2 4> is invertible, with inverse (

4

1
4 1 2
7

|
== o
SN——
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We solved this system by
Gauss—Jordan elimination in
Example 1.1.

See Exercise 4.4(a).
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Multiplying both sides of the matrix form of the system on the left by the
inverse of the coefficient matrix, we obtain
10
6 )

1 2

-1 7 2 4 T\ _ -1 7
2 1 4 1 y /) 2 1
7 7 7 7

that is,

1 0 z\ (1
0 1 y) \2)’
or
z\ (1
y) \2)°
So the system has the unique solution (;) = (

1

2>;that is,z=1y=2.

In general, suppose that Ax = b is the matrix form of a system of linear
equations, and that the coefficient matrix A is invertible. Then we can
multiply both sides of the equation Ax = b on the left by A~! to yield
A~'Ax = A 'b; that is, x = A~ 'b. Tt seems, then, that the system has
the unique solution x = A~ 'b.

However, we have to be careful before making this claim. Whenever we
manipulate an equation in order to solve it, we have to be sure that the
manipulation yields a second equation equivalent to the first (otherwise the
two equations might have different solution sets).

In this case, we have to be sure that

Ax=b ifandonlyif x=A"'b.
We showed above that if Ax = b, then multiplying both sides on the left
by A~! yields x = A~ !b; in other words, we proved that Ax = b implies
x = A~ 'b. It remains to prove that x = A~'b implies Ax = b, and

fortunately this is just as easy: if x = A~ !b, then multiplying both sides
of this equation on the left by A yields Ax = AA~!'b; that is, Ax = b.

So multiplying both sides of Ax = b on the left by A~! does yield an
equivalent equation. We have proved the following theorem.

Theorem 4.6 Let A be an invertible matrix. Then the system of
linear equations Ax = b has the unique solution x = A~ 'b.

Exercise 4.5 Use Theorem 4.6 to solve the following system of linear

equations:
r+ y+ 2z2= 1,
—T — 4z= 2,
3z + 2y + 10z = —1.
11 2 4 -3 -2
Hint: The inverse of the matrix [ —1 0 —4 ] is | —1 2 1
3 2 10 -1 % % Example 4.2(a).

Matrix inverses

We calculated this inverse in
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Remark 1In general, it is worth using the method of Theorem 4.6 only if
we have already calculated the inverse of the coefficient matrix. If we do
not know the inverse of the coefficient matrix, then the Gauss—Jordan
elimination method of Section 2 is usually quicker.

Theorem 4.6 shows, in particular, that if the coefficient matrix A of a
system of linear equations Ax = b is invertible, then the system has a
unique solution. The converse of this result is also true—we prove this in
the next theorem.

This theorem gives some important relationships between the invertibility
of a matrix and the number of solutions of systems of linear equations with
that matrix as coefficient matrix. The theorem states that the three
conditions are equivalent: any one of the conditions implies any other one.

Theorem 4.7 Let A be an n x n matrix. Then the following
statements are equivalent.

(a) A is invertible.

(b) The system Ax = b has a unique solution for each n x 1
matrix b.

(¢) The system Ax = 0 has only the trivial solution.

Proof = We show that (a)=-(b), (b) = (c) and (c) = (a), which shows that
the conditions are equivalent.

(a) = (b)
Suppose that A is an invertible n x n matrix. Then, by Theorem 4.6, for
any n x 1 matrix b, the system Ax = b has the unique solution x = A~ 'b.

(b) = (c)

Suppose that the system Ax = b has a unique solution for each n x 1
matrix b. Then, in particular, the homogeneous system Ax = 0 has a
unique solution. But every homogeneous system has the trivial solution;
thus this unique solution must be the trivial one.

(c) = (a)
Suppose that the system Ax = 0 has only the trivial solution. Then
row-reducing the augmented matrix

a1 a2 -+ aiy |0
a1 az - az, |0
Aml Gm2 - Qmn |0

of the system must yield

10 ---0]0
01 --- 00
00 --- 11]0

since this is the row-reduced matrix that corresponds to each unknown
being 0. If we now ignore the last column of each of the matrices
appearing in this row-reduction, we are left with a reduction of A to I.
Hence, by the Invertibility Theorem, A is invertible. H
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To use the method of

Theorem 4.6 to solve Ax = b,
where A is an n X n invertible
matrix, we first invert A. This
involves row-reducing the matrix
(A | I). We then calculate the
matrix product A~ 'b. The
method of Section 2 involves

only row-reducing the matrix
(A |b).
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4.4 Elementary matrices

In this subsection we introduce and study a class of square matrices
associated with elementary row operations.

We shall use these matrices and their properties in Subsection 4.5, to help
us prove the Invertibility Theorem. We shall also find them useful later.

Consider the following matrices:

010 100 100
too0], [os50], [010
001 00 1 02 1

They are obtained by performing, on the 3 x 3 identity matrix, the
elementary row operations rj <> ro, ro — bro and r3 — r3 + 2ro,
respectively.

Definition A matrix obtained by performing an elementary row
operation on an identity matrix is an elementary matrix.

The elementary row operation that is performed to obtain an elementary
matrix from an identity matrix is called the elementary row operation
associated with that elementary matrix.

We now demonstrate the most important property of elementary matrices.
Below, we show the effect of multiplying the matrix

1 2 3 4
A=1|5 6 7 8
9 10 11 12

on the left by each of the above elementary matrices. Notice that in each
case, the resulting matrix is precisely the matrix that is obtained when the
row operation associated with the elementary matrix is performed on A.

010 1 2 3 4 5 6 7 8
1 0 0 5 6 7 8|=1(1 2 3 4
0 01 9 10 11 12 9 10 11 12
elementary matrix A matrix obtained when
associated with I <> Iy

ry <> TIo

1 0 0 1
0 5 0 5
0 0 1 9

elementary matrix
associated with

ro — 519

1 0 0 1
0 1 0 5
0 2 1 9

elementary matrix
associated with
r3 — r3 + 2ro

is performed on A

4 1 2 3 4
8|1 =125 30 35 40
12 9 10 11 12
matrix obtained when
ro — 5ro

is performed on A

4 1 2 3 4
8| = 5 6 7 8
12 19 22 25 28

matrix obtained when
rs — rg + 2ry
is performed on A

There is nothing special about the above elementary matrices, or about
the above matrix A. In the next exercise, you will find that other
elementary matrices behave similarly.

Matrix inverses
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1 2
. 1 2 3 3 4
Exercise 4.6 Let A = <3 5 1> and B = 5 6
7 8
(a) Write down the 2 x 2 elementary matrix associated with the This elementary matrix is the
elementary row operation ry; — 5ry. one obtained when r; — 5ry is

performed on the 2 x 2 identity
Multiply A on the left by this elementary matrix, and check that  matrix.

the resulting matrix is the same as the matrix obtained when
r; — bry is performed on A.

(b) Write down the 4 x 4 elementary matrix associated with the
elementary row operation ro — ro + 3ry4.

Multiply B on the left by this elementary matrix, and check that
the resulting matrix is the same as the matrix obtained when
ro — ro + 3ry is performed on B.

In general, we have the following theorem.

Theorem 4.8 Let E be an elementary matrix, and let A be any We omit the proof.

matrix with the same number of rows as E. Then the product EA is A must have the same number
the same as the matrix obtained when the elementary row operation of rows as E for the product EA
associated with E is performed on A. to be defined.

Theorem 4.8 tells us that if we perform an elementary row operation on a
matrix A with m rows, then the resulting matrix is EA, where E is the
m X m elementary matrix associated with the row operation.

What happens if we perform a sequence of k elementary row operations on
a matrix A with m rows? Let Eq,Eo,...,E; be the m x m elementary
matrices associated with the row operations in the sequence, in the same
order. The first row operation is performed on A, producing the matrix
E1A; the second row operation is then performed on this matrix,
producing the matrix Eo(E;A) = EoE1A; and so on. After the whole
sequence of k row operations has been performed, the resulting matrix is

E.E._1---EE{A. The order of the elementary

. . . matrices in the matrix product
This fact will be useful later, and we record it as a corollary to is the reverse of the order in

Theorem 4.8. which their associated row
operations are performed.

Corollary to Theorem 4.8 Let Eq,Es,...,E; be the m x m
elementary matrices associated with a sequence of k elementary row
operations carried out on a matrix A with m rows, in the same order.
Then, after the sequence of row operations has been performed, the
resulting matrix is

E:E; ;- EyE A.

For example, earlier we performed the sequence of row operations

r2—>r2—2r1, ro — %I‘Q, ry —>r1—3r2,

on the matrix (; S), producing the matrix <(1) (1)>
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By the above corollary,

(1 O) (1 —3) <1 O> ( 1 0> (1 3> You should check this by
- 1 _ . evaluating the product on the
01 0 1 0 3 21 29 right-hand side.

We now explore some other useful connections between elementary row
operations and elementary matrices. We begin by introducing a further
property of elementary row operations.

In the following example, the second elementary row operation undoes the
effect of the first.

ry 1 2 3
Iro 4 5 6

1 2 3
rp — ro +3r; 7 11 15

1 2 3
I‘Q-)I‘Q—?)I‘l 4 5 6

In fact, given any elementary row operation, it is easy to write down an
inverse elementary row operation that undoes the effect of the first, as
summarised in the following table.

Elementary row operation Inverse elementary row operation
r, <> r; r, < r;
ri »cr; (c#0) ri — (1/c)r;
ri —r;t+crj r, —Tr; —Crj

Exercise 4.7 Write down the inverse of each of the following
elementary row operations. Check your answer in each case by
carrying out the sequence of two row operations on the matrix

1 2 3
4 5 6/
(a) r1 — 13 —2ry (b) r1 <> 1o (c) ro9 — —3ry

Note from the table that if two elementary row operations are such that
the second is the inverse of the first, then the first is the inverse of the
second—so it makes sense to say that they are inverses of each other, or
that they form an inverse pair. For example, the inverse of ro — ro + 3r;
is ry — ro — 3ry, and the inverse of ro — ry — 3r; is r9 — ro — (—3)ry, that
is, ro — ro +3ry. Sory — ro + 3r; and ro — ro — 3ry are inverses of each
other.

Now consider the following pair of 2 x 2 elementary matrices associated
with the inverse pair of elementary row operations ro — rs 4+ 3r; and
ro — ro — 3ry:

(37) (5 9)

These two matrices are themselves inverses of each other, as we can easily
check:

1) 1)=0 1)

Tnen-6Y)
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This connection between inverse pairs of elementary row operations and
inverse pairs of elementary matrices holds in general.

Theorem 4.9 Let E; and Es be elementary matrices of the same size
whose associated elementary row operations are inverses of each
other. Then E; and E5 are inverses of each other.

Proof In this proof we refer to the row operations associated with Eq
and E, as row operation 1 and row operation 2, respectively.

By the corollary to Theorem 4.8, EoE11 is the matrix produced when row
operations 1 and 2 are performed, in that order, on I. Similarly, EiE-I is
the matrix produced when row operations 2 and 1 are performed, in that
order, on I. But each of these two row operations undoes the effect of the
other, SO E2E11 =TI and E1E2I = I; that iS, E2E1 =TI and E1E2 =1
Thus E; and E5 are inverses of each other. M

Theorem 4.9 has the following corollary.

Corollary to Theorem 4.9 Every elementary matrix is invertible,
and its inverse is also an elementary matrix.

Proof Let E be an elementary matrix. Then E has an associated
elementary row operation. This associated elementary row operation has
an inverse operation, and the elementary matrix of the same size as E
associated with this inverse operation is the inverse of E, by

Theorem 4.9. W

Exercise 4.8 Use the method suggested by the proof of the above
2 00

corollary to find the inverse of the elementary matrix [ 0 1 0

0 01

4.5 Proof of the Invertibility Theorem

We are now ready to prove the Invertibility Theorem, using elementary
matrices and their properties. We first remind you of the theorem.

Theorem 4.5 Invertibility Theorem

(a) A square matrix is invertible if and only if its row-reduced form
is I.

(b) Any sequence of elementary row operations that transforms a
matrix A to I also transforms I to A1,
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Proof Let A be an n x n matrix, and let the row-reduced form of A

be U. Let Eq,Eo,...,E; be the n X n elementary matrices associated with
a sequence of k elementary row operations that transforms A to U, in the
same order. Then, by the corollary to Theorem 4.8,

U = BA,

where B = E E;_1 - - EsE;. Now B is invertible—since every elementary
matrix is invertible (by the corollary to Theorem 4.9), and a product of
invertible matrices is invertible (by Theorem 4.3).

Matrix inverses

(a) First we show that if A is invertible, then U = 1. This is the ‘only if’ part of the

f.
Suppose that A is invertible. Then U is a product of invertible proo

matrices (B and A); hence U is invertible.

Therefore U does not have a zero row (since, by Theorem 4.2, a square
matrix with a zero row is not invertible), so it has a leading 1 in each
of its n rows. Each of these n leading 1s lies in a different column; so,
since U has only n columns, each column must contain a leading 1.
Thus the leading 1 in the top row must lie in the left-most position,
and the leading 1 in each subsequent row must lie just one position to
the right of the leading 1 in the row immediately above. All the entries
above and below these leading 1s are 0s. Hence U = 1.

Next, we show that if U = I, then A is invertible. This is the ‘if’ part of the proof.

Suppose that U = I. Then
I=BA. (4.1)
Multiplying both sides of equation (4.1) on the left by B! yields
B~'I =B 'BA,
that is,
B !'=A.
Multiplying both sides of this equation on the right by B yields
B~ !B = AB,
that is,
I=AB. (4.2)

Equations (4.1) and (4.2) together tell us that A is invertible, and that
A'=B.

(b) It follows from the proof of part (a) that if U =1, then A is invertible
and A~! = B; that is, A~ = EE;_; --- E;E;.

This equation can be written as
A ' =E.E;_-- EyE{I,

which tells us that A~! is the matrix produced by performing on I the
sequence of row operations associated with E;, Eo,... E;. H

Further exercises

Exercise 4.9 Let A be an invertible matrix. Prove that if k£ is a non-zero
number, then kA is invertible, with (kA)™' = (1/k)A~L.
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Exercise 4.10 Use Strategy 4.1 to determine whether or not each of the
following matrices is invertible, and find the inverse if it exists.

1 2 4
@ (33) o (73 5) @210
1 11
L I
@ |16 3 (e)
2 3 0 0 -1 -1 0
-1 0 0 -2

Exercise 4.11 Use your answers to Exercise 4.10(a) and (d) to solve the
following systems of linear equations.

r1 +4x9 + x3=4
20 + 3y =3

(a) {3i+5y:4 (b) x1 + 6x9 + 323 =06

y 2x1 + 322 =9

Exercise 4.12

(a) Show that a square matrix is invertible if and only if it can be
expressed as a product of elementary matrices.

Hint: Use ideas from the proof of the Invertibility Theorem.

(b) Express the matrix in Exercise 4.10(a) as a product of elementary
matrices.

5 Determinants

After working through this section, you should be able to:

(a) understand the term determinant of a square matrix;

(b) evaluate the determinant of a 2 x 2 or 3 x 3 matrix;

(c) expand along the top row to calculate the determinant of a matrix;

(d) determine whether or not a given 2 x 2 matrix is invertible, and if
it is, find its inverse;

(e) use determinants to check whether or not a matrix is invertible.

5.1 Systems of linear equations and
determinants

Determinants arise naturally in the study of systems of simultaneous linear
equations. If a unique solution exists for a system of n linear equations in
n unknowns, then this solution can be found by evaluating determinants, a
method known as Cramer’s Rule.

Determinant of a 2 x2 matrix

We start by looking at a system of two equations in two unknowns:

The coefficients of the system
wz + by = or ar by Ty _ (A are real numbers.
asx + bay = ¢y az by ) \y c2 )’

o4



Section 5 Determinants

Using Gauss—Jordan elimination, we find the solution to be

by — bie e — cra You can check this solution by
T = Mj Y= Mj (5.1) substitution.
a1b2 — blag albg — blag

provided that a1bs — bias is not zero. We call the expression a1by — byas
the determinant of the coefficient matrix. Each term in this expression
contains the letters a and b, and the subscripts 1 and 2, in some order.

The definition we give for the determinant of a 2 X 2 matrix is in a form

that is easy to remember. You might find it helpful to
remember the following scheme:

Definition The determinant of a 2 x 2 matrix a><b
a b
a=(24)

c d

is

a b

det A = ‘:ad—bc.
d
We use vertical bars ‘| ... |” around the matrix entries, in place of the Some texts use the notation |A|
round brackets, to denote the determinant. for det A.

For example, let A = (;) Z), then
1 2

detA:'3 4

':(1><4)—(2><3):—2.

Exercise 5.1 Evaluate the determinant of each of the following
matrices.

@ (13 o (83 ()

Notice that the numerators of the solutions for x and y in (5.1) can also be We could write the solutions as
written as determinants:

C1 bl ay Cp
cr b a1 c c2 b2 az C2
c1by — bicy = ! ! and ajcy —crag = ! ! . T = y Y=
bg as C2 al bl ai b1
e o e . . az by az  bo
A 2 x 2 matrix is invertible if and only if its determinant is non-zero. For

an invertible 2 x 2 matrix, there is a quick way to find the inverse using
the determinant. We shall prove this statement in
Subsection 5.4.

Strategy 5.1 To find the inverse of a 2 x 2 matrix

a b
A= (5 0)
with det A = ad — be # 0.
1. Interchange the diagonal entries.
2. Multiply the non-diagonal entries by —1.

3. Divide by the determinant,

giving

1 d —b
Al = :
ad — bc <—C a)
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Exercise 5.2 Determine whether or not each of the following matrices
is invertible, and find the inverse if it exists.

@ (:5) ®(41) ©(4 )

Remark There is also a geometric interpretation of the determinant. For
example, the parallelogram with vertices (0,0), (2,1), (1,3) and (3,4) has
area 5. Now, since one of the vertices is at the origin, the position vectors
(2,1) and (1,3) determine the parallelogram, and

21
1 3

‘:(2><3)—(1><1):5.

In general, let (a,b) and (¢, d) be two position vectors. Then the
determinant

a b
c d

gives the area of the parallelogram with adjacent sides given by these
position vectors.

Determinant of a 3 x3 matrix

We now consider the following system of three linear equations in three

unknowns:
a1x + b1y + c1z = dy ar b ¢ x dq
asx + boy + coz =dy  or as by ¢ y | =1 do
asx + bsy + c3z = d3 as by c3 z ds

Again we can find the solution, if one exists, using Gauss—Jordan

elimination. The expressions for x, y and z all have the same denominator: You are not expected to find
these expressions; they serve
arbocg — arcgbg — brages + bicoas + cragby — cibaasg. only to motivate the definition

This is the determinant of the 3 x 3 coefficient matrix. Notice that each of the determinant.

term in the expression contains the letters a, b and ¢, and the subscripts 1,
2 and 3, in some order.

The definition we give for the determinant of a 3 x 3 matrix is expressed in
terms of three 2 x 2 determinants. This is the easiest way to remember the

definition.
Definition The determinant of a 3 x 3 matrix
al b1 C1
A= a9 b2 Cc2
as bg C3
is
by co as co as  bo . . .
det A = a; b — b + L Notice the minus sign before the
343 as ¢3 as U3 second term on the right-hand
side.

Example 5.1 Evaluate the determinant of each of the following 3 x 3

matrices.
1 2 1 4 01
(a) 31 —1 (b) 0 -1 2
-2 1 1 2 1 3
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Solution
SRR B E e PR
=1((1x1)—(=1x1)=2(B3x1)—(—1x—2))
+1((3x1)—(1x—2))
=9
oo 1 2[4 3[-of3 38

=4((-1x3)—(2x1)—0+1((0x1)—(—1x2))
=-18 N

Exercise 5.3 [Evaluate the determinant of each of the following 3 x 3

matrices.
3 2 1 2 10 0
(a) | 4 0 -1 (b) 3 —1 2
0 —1 1 5 9 2

Determinants of larger matrices (4 x 4, and so on) will be defined similarly.
Note that determinants are defined only for square matrices.

5.2 Evaluating determinants

We have seen that although the determinant of a 2 x 2 matrix is simple to

evaluate, the determinant of a 3 x 3 matrix is quite complicated.

Determinants of larger matrices become increasingly more complicated as ~ You will mainly be finding

the size of the matrix increases. In this subsection we develop a strategy determinants of matrices of size
for evaluating determinants by expressing them eventually in terms of 2x2and 3 x3.

determinants of 2 x 2 matrices, as with the definition of the determinant of

a 3 x 3 matrix above.

Cofactors

We can express the determinant of a 3 x 3 matrix A = (a;;) conveniently as
det A = a11 A1 + aipArz + a3 Ags.

The elements Aq1, A12 and Aqs in this expression are called the cofactors
of the elements a1, a12 and a3, respectively. We can see from the
definition of the determinant that these cofactors are themselves
determinants with a + or — sign attached. A;; is 4+ or — the determinant

of a submatrix of A formed by covering up the top row and one column A submatriz is a matrix formed
of A—namely, the row and column containing the element a;;. Thus from another matrix with some
of the rows and/or columns
removed.
ajx a2 a3
Q22 Qa23
Ajn=|a2 az axs|= )
az2 ass
az1 a2 ass
aix a2 ais . :
a1 Q23 Notice the factor (—1) in Ajs.

A =(-1)|aan a2 azs|=(-1)

az1 Aazz2 ass

az1 ass
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and

aix G2 a3
| @21 G22

Az =|az1 azx ag3| =

azp as2
az1 as2 ass

In fact, there is a cofactor associated with each entry of any square matrix.

Definition Let A = (a;j) be an n x n matrix. The cofactor A;;
associated with the entry a;; is

Aij = (_1)i+j det Ajj, Remember the minus sign
. . . attached to alternate terms.
where A;; is the (n — 1) x (n — 1) submatrix of A resulting when the

ith row and jth column (the row and column containing the
entry a;; ) are covered up.

For example, the cofactor As3 of the 4 x 4 matrix A = (a;;) is

ail a2 a4
Agz = (—1)|az1 asx am
aq1 Qg2 Q44

Exercise 5.4 Write down expressions for the cofactors A3 and Ass of Do not attempt to evaluate

the matrix these expressions!
1 2 3 4 5
2 3 4 5 1
A=13 4 5 1 2
4 5 1 2 3
5 1 2 3 4

Determinant of an n X7 matrix

You have seen that we can use cofactors to evaluate the determinant of a
3 x 3 matrix. Determinants of larger matrices can be evaluated in a similar
way.

Definition The determinant of an n x n matrix A = (a;;) is

aip aiz -+ Ain

az;p a2 - A2n
det A =

ap1 Ap2 - Qnn

= a1 + apliz + - + a1 Ain.

The determinant of a matrix is a complicated string of terms. The
definition above collects the terms into manageable expressions using the There are alternative expansions
cofactors of the entries of the top row; when we write the determinant in for the determinant of a square

this way, we say that we are expanding along the top row. matrix that collect the terms in
different ways—however, the

resulting value for the
determinant is always the same.
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Section 5 Determinants

We are now in a position to evaluate the determinant of any square matrix
using the following strategy.

Strategy 5.2 To evaluate the determinant of an n x n matrix.

1. Expand along the top row to express the n x n determinant in
terms of n determinants of size (n — 1) x (n — 1).

Expand along the top row of each of the resulting determinants.

Repeatedly apply step 2 until the only determinants in the
expression are of size 2 x 2.

4. Evaluate the final expression.

We illustrate Strategy 5.2 with an example.

Example 5.2  Evaluate the determinant

20 3 5
0 4 -1 0
10 01
02 11

Solution  We apply Strategy 5.2.

?) 2 _? g 4 -1 0 0 4 0 0 4 -1
10 01 =20 0 1|-0+3|1 0 1|-5{1 0 O
0 2 11 2 11 0 21 0 2 1

_5 04‘0 1‘+(1)‘é gD
= 2(—4—2) +3(—4) — 5(—4 — 2)
= —12—-12+ 30
=6. W

Exercise 5.5 Evaluate the determinant

0 21 -1
-3 0 0 -1

1 01 0}

04 2 0
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5.3 Properties of determinants

Suppose that A and B are two square matrices of the same size. Are there
any relationships between det A, det B, det(A + B) and det(AB)?

. -3 1 11
Exercise 5.6 LetA-( 9 _4> andB—<_2 5).

Evaluate det A, det B, det(A + B), det(AB) and (det A)(det B).
Comment on your results.

You should have found in the solution to Exercise 5.6 that there does not
appear to be a simple relationship for the addition of determinants; that is,
we cannot easily express det(A + B) in terms of det A and det B.
However, the identity

det(AB) = (det A)(det B)

holds for all square matrices A and B of the same size. The simplicity of
this result is somewhat surprising, given the complexity of the definitions
of matrix multiplication and the determinant.

We collect together some results for determinants in the following theorem.

Theorem 5.1 Let A and B be two square matrices of the same size. We omit the proof.
Then the following hold:

(a) det(AB) = (det A)(det B);
(b) detI=1;
(c) det AT =det A.

Elementary operations and determinants

Earlier, we saw that multiplication on the left by an elementary matriz has Theorem 4.8
the same effect as applying the associated elementary row operation. Here,

we use elementary matrices to prove some useful results about

determinants.

Exercise 5.7 Evaluate the following determinants, where k is any real

number.
1 0 0 0
010
01 00 1 0
@ tool o g pol @)
0 0 01

The results of Exercise 5.7 are special cases of the following theorem.

Theorem 5.2 Let E be an elementary matrix, and let k£ be a We omit the proof.
non-zero real number.

(a) If E results from interchanging two rows of I, then det E = —1.
(b) If E results from multiplying a row of I by k, then det E = k.

(c) If E results from adding k times one row of I to another row,
then detE = 1.
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Zeros in a matrix greatly simplify the calculation of the determinant. If an
entire row of the matrix is zero, then all the terms vanish and the
determinant is zero. Other matrices with zero determinant are also easy to
recognise.

Theorem 5.3 Let A be a square matrix. Then det A = 0 if any of
the following hold:

(a) A has an entire row (or column) of zeros;
(b) A has two equal rows (or columns);

(c) A has two proportional rows (or columns).

Proof We prove the statements for rows. The results for columns follow,
as Theorem 5.1(c) states that taking the transpose does not alter the
determinant of a matrix.

(a)

Each term in the expansion of the determinant of A contains one
entry from each row and each column of A. If an entire row of A is
zero, then each term of the expansion contains at least one zero. The
determinant of A is therefore equal to zero.

If the ith and jth rows of the matrix A are equal, then A remains the
same if these rows are interchanged. Let E be the elementary matrix
obtained by interchanging the i¢th and jth rows of I. Then EA = A.
Using Theorems 5.1 and 5.2, we have

det A = det(EA) = (det E)(det A) = —1 x det A.
This implies that det A = 0, as required.

Suppose that the ith row of A is equal to k times the jth row. Let E
be the elementary matrix obtained from I by multiplying the ith row
by 1/k. Then the ith and jth rows of the matrix EA are equal. The
determinant of this matrix EA is zero, by (b) above. Using

Theorem 5.1, we have

(det E)(det A) = det(EA) = 0.

Now det E = 1/k, by Theorem 5.2. This implies that det A = 0, as
required. M

Exercise 5.8 Evaluate the determinant of the matrix

1 -2 4
A= 0 13 11
-2 4 =8

The evaluation of the determinant can be significantly simplified if a row of
the matrix contains some zeros, as the following example illustrates.

Example 5.3 Evaluate the determinant of the matrix

A=

w o
T N
Tt O N

Section 5 Determinants

Two rows (or columns) of a
matrix are proportional when
one is a multiple of the other.
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Solution  First notice that the second row of A has only one non-zero
entry. We interchange the top two rows of A, and apply Theorems 5.1
and 5.2, giving

1 4 2 070
detA=(0 7 0|=(-1)|1 4 2
315 315
We use Strategy 5.2 to evaluate this determinant:
1 2
det A = (—1) <0—7 3 5 +0)
=7((1 x5)—(2x3))

Exercise 5.9 Evaluate the determinant of the matrix

10 3 —4 2

02 01

A= 06 00
-1 2 10

5.4 Determinants and inverses of matrices

Earlier, we stated that the inverse of a 2 x 2 matrix A exists if and only if
det A # 0. This extends to all square matrices.

Theorem 5.4 A square matrix A is invertible if and only if
det A # 0.

Proof Let A be an n x n matrix.

We begin by assuming that A is invertible.

Since AA~! =1,,, it follows from Theorem 5.1 that
(det A)(det A™1) = det(AA™Y) = det I, = 1.

Therefore neither det A nor det A~ is 0.

We now assume that det A # 0. Let Eq, ..., Ex be elementary matrices
such that E --- E9E1{A = U is a matrix in row-reduced form. Using
Theorems 5.1 and 5.2 and the assumption that det A # 0, we have

det U = (det Eg) - - - (det Eg)(det E1)(det A) # 0.

Now this implies that U has no zero row, and therefore has a leading 1 in
each of its n rows. Hence U = 1,,, and so, by the Invertibility Theorem,
the matrix A is invertible, with

A'=E, --E.E;. W

We saw in the proof of Theorem 5.4 above that if A is invertible, then
(det A)(det A~') = 1. This implies that

1
det A~ = — .
¢ det A
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Section 5 Determinants
Until now, if we wanted to show that an n x n matrix A is invertible, we
had to produce an n x n matrix B such that
AB=1 and BA=1.
The next theorem shows that if one of these conditions holds, then the
other holds automatically. Thus, if we want to show that an n x n matrix
A is invertible, it is enough to produce an n x n matrix B satisfying either
condition.
Theorem 5.5 Let A and B be square matrices of the same size.
Then AB =1 if and only if BA =1.
Proof We first assume that AB = I. Then by Theorem 5.1,
(det A)(det B) = det(AB) = detI = 1.
This implies that
det A£0 and detB #0,
so, by Theorem 5.4, A and B are both invertible.
Now,
A l=A1
and we can write I as AB, so
A'=A"YAB)=(A"'A)B=1B =B,
and therefore
BA=A'A=1,
as required.
The same argument, with the roles of A and B interchanged, proves the
converse. M
We summarise the results on the invertibility of a matrix A as follows.
Theorem 5.6 Summary Theorem
Let A be an n x n matrix. Then the following statements are This collects together
equivalent. Theorems 4.5, 4.7 and 5.4.

(a) A is invertible.

(b) det A # 0.

(¢) The row-reduced form of A is I,,.
(

d) The system Ax = b has precisely one solution for each n x 1
matrix b.

(e) The system Ax = 0 has only the trivial solution.

To conclude this section, we collect together some of the most important
properties of matrices that we have met in this unit.
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Summary of properties of matrices
Let A and B be two square matrices of the same size. Then
det(AB) = (det A)(det B),
(AB)T =BT AT,
det AT = det A.
If A and B are invertible, then
(AB)"' =B 'A!,

1
det A~! = .
¢ det A

Further exercises

Exercise 5.10 Let A = <i (1)> and B = (_; _é> Evaluate the
following.

(a) det A (b) detB (c) det(A+ B)

(d) det(AB) (e) det(BA) (f) det(A?)

(g) det AT (h) det(AB)T (i) det A~!

Exercise 5.11 Determine whether or not each of the following matrices is
invertible, and find the inverse where it exists.

@ (1) o(371) o8

Exercise 5.12 FEvaluate the determinant of each of the following matrices.

5 =31 10 12 [

4 9 1 5 020

(a) (b) |0 2 000
2 10 4 16

317 6 21 O

34 301

Exercise 5.13 Determine whether or not each of the following matrices is
invertible.

2 1 4 121 ;(1)88

() | 1 -1 3 M) [2 1 2 (c)
-2 15 2 2 2 52 10
43 2 1

Exercise 5.14 Prove that an n x n matrix A is invertible if and only if
AAT is invertible.
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Solutions to the exercises

1.1 (a) This is a linear equation.

(b) This is not a linear equation. The third term
involves the product of 3 and z4.

(c) This is a linear equation.

(d) This is not a linear equation. For example, the
second term, asz3, involves a product of unknowns.

1.2 A general homogeneous system of m linear
equations in n unknowns is

anry + -+ apry, =0,

2121 + -+ a2p®, =0,

am121 + -+ + amnxy = 0.
We substitute the values ;1 =0, 20 =0, ..., , =0
into the equations of the system:

a110 + -+ a1,0 =0,

a210 + -+ + a2,0 =0,

10 + -+ + apmn0 = 0.
All the equations are satisfied, whatever the values of
the coefficients a;;. The solution set therefore
contains the trivial solution

z1=0, 20=0, ..., 2z, =0.

1.3 We label the equations of the system,
ry { r+y=4,
ro 20 —y =5,
and apply elementary operations to simplify the
system.
First we eliminate the unknown z from the second
equation:
{:v + y= 4,
ro — o — 21 — 3y = —3.
We then simplify this equation,
{ z+y =4,
y=1
before using it to eliminate the unknown y from the
first equation of the system:
ry —>r;—ry {m =3,
y =1

ro — —%I‘g

We conclude that there is a unique solution—namely,

r=3, y=1

1.4 We label the equations of the system,

ry T+ y— z= 3§,
ro 2c — y+ z= 1,
r3 —x + 3y + 2z = =8,

and apply elementary operations to simplify the
system.
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First we use the r; equation to eliminate the
unknown z from the other equations:

r+ y— z= 8§,
ro — I'p — 21y — 3y + 3z = —15,
rs —r3+1r dy + z = 0.

We now simplify rs,
T+ y—z=8,

r2—>—%r2 y—2z=29,
4y + 2z =0,
and use it to eliminate the y-terms from rq; and rs:
ry —r]—7To T = 3
y— z= 5,
r3 —> rgz —4ry 5z = —20.
We now simplify rs,
T = 3,
y—z= 9,
rs — %1'3 z = —4,
and use it to eliminate the z-term from ro:
T = 3,
ro — To +r3 Y = 1,
z = —4.
We conclude that there is a unique solution—namely,
r=3, y=1 z=-4

1.5 We label the equations of the system, and apply
elementary operations to simplify the system.

ry r+3y— z=4
ro —x+2y—4z=6
r3 T+ 2y =2

r+3y— z= 4
s —To+ 1 oy — 5z = 10
rs —rs3—r; - y+ z=-2

r+3y—z= 4

I‘Q—)%I'Q Yy—z= 2
- y+z=-2

r{ — ry; —3ry T + 2z = -2
y— 2= 2

rs —r3+ro 0= 0

The r3 equation (0 = 0) gives no constraints on x, y
and z. We cannot simplify the system further, and
conclude that there are infinitely many solutions. As
both remaining equations involve a z-term, we set z
equal to the real parameter k, and write the general
solution as

r=-2—-2k y=24%k z=k keR.



1.6 We label the equations of the system, and apply
elementary operations to simplify the system.

ry r+y+ z= 6
o —xr+y—3z=-2
rs 20 +y+3z= 6

T+ y+ z= 6
o — Iy 41y 20— 2z = 4
rs — rsz — 2ry — y+ z=-6

r+y+z= 6

ro — %I‘Q Yy —z= 2
—y+z=-6
ry —r; —ro T +2z= 4
y— 2= 2
Irs — I3 +ro 0=-4
The r3 equation is 0 = —4, so we conclude that the

solution set is empty—the system is inconsistent.

(We have chosen to use elementary operations to
solve the systems of equations in the further exercises
on Section 1. If you have been using the further
exercises for revision, you may have preferred to use
the methods of Section 2. Of course, you should
obtain the same answers by either method.)

1.7 (a) We label the equations, and apply
elementary operations to simplify the system.

ry T+ 4y = -7
I 20 — y= 4
rs —r+2y=-5
r+4y= -7
rs — Iy — 21 79:1/: 18
rs —r3+r; 6y = —12
r+4y= -7
I‘24>*%I‘2 y= —2
6y = —12

ri —r; —4ry T = 1

y=-2

r3 — rgz — 6ro 0= 0

We conclude that there is a unique solution—mnamely,
r=1y=-2.

(b) We label the equations, and apply elementary
operations to simplify the system.

ry dr — 6y = —2
s —6x + 9y = —3
ri — %I‘l

T —
rys — o + 61‘1
The rs equation is 0 = —6, so we conclude that the
solution set is empty—the system is inconsistent.

Solutions to the exercises

(C) We label the equations, and apply elementary
operations to simplify the system.

ry p+ g+ r= 95

ro p+2¢+3r=11

rs 3p+ q+4r=13

p+ g+ r= 5

rp —rp —1r] q+2r= 6

rs — rg — 3ry —2q+ r=-2

rn - r1 —Iro p — r=-1

q+2r= 6

r3 — r3+2ro 5r = 10

P - r=-1

q+2r= 6

I‘3—>%I‘3 r= 2
ry —-ry+rs P =1
ro — o — 2r3 q =2
r=2

We conclude that there is a unique solution—namely,
p=1,q=2,r=2.

1.8 The points of intersection of the three planes
correspond to the solutions of the following
homogeneous system of linear equations in the three
unknowns z, y and z:
r+y— z=0,
y— 2z =0,
3v —y+5z=0.
We label the equations, and apply elementary
operations to simplify the system.

ry r+y— z=0
ro y—22=0
r3 3.’E*y+5220
r+ y— 2=0

y—22=0

rs — rz — 3ry *4y+8220
ry —ry; —ro T + z=0
y—22=0

r3 — rg+4ro 0=0

The r3 equation (0 = 0) gives no constraints on z, y
and z. We cannot simplify the system further, and
conclude that there are infinitely many solutions.

As both equations involve a z-term, we set z equal to
the real parameter k, giving

y=2k 2=k kecR

The three planes intersect in a line.

= —k,
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1.9 We label the equations, and apply elementary
operations to simplify the system.

Iy a—b—2c+ d=3
I b+ c+ d=3
rs a—b— c+2d="7
I b4+ c+2d=7
a—b—2c+ d=3

b+ c+ d=3

rs —r3—rg c+ d=4
b+ c+2d=7

ry —>ry+ry a —c+2d=6
b+c+ d=3

c+ d=4

Ty —> T4 —To d=14
ry —-ry+rs a +3d = 10
ro —I9g —TI3 b =1
c+ d= 4

d= 4

ri —>r;—3ry a = -2
b =-1

rs — I3 —TIy C = 0
d= 4

We conclude that there is a unique solution—mnamely,
a=-2,b=-1,¢=0,d=4.

2.1 (a) The augmented matrix of the system is

4 -2 0] -7
0 1.3} 0
0 -3 1] 3
(b) The corresponding system is
2z 4+ 3y + Tw= 1,
y— Tz = -1,
x +3z— w= 2.

2.2 (a) Not row-reduced; it has neither property 1
nor property 2.

(b) Not row-reduced; it does not have property 3.
(c) Row-reduced.
(d) Row-reduced.
(e) Not row-reduced; it does not have property 4.

2.3 (a) The augmented matrix corresponds to the
system

1
x1 - 3
— 2
XTog = 3-
. . 1 2
The solution is x1 = 3, T2 = 3.

3

(b) The augmented matrix corresponds to the
system

T +6.’E3:O,
xTo +7$3 :0,
0=1.

The third equation cannot be satisfied, so there are
no solutions.
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(c) The augmented matrix corresponds to the
system

T, + 329 + 2x4 = -7,
Ir3 — 3134 = 8,
Ty = 11,
that is,
xr1 = -7 — 3132 - 2134,
T3 = 8 + 31:47
Ty = 11.

Setting xo = k and x4 = [ (k,l € R), we obtain the
general solution

z1=—T7—3k—2l,

.’ﬂzzk‘,

x3 =8+ 3,
.’£4:l7
x5:11

(d) The augmented matrix corresponds to the
system

T + x4 =0,
T2 + dzy = 3,
I3 = 0,
that is,
T = — T4,
To = 3 — 4I4,
Tr3 = 0

Setting x4 = k (k € R), we obtain the general
solution

.’ﬂlsz',
T2 :3*4]{7,
.%3:0,
x4:k.

2.4 (a) We follow Strategy 2.1 in Frame 10.

If you followed Strategy 2.1, then your sequence of
row operations should be the same as ours.

r 1 5 1 4 5 -1
ro 1 5 3 12 11 3
r3 3 15 -1 —4 3 —6
r, 2210 1 2 -7 6
1 5 1 4 5 —1
ro —TI9 — 1T 0 0 2 8 6 4
rs — rg —3ry 0 0 —4 —-16 —12 -3
ry —> g4+ 21 0 0 3 10 3 4
1 5 1 4 5 —1
ry — iTo 0O 0 1 4 3 2
0 0 -4 —-16 —12 -3
0 0 3 10 3 4
ry —-ry —ro 1 5 0 0 2 =3
0 0 1 4 3 2
rs — rs+ 41‘2 0 0 0 0 0 5
ry — ry —3r9 0 0 0 -2 -6 -2



1 5 0 0 2 -3
0 0 1 4 3 2
rs <> Ty 0 0 0 -2 —6 -2
0 0 0 0 0 5
1 5 0 0 2 =3
0 0 1 4 3 2
rs — —%I‘g 0 0 0 1 3 1
0 0 0 0 0 5
1 5 0 0 2 =3
ro — o —4rg 0 0 1 0 -9 =2
0 0 0 1 3 1
0 0 0 0 0 5
1 5 0 0 2 =3
0 0 1 0 -9 -2
0 0 0 1 3 1
ry, — i1y o 0 0 0 o0 1
r{ — ry+3ry 1 5 0 0 2 0
ro — o+ 21y 0 0 1 0 -9 0
rs — I3 —TIy 0 0 0 1 3 0
0 0 0 0 0 1

This is the row-reduced form of the matrix.
(b) We follow Strategy 2.1 in Frame 10.

The sequence of row operations that we have used to
reduce this matrix to row-reduced form might be
different from the sequence that you used in following
Strategy 2.1, since in the first step shown below
(which corresponds to step 2 of the strategy) we
chose to interchange row 1 with row 5, while you
might have chosen to interchange row 1 with another
row. However, your final row-reduced matrix should
be the same as ours, since, by Theorem 2.1 in

Frame 16, the row-reduced form of a matrix is
unique.

r 0 -8 8§ —14
1) —1 0 —4 —6
rs -1 8 —-12 8
ry 2 8 0 24
rs 1 4 0 14
ry < rs 1 4 0 14
—1 0 -4 —6

—1 g8 —12 8

2 8 0 24

0 -8 8§ —14

1 4 0 14

rs — ro+ 1 0 4 —4 8
ry = T3 41 0 12 —12 22
ry — Ty —2rq 0 0 0 —4
0 -8 8§ —14

1 4 0 14

ro — T2 0o 1 -1 2
0 12 -—-12 22

0 0 0 -4

0 -8 8§ —14

Solutions to the exercises

ry - ry — 41'2 1 0 4 6
0 1 -1 2
rs — rsg — 12ro 0 0 0 -2
0 0 0 —4
rs — rs + 8ro 0 0 0 2
1 0 4 6
0 1 -1 2
r3 — —%1‘3 0 0 0 1
0 0 0 —4
0 0 0 2
ry —-r; — 61‘3 1 0 4 0
ro — g — 21‘3 0 1 —1 0
0 0 0 1
rqy —ry+ 41‘3 0 0 0 0
rs — I's — 213 0 0 0 0

This is the row-reduced form of the matrix.

2.5 In each of the following, the sequence of row
operations that you used to reduce the matrix may
differ from the sequence that we use, but you should
obtain the same final answer.

(a) We follow Strategy 2.2 in Frame 17, and
row-reduce the augmented matrix.

ry 3 5 —12 4
ro 1 1 0 2
Irs 2 3 —4 5
ry <> Iy 1 1 0 2
3 5 —12 4
2 3 -4 )

(We have chosen to perform the row operation
ri; <> ry instead of r; — %rl, to avoid creating
awkward fractions.)

1 1 0 2
ry — o — 31 0 2 —-12| -2
rs — rg — 2r; 0 1 —4 1
11 0 2
ry — iTo 01 —6|-1
01 -4 1
ry —-ry—ro 1 0 6 3
01 —-6|-1
rs — rsg —ro 0 0 2 2
1 0 6 3
01 —-6|-1
r3 — 3r3 00 1| 1
ri — r; —6rs 1 0 0] -3
ro — o 4 6r3 0 1 0 5
0 0 1 1

This matrix is in row-reduced form.
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The corresponding system is
T = -3,
y =5
z= 1
Thus the solution is = =3, y =5, z = 1.

(b) We follow Strategy 2.2 in Frame 17, and
row-reduce the augmented matrix.

ry 1 —4 -4 3 6| 2
ro 2 =5 —6 6 9| 3
r3 2 4 009 21 0
1 -4 —4 3 6| 2
ro — I'o —21‘1 0 3 20 -3 -1
rs — rs—2r; 0 12 8 3 —-10|—4
1 —4 -4 3 6| 2
ry — 3r 0 1 20 —1|—3
0 12 8 3 —-10|—4

(Note that here we cannot find a row operation that
could be performed instead of ro — %TQ to create a
leading 1 while avoiding fractions. Fractions are
unavoidable.)

r; — ry +4ry 1 0 -3 3 2| 2
2 1

o 1 20 -1|-%

r3 —>rz— 12ry 0 0 0 3 2 0
4 2

1 0 -33 2| 2

2 1

o 1 20 -1|-%

r3 — 3r3 0 0 01 2] 0
ry —ry —3rs 1 0-30 0] 2
2 1

o 1 20 -1|-%

0 0 01 2] 0

This matrix is in row-reduced form.
The corresponding system is

T1 - %903 %7
!E2+%9€3 - 365:*%7
x4+ 2z5 = 0,
that is,
T1 = % + %x&
Ty =—3 — Fx3 + 3,
T4 = — %.’Eg).

Setting x3 = k and z5 =1 (k,l € R), we obtain the
general solution

€r1 = % + %k,

o = -1 gk + l,

3 3
$3=k,

2
T4 = —gl,
$5=l.
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2.6 (a) Not row-reduced; it does not have
property 3.

(b) Row-reduced.
(c) Row-reduced.
(d) Not row-reduced; it does not have property 4.
(e) Row-reduced.
(f) Row-reduced.

2.7 (a) The augmented matrix corresponds to the
system

T = 7,
) = —6,
r3 = 5.
The solution is 1 =7, zo9 = —6, x3 = 5.

(b) The augmented matrix corresponds to the
system

1 + %362 =1,
r3 = 3,
that is,
xr1 = 1-— %IQ,
Xr3 = 3.

Setting x5 = k (k € R), we obtain the general
solution

xr1 = 1-— %k,

T = k,

Tr3 = 3.
(c) The augmented matrix corresponds to the
system

1 + 4dx3 =0,
Xro — 3.’E3 = O,
Ty = 0,
that is,
Tr = *4%3,
T2 = 3%3,
Ty = 0.

Setting x3 = k (k € R), we obtain the general
solution

T = —4](3,
Ty = 3](3,
Tr3 = k,
Ty = 0.

(d) The augmented matrix corresponds to the
system

T + 3x9 — 214 =0,
T3 + 224 + 25 = 0,
0=1.

The third equation cannot be satisfied, so there are
no solutions.



(e) The augmented matrix corresponds to the
system

{Il - 5133 = 4,
To — Tx3 + 34 = 12,
that is,
{xl = 4+ 5x3,
To = 12 + Txs — 314.
Setting x3 = k and x4 = (k,l € R), we obtain the
general solution

I1=4+5k,

xo =12+ 7k — 3,
Igzk,

I4=l.

2.8 We follow Strategy 2.2 in Frame 17.

(a) We row-reduce the augmented matrix.

rq 3 —11 -3 3
ro 2 6 —2| 1
rs 5 —17 —6 2
ry 4 -8 0 7
ry —-ry —ro 1 -5 -1 2
2 —6 -2 1

5 —17 —6 2

4 =8 0 7

1 -5 -1 2

ro — 'y — 21‘1 0 4 0 -3
rs — g — 5rq 0 8 —1] -8
ry — g4 — 41, 0 12 41 —1
1 -5 -1 2

ro — T2 o 1 o0|-3
0 8§ —1| -8

0 12 4] -1

r; — ry + 5ry 1 0 —1]-2
3

0 1 0 —%

rs — I3 — 8ry 0 0 —1] -2
ry — 1y — 1219 0 0 4| 8
7

10 —1|-1I

3

0 1 0 —%

rs — —Is3 0 0 1 2
0 0 4 8

ry —-ry+r3 1 0 0 i
3

0 1 o|-3

0 0 1 2

ry — ry —4rs 0 0O 0] O

This matrix is in row-reduced form.

Solutions to the exercises

The corresponding system is
i
Yy = 7%7

z= 2.

xr =

z = 2.

Thus the solution is x = i, Y= —%,

(b) We row-reduce the augmented matrix.

ry 1 0 -4 -2 —1
ro 1 2 -2 4 6
r3 2 4 -3 9 9
ry 2 1 =5 1] —4
10 -4 -2| -1
rs —-ro9 — I 0 2 2 6 7
rs—srs—2r, |0 4 5 13| 11
ry — rg4 —2r 0 1 3 5 -2
1 0 -4 -2 —1
ro — To — Iy 01 -1 1 9
0 4 5 13 11
0 1 3 51 —2
1 0 -4 -2 —1
01 -1 1 9
rs — rs— 4ro 0 0 9 91 —25
ry — Ty —TIo 0 0 4 41 —11
10 -4 -2| -1
01 -1 1 9
rs — rg —2ry 0 0 1 1 -3
00 4 4)-11
ri — ri+4rg 1 0 0 2| —13
Iro — Iy +1I3 0 1 0 2 6
0 0 1 1] -3
ry — rgq —4rs 0 0 0 0 1

This matrix is in row-reduced form.
The corresponding system is

a + 2d = —13,
b +2d= 6,
c+ d= -3,

0= 1.

The fourth equation cannot be satisfied, so there are
no solutions.

The last matrix in the above row-reduction
corresponds to a system containing the equation
0 = 1. We could have concluded that the given
system has no solutions at this point.

71



Unit LA2 Linear equations and matrices

(c) We row-reduce the augmented matrix.

ry
ry
rs
ry

rp

ry
rs
ry

ry

rp
rs
ry
ry

ry

ry

ry

rp
ry
rs

Ty

— 9 — 217
— r3 — 21
— T4 — 217

1
— —5I2

— 11— 219
— 13+ 419
— T4+ 219

— I +7r3
— T + 213

— Iy — T3

1
— 31'4

— 11 —3ry
— To + 21y
— I3 +7TIy

2

2
2
1

NN DN

[l eNellS

SO O SO O

[l el

o O = oo o

o

2
2
0
2

2
2
0
2

[N}

[
RSN

O =

S = O SO = O SO = O o

o

-5
—6
—1
-5

-5
—6
—1
-5

-5

9
)

-5
-2
9
)

—1
-2
1
1

= o O o= O O O = OO

o

ot SN O Ot (G288 RN e BN

O O N O O N O O N

O O N

This matrix is in row-reduced form.
The corresponding system is

Iy =

10

oo

—_

— N W N = O N = O N = O o R B =

w

[
o= N W

_= o O O

-2
0
7
-3

-3
0
7
-2

-3
6
13
4

-3
-3

Setting x4 = k (k € R), we obtain the general

T1 + 24
T2 + 214
r3
that is,
r1 = 17— x4,
To = —3 — 214,
xr3 = O,
5 = —1.
solution
I = 7T— k,
Lo = -3 - 2]{7,
T3 = 07
Ty =k,
5 = —1.
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3.1 (a) This is a 2 x 4 matrix, so it is not square.
The (2, 3)-entry is 5.

(b) This is a 3 x 3 matrix, so it is square.
The (2, 3)-entry is 0.

(c) This is a 2 x 2 matrix, so it is square.
There is no (2, 3)-entry.

3.2 We add corresponding entries.

@ (5 ) (G- %)
® (39 (5 5)-0 =)

(c) This sum cannot be evaluated, since the
matrices are of different sizes.

0 6 -2 1 29
(d) {18 2]+|1 04
03 4 3 -4 1
1 8 7
=2 8 6
3 -1 5

3.3 We add corresponding entries of the three

matrices A = (a;;), B = (b;;) and C = (¢;5). The

(7, 7)-entry of the matrix A + (B 4+ C) is

aij + (bij —+ Cij), and that of (A —+ B) + Cis

(aij + bij) + cij. Now, a;j, b;; and ¢;; are scalars, and

scalar addition is associative, so

a;j + (bij + Cij) = ((Lij + bij) + Cij- Therefore
A+(B+C)=(A+B)+C.

3.4 We add corresponding entries of the two

matrices. The (i, j)-entry of the matrix A + 0 is
aij +0 = a;;. Therefore

A+0=A.

3.5 (a) This difference cannot be evaluated, since
the matrices are of different sizes.

® (75 5)-( % )

(2 -2 10
“\3 -7 -2

5 -3 20 —12
3.6 (a) 4A=4( 2 3|=| 8 12
-1 0 -4 0
2 1 8 4
(b) 4B=4( -2 -7]=|-8 -28
3 5 12 20
20 —12 8 4
(c) 4A+4B=| 8 12|+ | -8 -28
-4 0 12 20
28 -8
=| 0 -16
8 20



5 —3 2 1
(d) A+B=| 2 3|+ |-2 -7
—1 0 3 )
7T =2
=10 —4|,
2 )
thus
28 -8
4A+B)=| 0 —16
8 20

3.7 To obtain the (2, 1)-entry of the product AB,
we take the dot product of the second row of A with
the first column of B. The (2, 1)-entry of AB is

(4,5,6) - (1,4, 7)=(4x 1)+ (5 x4)+ (6 x7T)
=4+20+42
= 66.

3.8 (a) The product of a 3 x 2 matrix with a 2 x 1
matrix is a 3 x 1 matrix:

2 -1 4

0o 3 (3) = |6

1 2 7
(b) The product of a 1 x 2 matrix with a 2 x 2
matrix is a 1 x 2 matrix:

(2 1)<(1) g>:(2 14).

(c) This product cannot be formed, since the first
matrix has 1 column and the second has 2 rows.

(d) The product of a 2 x 1 matrix with a 1 x 3
matrix is a 2 X 3 matrix:

<;>(3 0 4):(2 8 g)

(e) The product of a 2 x 3 matrix with a 3 x 3
matrix is a 2 x 3 matrix:

3 1 9 -2 0 1
05 1 1 3 0
4 1 -1

(3 5 1
“\9 16 —1)°

3.9 The product of a 2 x 2 matrix with a 2 x 2
matrix is a 2 X 2 matrix. The products AB and BA
are therefore both 2 x 2 matrices:

11 1 4 3 5
ae=(55)(51)=0 1)
1 4 11 13 9
Ba=(51)(52)= (5 1)
The products AB and BA are not the same.

Matrix multiplication is therefore not commutative.

3.10 The product of a 2 x 2 matrix with a 2 x 2
matrix is a 2 X 2 matrix.

wn=(3 (3 -3 )

Solutions to the exercises

-3 0 10 -3 0
(b) BA:( 0 4><0 7>:< 0 28>
Note that AB and BA are equal in this case.

(c) Matrix multiplication is associative, so
ABC = (AB)C = A(BC)

(7)) (56 2)
:<_g 22) <g 1(2)>
:<_g 332)'

1
3.11 (a) The matrix | 0
0

O N =
W N =
—

9]

upper-triangular.

(b) The matrix is diagonal,

<9 0
0 0
upper-triangular and lower-triangular.
0 0 1
01 2
1 2 3
upper-triangular or lower-triangular.

(d) The matrix <1 8) is lower-triangular.

(c) The matrix is not diagonal,

3.12 (a) The transpose of a 3 x 2 matrix is a 2 x 3

matrix:
T

b _<106>
ol 42 10

(b) The transpose of a 3 x 3 matrix is a 3 x 3
matrix:

21 2\7" 2 0 4
03 5| =1 3 71
47 0 2 -5 0

(c) The transpose of a 1 x 3 matrix is a 3 x 1
matrix:
10
(10 4 6)" = 4
6

(d) The transpose of a 2 x 2 matrix is a 2 x 2
matrix:

1 o\" (10
0 2 N0 2)°
In fact, AT = A for all diagonal matrices.

3.13 (a) Here,
r (135
A _<2 4 6)’

r_ (7 9 11
B _<8 10 12)
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and
8 10
A+B=1|12 14
16 18
So
12 1
(A +B)" = (1?} 14 12)
and

roar (13 5) (7 9 11
A +B _<2 4 6>+<8 10 12>

(8 12 16
“\10 14 18

=(A+B)".
(b) Here,
r (11
" =(s 1)
and
1 2 3 2
AC=[3 4 G?): 7 4
5 6 11 6
So

r (3 7 11
(AC)" = <2 4 6) '
The product AT CT cannot be formed, since AT is a

2 x 3 matrix and CT is a 2 x 2 matrix.
The product CTAT does, however, exist:

rar (1 1\ /(1 3 5
a5 1) (2 4 o)
(3 7 11
“\2 4 6
=(AC)T.

3 3
(b) A_B:<§ 1?)

(c) BA:(AB):(_;) E?)
(@ an=(§ 37)

@) Ba= (5 _33)

® A= (5 75)

3.14 (a) A+B = <3 3)
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3.15 (a) FB:3x3, E:3x3.
The matrix FB + E exists and is 3 x 3.

(b) F':4x3, GF':2x3, AD:2x4,
ADB:2 x 3.

The matrix GF? — ADB exists and is 2 x 3.
(c) BF:4x4, FB:3x3, (FB)":3x3.

The matrix BF — (FB)7 does not exist, since BF
and (FB)7T are different sizes.

(d) AD:2x4, AD+G:2x4, C:3x2.
The matrix C(AD + G) exists and is 3 x 4.
() CA:3x1, (CA)T:1x3, D:1x4.

The matrix (CA)TD does not exist, since (CA)7 is
size 1 x 3 and D is size 1 x 4.

(f) E"B"G"C” = (CGBE)".
CG:3x4, CGB:3x3, CGBE:3x3,
(CGBE)":3 x 3.

The matrix ETBTGTCT exists and is 3 x 3.

3.16 Let A = (a;j) and B = (b;;) be matrices of the
same size. Then the (i, j)-entry of k(A + B) is

k:(aij + sz)

Now, kA = (ka;;) and kB = (kb;;), so the (i, j)-entry
of kA + kB is kaij + kbij = k:(aij + bl])

The (i, j)-entries of k(A + B) and kA + kB are
equal. Thus

k(A + B) = kA + kB.

3.17 The (i, j)-entry of the product I, A is obtained
by taking the dot product of the ith row of I,,, with
the jth column of A. Now, the ith row of I,,, has a 1
in the ith position and Os elsewhere. Therefore the
dot product will give the i¢th entry of the jth column
of A, that is, the (i, 7)-entry of A. Thus I,,A = A.

The (i, j)-entry of the product AI, is obtained by
taking the dot product of the ith row of A with the
jth column of I,,. Now, the jth column of I,, has a 1
in the jth position and 0s elsewhere. Therefore the
dot product will give the jth entry of the ith row

of A, that is, the (7, j)-entry of A. Thus AI,, = A.

4.1 Suppose, for a contradiction, that there exists a

¢ Z) such that AB = I, that is,

(o ) a)=061)

Multiplying out the matrices on the left-hand side:

a—-c b—d\ (1 0
—a+c¢ —-b+d) \O0O 1)°
Looking at the entries in the first column, we must
have a —c=1 and —a 4+ ¢ =0, that is, a — ¢ =1 and
a — ¢ = 0. This contradiction shows that there exists

no such matrix B. (A similar conclusion arises from
looking at the entries in the second column.)

matrix B =



4.2 The equation II = I shows that I is invertible,

with inverse I.

4.3 To prove that AB is invertible, with inverse
B 'A™! we have to show that

(AB)(BT'A ™) =1 and (B'A!)(AB)=

But, by associativity,
(ABYB'A™H=ABB HA!
= AIA™!
—AA =1,
and, similarly,
(B'A™)(AB)=B'(A'A)B
=B 'IB
=B 'B=1

The required result follows.

4.4 (a) We row-reduce (A \ I).
r 2 4
1) 4 1

ri — %I‘l 1 2
4 1

ro — I'o —41‘1

= O

O =
_ O

\1I>—‘ =

Y
o =
|
NN
N =
N—— /\_/\ A

1
ro — 71‘2

7N
[
N
0 M=

“’ EIH

r{ —r;—2ry 1 0
0 1

The left half has been reduced to I, so the given
matrix is invertible; its inverse is

()

(b) We row-reduce (A | I).

~1|H ~o

= o

ry 1 1 -4 1 00
o 2 1 -6 0 10
rs -3 -1 9] 0 01
1 1 -4, 1 00
ro — o — 21y 0 —1 21 -2 10
rs — rs+ 31‘1 0 2 -3 3 01
1 1 -4, 1 00
ro — —Io 0O 1 -2 2 -1 0
0 2 -3 3 01
rs —-ry —ro 1 0 —2|-1 10
0O 1 -2 2 -1 0
rs —> rg — 2rs 0 0 1|-1 21
r; —ri;+2rs 1 0 0/-3 5 2
ryo — o + 21‘3 0 1 0 0 3 2
o 0 1|]-1 21

Solutions to the exercises

The left half has been reduced to I, so the given
matrix is invertible; its inverse is

-3 5 2
03 2
-1 2 1
(c) We row-reduce (A | I).
r1 2 4 6] 100
r) 1 2 4] 010
rs 510 5| 00 1
ry — 3r 1 2 3] 200
1 2 4] 010
510 5| 00 1
1 2 3] L 00
Ty — Iy — I 0 0 1|-2 10
rs >r3—5r; \0 0 —-10| -2 0 1

The usual strategy for row-reduction has created a
leading 1 in the second row that does not lie on the
leading diagonal of the left half. Hence the left half
cannot reduce to I, and therefore the given matrix is
not invertible.

4.5 The matrix form of the system is

11 2\ [z 1
10 4] [y]=] 2
32 10/ \z ~1

Multiplying this equation on the left by the inverse of
the coefficient matrix gives the solution

T 4 -3 =2 1 0
y |l =1-1 2 1 2| = 2 |;
2 -1 1 4 -1 —1
thatis,x:O,y:Zz:—%.
4.6
(a) 5 0 1 2 3\ _ 5 10 15
0 1 3 2 1) 3 2 1
elementary A matrix
matrix obtained when
associated with r|{ — 5rq
r|i — 5ry is performed on A
1 0 00 1 2 1 2
(b) 01 0 3 3 41 24 28
0 01 0 5 6| 5 6
0 0 0 1 7 8 7 8
elementary B matrix
matrix obtained when

ro — Iy + 3ry
is performed on B

associated with
ro — o+ 3ry
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4.7 (a) The inverse elementary row operation of
ry —r; —2ryisr; — ry + 2rs.

The working below shows the sequence of two row
operations performed on the given matrix.

ry 1 2 3
1) 4 5 6
rA —r7— 21‘2 -7 -8 -9

4 ) 6

r{ —ri;+2rs 1 2 3
4 5 6

(b) The inverse elementary row operation of
I <> TIg isS Ty <> To.

The working below shows the sequence of two row
operations performed on the given matrix.

r; 1 2 3
ro 4 5 6
ry <> Tro 4 5 6

1 2 3

ry <> Tro 1 2 3
4 5 6
(c) The inverse elementary row operation of

ro — —3ry is ro — —%rQ.

The working below shows the sequence of two row
operations performed on the given matrix.

r 1 2 3
1) 4 5 6

1 2 3
ro — —3rs —-12 —-15 -18

1 2 3
Iro 4)7%1‘2 4 5 6

4.8 The given matrix has associated elementary row
operation ry — 2rq, which has inverse r;y — %rl. The
inverse of the given matrix is the elementary matrix
associated with this inverse row operation, which is

3 00
01 0
0 0 1
4.9 To prove that kA is invertible, with inverse
(1/k)A™*, we have to show that

(EA) (%A*) =1 and <%A‘1> (kA) =1
But

(kA) (%A*) = (k X %) (AA™H =1I=1,
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and(%A*) (kA) = <% X k:) (AT'PA) =11 =1,

as required.

4.10 (a) We row-reduce (A |I).

|
10
0 1

r 2 3

Iy 3 5

ri — %I‘l 1 % % 0
3 5 0 1
12 3 o0

ro — Iy — 31‘1 0 % 7% 1

ry — 219

I‘14)I‘17%I‘2 1 0 5 —3
0 1|-3 2

The left half has been reduced to I, so the given
matrix is invertible; its inverse is

(5 3)

(b) We row-reduce (A | I).

r 2 4] 1 0
rs 3 —6 0 1
ri — —%I‘l —2 —% 0

3 —6 0 1

1 -2 -
ro — o — 3r] 0 0

The left half is now in row-reduced form, but it is not
the identity matrix. Therefore the given matrix is
not invertible.

(c) We row-reduce (A | I).

N[ N[
_ O
N——

r 1 2 4/ 1 00
ro 2 -1 1| 0 10
rs 1 1 0 01
1 2 4 1 00
ro — Iy +2r; 0 3 9| 2 10
rs —-rz3—r; 0 -1 -3 —1 01
1 2 4 1 00
ro — %I‘Q 0 1 3 % % 0
0 -1 -3| —1 01
ry —r;—2ry 1 0 —2 —% —% 0
0o 1 3] 2 L0
r3 — I3+ 1ro 0 0 0]—-3 31



The left half is now in row-reduced form, but it is not
the identity matrix. Therefore the given matrix is
not invertible.

(d) We row-reduce (A | I).

Iy 1 4 1] 1 0 0
ro 1 6 3 0 1 0
r3 2 3 0 0 0 1
1 4 1 1 0 0
rp — Iy — I 0o 2 2| -1 1 0
rs — rz — 2r; 0 -5 =2 =2 0 1
1 4 1 1 0 0
ry — 3T 0 1 1]-3 L 0
0 -5 —2| -2 0 1
ri —ry —4ry 1 0 -3 3 -2 0
0 1 1|—-3 3 O
rs —»rs+5r, \0 0 3|-3 2 1
1 0 -3 3 -2 0
0 1 1|—-3 3 O
rs — %I‘g 0 0 1 —% % %
rq —)I‘1+3I'3 1 0 0 7% % 1
0o 1 of 1 -+ -2
ro —Ig9g —1TI3 0 0 1 *% % %

The left half has been reduced to I, so the given
matrix is invertible; its inverse is

3 1
2 2 1
1 1
1 3 3
_3 5 1
2 6 3

(e) We row-reduce (A | I)

r 1 0 0 3,1 0 0 O
ro 0O 1 2 0] 0 1 0 O
rs 0-1-1 0| 0 0 1 O
ry -1 0 0-2| 0 0O O 1
1 0 0 3,1 0 0 O
0 1 2 0] 0 1 0 O
0-1-1 0| 0 0 1 O
ry —>Trg4+71] O 0 0 1|1 0 0 1
10 0 3,1 0 0 O
0O 1 2 0] 0 1 0 O
rs — r3+ro 0O 01 00 1 1 O
0O 0 0 1} 1 0 0 1
10 0 3, 1 0 0 O
rs — Iy — 2r3 0O 1 0 0 0-1-2 0
0O 01 00 1 1 0O
0O 0 0 1} 1 0 0 1
r{ —ry;—3ry 1 0 0 0|—-2 0 0-3
0 1 0 0| 0-1-2 0
0O 01 00 1 1 0O
0O 0 0 1} 1 0 0 1

Solutions to the exercises

The left half has been reduced to I, so the given
matrix is invertible; its inverse is
-2 0 0 -3
0 -1 -2 0
0 1 1 0
1 0 0 1

4.11 (a) The matrix form of the system is

(2 5)()-0)

Multiplying this equation on the left by the inverse of
the coefficient matrix (from Exercise 4.10(a)) gives
the solution

2\ (5 -3\ (3\_ [ 3\
y) " \=3 2o)\a)= (1)
that is, . = 3, y = —1.
(b) The matrix form of the system is

1 4 1\ [z 4
1 6 3| [a]=165
2 3 0/ \ a3 9

Multiplying this equation on the left by the inverse of
the coefficient matrix (from Exercise 4.10(d)) gives
the solution

I _% % 1 4 6
z =1 1 —3 —3||6]|=|-1];
x3 _3 5 1 9 2
2 6 3
that iS, I = 6, Lo = —]., r3 = 2.

4.12 (a) Let A be an n x n matrix.
Every elementary matrix is invertible (by the
corollary to Theorem 4.9), and the product of
invertible matrices is invertible (by Theorem 4.3). So
if A can be expressed as a product of elementary
matrices, then A is invertible.
For the converse, suppose that A is invertible. Then,
by the Invertibility Theorem, the row-reduced form
of A is I. Let E1, Eo, ... Ej be the n x n elementary
matrices associated with a sequence of elementary
row operations that transforms A to I, in the same
order. Then, by the corollary to Theorem 4.8,
I=BA,
where B = ExE;_1---EsE;. Now B is a product of
invertible matrices, and is therefore itself an
invertible matrix. Multiplying both sides of the
above equation on the left by B~ yields
B~ 'I =B 'BA,
that is,
B! =A.
So
(ExEp—1 - EE)) ' = A,
which, by Theorem 4.3, is equivalent to
E'E;'-E. ' = A.
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By the corollary to Theorem 4.9, the inverse of every
elementary matrix is an elementary matrix, and so
this expresses A as a product of elementary matrices.

(b) Let A be the matrix in Exercise 4.10(a). It is

transformed to I by the sequence of elementary row

operations ry — %rl, ro —> g — 3r1, 'y — 2r9,

r; — T — 515 (see the solution to Exercise 4.10(a)).

Therefore, by the argument in part (a) above,
-1

=50 (59 G ()
-ENGNEHGE )

(The inverses of the elementary matrices are easily
found using the argument in the proof of the
corollary to Theorem 4.9.)

-1

Using a different sequence of row operations to
row-reduce A would lead to a different way of
expressing A as a product of elementary matrices—so
your solution may differ from the one above.

5.1 (a) ‘Z ;‘:(5><2)(1><4):6

(b) ‘_12 _;‘:(10x2)(4><5):0

(c) ‘1; g‘:(7x2)—(3x17):—37

5.2 (a) First we evaluate the determinant of the
matrix:

4 2
5 6

This determinant is non-zero, so the matrix is
invertible. We use the formula to find the inverse:

(4 2>_1_1<6 2)_( 3 %)
-1 _ .
5 6 11\ 5 4 52

(b) First we evaluate the determinant of the matrix:

11
-1 1

This determinant is non-zero, so the matrix is
invertible. We use the formula to find the inverse:

()7 =0 )

(c) First we evaluate the determinant of the matrix:
1 -1
-1 1

This determinant is 0, so the matrix is not invertible.

=(4x6)—(2x5)=14.

’:(1><1)—(1><—1)=2.

NI N
(SIS

=(1x1)—(=1x—1)=0.
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3 2 1
53 (a) |4 0 -1
0 -1 1
0 —1| |4 -1].,[4 o0
_3‘—1 1’20 1’*1’0 —1‘

=3((0x 1) — (~1x —1)) —2((4 x 1) — (=1 x 0))
+((4x —1) = (0 % 0))

=15
2 10 0

(b) {3 -1 2 :2’_5 3‘10’2 §‘+0
5 9 2

=2((-1x2)—(2x9))
—10(3x2)—(2x5))
=0

5.4 The cofactor Az is (=1)173 = (=1)* =1 times
the determinant of the matrix obtained by covering
up the top row and third column of A:

3 5 1

2
3
Az = 4
5

AR
W N =
B~ W N

The cofactor Ays is (—1)*T° = (—1)? = —1 times the
determinant of the matrix obtained by covering up
the fourth row and fifth column of A:

1 2 3 4
2 3 4 5
As=0Dl3 4 5
5 1 2 3

5.5 We apply Strategy 5.2:

021 —1
-3 0 0 -1
101 0
042 0
-3 0 —-1| |-3 0 -1
=0-2| 1 1 0|+ 10 0
02 0 04 0
3 0 0
— (-1 1 0 1
0 4 2
1
o (]}




5.6 Here,
-3 1
det A = 9 _4’
= (-3 x—-4)— (1 x2)=10,
1 1
detB = _9 5‘
=(1x5)-(1x-2)=7
and
-2 2
neno(27)
SO

det(A+B)=(-2x1)—(2x0)=-2.
We have det A +det B = 10+ 7 = 17, so det(A + B)
is not equal to det A + det B.

-5 2
AB = < 10 18> ’
S0
det(AB) = (=5 x —18) — (2 x 10) = 70.
We have (det A)(det B) = 10 x 7 = 70, so
det(AB) = (det A)(det B).

5.7 (a) We apply Strategy 5.2:

010
100 :O’(l) (1)‘+0
0 01
= —1.
(b) We apply Strategy 5.2:
0100|100
= E 0]-0+0-0
00 k O 00 1
0 0 01
k0
=10 1’0+0
=(kx1)—(0x0)
=k.
(c) We evaluate the determinant:
10
‘k 1 =(1x1)—(0xk)

=1.

5.8 First notice that
—2(1 —2 4) = (72 4 78),
that is, the first and third rows of A are
proportional. Therefore, by Theorem 5.3,
det A = 0.

5.9 First notice that the third row of A has only
one non-zero entry. We interchange the first and
third rows, and apply Theorems 5.1 and 5.2, giving

10 3 -4 2 06 00
02 01 02 01
detA=1 o6 oo/=CDl1g 3 4 2|
12 10 12 10

Solutions to the exercises

We use Strategy 5.2 to evaluate this determinant:

0 01
detA=(—1){0-6[10 —4 2[+0-0
-1 10

10 —4
—o(0-o0+| 1} 7))

=6((10x1)—(—-4x-1))

= 36.
5.10 (a) detA:‘i ‘1)‘:2
(b) detB:’_é _;’:3
(c) det(A+B)=‘g é‘:%

(d) det(AB) = (det A)(det B) = 6
(e) det(BA) = (detB)(det A) =6
(f) det(A?) = (detA)? =4
(g) det AT =det A =2
(h) det(AB)T = det(AB) = 6
(i) Since det A # 0,

det A™" =1/(det A) = 1.

5.11 (a) We first evaluate the determinant of the
matrix:

2 1
1 2
This determinant is non-zero, so the matrix is
invertible. The inverse is

2 1\ 42 -1\ _[ % —3
12) “3l-1 2)= |1 2]
3 3

(b) We first evaluate the determinant of the matrix:
2 -2
-1 1

This determinant is zero, so the matrix is not
invertible.

=3.

=0.

(c) We first evaluate the determinant of the matrix:
10 21
-4 -7
This determinant is non-zero, so the matrix is
invertible. The inverse is

10 21\, (-7 21
4 -7) Tu{ 4 10

= 14.
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5.12 (a) Here, the first and third columns are
proportional, since

5 10

-1 -2

2 21 4
3 6

The determinant is therefore zero, by Theorem 5.3.

(b) First notice that the third row has only one
non-zero entry. We interchange the first and third
rows, and apply Theorems 5.1 and 5.2, giving

7T 10 -1 0 2
1 5) 0 2 0
0 2 0 0 0
3 —6 3 7 1
3 4 3 0 1
0 2 0 0 0
1 ) 0 2 0
=(-1)|7 10 -1 0 2
3 —6 3 7 1
3 4 3 0 1
1 0 2 0
7 —1 0 2
3 3 0 1
-1 0 2 7T —1 2
=2 3 7 11423 3 1
3 0 1 3 3 1
7 1 37
SRS
— (7 — 42)
= —908.

Notice that the second 3 x 3 determinant vanishes,
by Theorem 5.3, since the second and third rows are
equal.

5.13 In each part, we evaluate the determinant to
determine whether or not the matrix is invertible.

2 1 4
(a) | 1 -1 3

2 1 5

1 3 1 3 1 -1
:2‘ 1 5’_’—2 5’+4‘—2 1’
— _16—-11—4
— _31.

The determinant of this matrix is non-zero, so the
matrix is invertible.

(b) By Theorem 5.3, the determinant is zero, since
the first and third columns are equal. The matrix is
therefore not invertible.
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(c)

W DN =
_ o O
o oo

1
=2
3

o = O
= o O

‘10

Lol

0
1
2
4 3 2 1

The determinant is non-zero, so the matrix is
invertible.

5.14 We first assume that AAT is invertible. By
Theorem 5.4, det(AA”) is non-zero, and by
Theorem 5.1,

det(AAT) = (det A)(det A™T).
So det A and det AT are also non-zero, and therefore
A and AT are both invertible.

We now assume, for the converse, that A is
invertible. Then det A and det AT are non-zero, by
Theorems 5.1 and 5.4, so

(det A)(det AT) = det(AAT) #0.

So AAT is invertible, as required.
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