
Unit GTA1 Symmetry

Exercise 2.13 Let

x =
(

1 2 3
3 1 2

)
and y =

(
1 2 3
3 2 1

)
.

Find the two-line symbol for each of the following composites:

x ◦ x, y ◦ y, x ◦ y, y ◦ x.

Hence show that

(x ◦ x) ◦ x = e, (x ◦ x) ◦ y = y ◦ x and y ◦ (x ◦ x) = x ◦ y.

3 Group axioms

After working through this section, you should be able to:

(a) explain the meaning of the terms group, Abelian group and the
order of a group;

(b) give examples of finite groups and infinite groups;
(c) determine whether a given set and binary operation form a group,

by checking the group axioms;
(d) deduce information from a given Cayley table.

3.1 Group properties
In Section 1 we considered the set S(F ) of all symmetries of a plane
figure F , and we showed that S(F ) has certain properties with respect to
composition.

1. closure The composite of any two symmetries in S(F ) is
also in S(F ).

2. identity The set S(F ) contains the identity symmetry.
3. inverses Every symmetry of F has an inverse which is also a

symmetry of F .
4. associativity Composition of symmetries is associative:

composites of three (or more) symmetries in a
given order can be written down unambiguously
without parentheses.

There are many other circumstances in which we have a set with a means
of combining elements which together possess these four properties; for
example, sets of real numbers combined under addition or multiplication.
We introduce more examples of this kind in the audio section.

The set together with the means of combining two elements, which is
called a binary operation, are said to form a mathematical structure known
as a group. For example, the set of symmetries of a figure forms a group
under the operation of composition.

To define a group in general, we use the four properties listed above as
axioms, and express them in terms of an unspecified binary operation ◦
acting on an unspecified set G. Any specific set which has an operation
that satisfies these axioms is said to form a group under that operation.
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Section 3 Group axioms

Definition Let G be a set and let ◦ be a binary operation defined Here ◦ does not necessarily
mean composition of functions.on G. Then (G, ◦) is a group if the following four axioms G1–G4

hold.
G1 closure For all g1, g2 ∈ G,

g1 ◦ g2 ∈ G.
G2 identity There exists an identity element e ∈ G such

that, for all g ∈ G,
g ◦ e = g = e ◦ g.

G3 inverses For each g ∈ G, there exists an inverse element
g−1 ∈ G such that

g ◦ g−1 = e = g−1 ◦ g.
G4 associativity For all g1, g2, g3 ∈ G,

g1 ◦ (g2 ◦ g3) = (g1 ◦ g2) ◦ g3.

Example 3.1 Show that the set S+(F ) of direct symmetries of a plane Remember that a direct
symmetry of a plane figure is
one that can be demonstrated
physically without lifting the
model out of the plane.

figure F , with the operation of composition, is a group.

Solution We show that the four group axioms hold.

G1 closure Let f, g ∈ S+(F ); then f and g are direct
symmetries, so f ◦ g is also a direct symmetry.
Thus,

if f, g ∈ S+(F ), then f ◦ g ∈ S+(F ),

so S+(F ) is closed under composition.

G2 identity An identity symmetry is e, the zero rotation, and
e ∈ S+(F ), so S+(F ) contains an identity.

G3 inverses Let f ∈ S+(F ), so f is a direct symmetry; then its
inverse must also be a direct symmetry. Thus,

if f ∈ S+(F ), then f−1 ∈ S+(F ),

so S+(F ) contains an inverse of each of its
elements.

G4 associativity Composition of symmetries is associative so, in
particular, composition of direct symmetries is
associative.

Hence S+(F ) satisfies the four group axioms, and so (S+(F ), ◦) is The word group was introduced
by the French mathematician
Evariste Galois (1811–32) as
part of a theory to classify
polynomial equations whose
solutions can be expressed by a
formula involving radicals (nth
roots).

a group.

The property of commutativity is not one of our four basic axioms.
A group (G, ◦) that has the additional property of commutativity is given
a special name.

Definition Let (G, ◦) be a group that has the additional property
that for all g1, g2 ∈ G,

g1 ◦ g2 = g2 ◦ g1.

Then (G, ◦) is an Abelian group (or commutative group).

Abelian groups are named after
the Norwegian mathematician
Niels Henrik Abel (1802–29),
who earlier showed that no
formula involving radicals exists
for a general quintic equation;
formulas for the general cubic
and quartic equations had been
found in the 16th century.

A group that is not Abelian is called non-Abelian.
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Unit GTA1 Symmetry

For example, (S+("), ◦) is an Abelian group, but (S("), ◦) is non-Abelian.

In our consideration of symmetry groups we have seen that the underlying
set G of a group (G, ◦) may be finite (as in S(") and S(1)) or infinite (as
in S(©)). If G is a finite set containing exactly n elements, we say that
the group (G, ◦) has order n. For example, (S("), ◦) has order 8, and
(S(1), ◦) has order 6. Formally, we make the following definitions.

Definitions A group (G, ◦) is a finite group if G is a finite set;
otherwise, G is an infinite group.

If G is a finite set with exactly n (distinct) elements, then the group
(G, ◦) has order n and we denote this by writing

|G| = n; We read |G| as ‘the order of G’.

otherwise, (G, ◦) has infinite order.

For example, S( ) contains four elements, so (S( ), ◦) is a group of
order 4, and we write

|S( )| = 4;

the set S(©) is infinite, so S(©) is an infinite group and has infinite order.

3.2 Checking group axioms
So far we have considered sets of symmetries of plane figures. These give a
large number of examples of groups, many of which are finite. In the audio
section we consider how the group axioms apply (or do not apply) in other
situations.

Another source of examples of groups is modular arithmetic. Modular arithmetic is discussed
in Unit I3.

For example, in arithmetic modulo 4 we work with the set Z4 = {0, 1, 2, 3}
and the operations +4 and ×4, where we take the remainder on division
by 4 (that is, discard multiples of 4) after forming the ordinary sum or
product. The Cayley tables for these two operations are as follows.

For example,
3 +4 2 (= 5) = 1,

3×4 2 (= 6) = 2.

+4 0 1 2 3

0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

×4 0 1 2 3

0 0 0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

In general, for a and b in

Zn = {0, 1, 2, . . . , n− 1},
the operations +n and ×n are defined by

a +n b = is the remainder of a + b on division by n,

a×n b = is the remainder of a× b on division by n.

You will meet groups based on modular arithmetic in the second half of
this subsection.

Listen to the audio as you work through the frames.
>7%*1
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Section 3 Group axioms

Post-audio exercises

Exercise 3.6 In each of the following cases, write out a Cayley table
and use it to determine whether the given set and binary operation
form a group:

(a) (Z6, +6); (b) (Z6,×6);

(c) (Z∗7,×7), where Z∗7 = Z7 − {0}; (d) ({1,−1},×).

Exercise 3.7 Show that (Q+, ◦) is a group, where Q+ is the set of
positive rationals and ◦ is defined by a ◦ b = 1

2ab.

In this subsection we have seen that the sets Q and R are groups with
respect to addition and that the sets Q∗ and R∗ are groups with respect to
multiplication. The set C of complex numbers behaves similarly; it is
straightforward to show that both (C,+) and (C∗,×) are groups. You are asked to show that

(C,+) is a group in Exercise 3.8.

3.3 Comments on group axioms
In this section we comment briefly on each of the group axioms.

G1 closure For all g1, g2 ∈ G,
g1 ◦ g2 ∈ G.

This property is usually easy to check. However, it is essential to check all
the details; for example, in (R∗,×) it is necessary to check that the
product of any two elements is a non-zero real number.

G2 identity There exists an identity element e ∈ G such that,
for all g ∈ G,

g ◦ e = g = e ◦ g.

We have commented already that the identity in a group is unique; we
shall prove this result in the next section. In many situations the identity
element is obvious and can be identified immediately.

You may quote the following results without further justification.

For composition of functions, the identity is x +−→ x.

For addition of real and complex numbers, the identity is 0.
For multiplication of numbers, the identity is 1.

G3 inverses For each g ∈ G, there exists an inverse element
g−1 ∈ G such that

g ◦ g−1 = e = g−1 ◦ g.

Within a group, the inverse of each element is unique. We shall prove this
result in the next section.
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You may quote the following results without further justification.

For composition of functions, the inverse of the function f is the f−1 exists when f is one-one.
inverse function f−1.

For addition of real and complex numbers, the inverse of x is −x.

For multiplication of numbers, real and complex, the inverse of x is
x−1 = 1/x, provided that x .= 0.

G4 associativity For all g1, g2, g3 ∈ G,
g1 ◦ (g2 ◦ g3) = (g1 ◦ g2) ◦ g3.

The following operations are associative and may be quoted as such:

composition of functions;
addition of real and complex numbers, modular addition;
multiplication of real and complex numbers, modular multiplication.

Although the associative property is stated in terms of three elements, it
allows us to write down a composite of any finite number of elements
without ambiguity. For example, for four elements a, b, c, d and an This can be proved formally by

induction, but we do not do so
here.

associative operation ◦, an expression such as a ◦ b ◦ c ◦ d is unambiguous.
We need not consider the order in which the compositions are carried out,
but the order in which the four elements appear must be maintained. We
may write

a ◦ b ◦ c ◦ d = (a ◦ b) ◦ (c ◦ d)
= a ◦ (b ◦ (c ◦ d))
= a ◦ ((b ◦ c) ◦ d)
= (a ◦ (b ◦ c)) ◦ d

...

Further exercises
Exercise 3.8 Show that (C,+) is a group.

Exercise 3.9 Show that (2Z,+) is a group where 2Z is the set of even
integers 2Z = {2k : k ∈ Z}.

Exercise 3.10 Let G = {2k : k ∈ Z}. Show that (G,×) is a group.

Exercise 3.11 Show that each of the following sets, with the binary
operation given, is a group.

(a) ({1, 3, 5, 7},×8) (b) ({1, 2, 4, 7, 8, 11, 13, 14},×15)

(c) ({1, 4, 11, 14},×15) (d) ({0, 2, 4, 6, 8},+10)

Exercise 3.12 For each of the following sets, with the binary operation
given, decide whether it is a group and justify your answer.

(a) (Z∗
9,×9) (b) (Z9,+9) (c) (Z∗

11,×11) Z∗n = {1, 2, 3, . . . , n− 1}.
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