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        Introduction

        In this course we shall consider two physical phenomena of fundamental importance: scattering and tunnelling. Each will be treated using both a stationary-state approach and a wave-packet approach.
        

        We can consider two approaches to describing the state of a system in wave mechanics. In cases where the probability distributions
          are independent of time, a stationary-state approach can be used. In other cases, where probabilities are time-dependent and motion is really taking place, a wave-packet approach can be used. The two approaches are related but different. In many situations the choice of approach is obvious
          and straightforward, but that is not always the case, as you will soon see.
        

        You will need to be familiar with some mathematical topics to gain the most from this course. The most important are differential
          equations, in particular the solution of partial differential equations using the technique of separation of variables, and
          complex numbers. This material is available in the Mathematics and Statistics topic of OpenLearn, in the courses MST209_10
          Modelling with Fourier series and M337_1 Introduction to complex numbers.
        

        You may also find it useful to refer to the original glossary and Physics Toolkit as you work through this course. PDFs of
          these documents have been attached in the Summary.
        

        This OpenLearn course is an adapted extract from the Open University course : SM358 The quantum world.
        

      

    

  
    
      
        Learning outcomes

        After studying this course, you should be able to:

        
          	explain the meanings of key terms and use them appropriately

        

        
          	describe the behaviour of wave packets when they encounter potential energy steps, barriers and wells

        

        
          	describe how stationary-state solutions of the Schrödinger equation can be used to analyse scattering and tunnelling

        

        
          	 for a range of simple potential energy functions obtain the solution of the time-independent Schrödinger equation and use
            continuity boundary conditions to find reflection and transmission coefficients
          

        

        
          	present information about solutions of the time-independent Schrödinger equation in graphical terms.

        

      

    

  
    
      
        1 What are scattering and tunnelling?

        The phenomenon of scattering was an important topic in physics long before the development of wave mechanics. In its most general sense, scattering is
          a process in which incident particles (or waves) are affected by interaction with some kind of target, quite possibly another
          particle (Figure 1). The interaction can affect an incident particle in a number of ways: it may change its speed, direction of motion or state
          of internal excitation. Particles can even be created, destroyed or absorbed.
        

        
          [image: Figure 1 The phenomenon of scattering]

           Figure 1 The phenomenon of scattering

          View description -  Figure 1 The phenomenon of scattering

        

        It can be argued that almost everything we know about the world is learnt as a result of scattering. When we look at a non-luminous
          object such as a book or a building we see it because of the light that is scattered from its surface. The sky is blue because
          the particles in the Earth's atmosphere are more effective at scattering blue light (relatively short wavelengths) than yellow
          or red light (longer wavelengths). This is also the reason why sunsets are red (Figure 2). As the Sun approaches the horizon, its light has to traverse a lengthening path through the Earth's atmosphere; as a consequence,
          shorter wavelengths are increasingly scattered out of the beam until all that remains is red.
        

        
          [image: Figure 2 Red sunsets are a direct consequence of the scattering of sunlight]
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           Figure 2 Red sunsets are a direct consequence of the scattering of sunlight

          View description -  Figure 2 Red sunsets are a direct consequence of the scattering of sunlight

        

        Much of what we know about the structure of matter has been derived from scattering experiments. For example, the scattering
          of alpha particles from a gold foil, observed by Geiger and Marsden in 1909, led Rutherford to propose the first nuclear model
          of an atom. More recent scattering experiments, involving giant particle accelerators, have provided insight into the fundamental
          constituents of matter such as the quarks and gluons found inside protons and neutrons. Even our knowledge of cosmology –
          the study of the Universe as a whole – is deeply dependent on scattering. One of the main sources of precise cosmological
          information is the study of the surface of last scattering observed all around us at microwave wavelengths (Figure 3).
        

        
          [image: Figure 3 Microwave image of the surface of last scattering]

          Bennett, C.L. et al. ‘First Year Wilkinson Microwave Anisotrophy Probe (WMAP) Observations; Preliminary Maps and Basic Results’,
            Astrophysical Journal (submitted) © 2003 The American Astronomical Society  	 	 	Bennett, C.L. et al. ‘First Year Wilkinson Microwave Anisotrophy Probe (WMAP) Observations; Preliminary Maps and Basic Results’,
            Astrophysical Journal (submitted) © 2003 The American Astronomical Society 
          

           Figure 3 Microwave image of the surface of last scattering

          View description -  Figure 3 Microwave image of the surface of last scattering

        

        In our detailed discussions of scattering we shall not consider cases where the scattering changes the number or nature of
          the scattered particles, since that requires the use of quantum field theory, a part of quantum physics beyond the scope of this course. Rather, we shall mainly restrict ourselves to one-dimensional
          problems in which an incident beam or particle is either transmitted (allowed to pass) or reflected (sent back the way it came) as a result of scattering from a target. Moreover, that target will generally be represented
          by a fixed potential energy function, typically a finite well or a finite barrier of the kind indicated in Figure 4. Despite these restrictions, our discussion of quantum-mechanical scattering will contain many surprises. For instance, you
          will see that a finite potential energy barrier of height V0 can reflect a particle of energy E0, even when E0 > V0. Perhaps even more amazingly, you will see that unbound particles can be reflected when they encounter a finite well.
        

        
          [image: Figure 4 (a) Particles with energy E0 > V0, encountering a finite barrier of height V0, have some probability of being reflected. (b) Similarly, unbound particles with energy E0 > 0 can be reflected by a finite well]

           Figure 4 (a) Particles with energy E0 > V0, encountering a finite barrier of height V0, have some probability of being reflected. (b) Similarly, unbound particles with energy E0 > 0 can be reflected by a finite well
          

          View description -  Figure 4 (a) Particles with energy E0 > V0, encountering a finite barrier of height ...

        

        The phenomenon of tunnelling is entirely quantum-mechanical with no analogue in classical physics. It is an extension of the phenomenon of barrier penetration, which may be familiar in the context of particles bound in potential energy wells. Barrier penetration involves the appearance
          of particles in classically forbidden regions. In cases of tunnelling, such as that shown in Figure 5, a particle with energy E0 < V0 can penetrate a potential energy barrier of height V0, pass through the classically forbidden region within the barrier, and have some finite probability of emerging into the
          classically allowed region on the far side.
        

        
          [image: Figure 5 Particles with energy E0 < V0, encountering a finite barrier of height V0, have some probability of being transmitted by tunnelling through the barrier. Such a process is forbidden in classical physics]

           Figure 5 Particles with energy E0 < V0, encountering a finite barrier of height V0, have some probability of being transmitted by tunnelling through the barrier. Such a process is forbidden in classical physics
          

          View description -  Figure 5 Particles with energy E0 < V0, encountering a finite barrier of height ...

        

        Tunnelling phenomena are common in many areas of physics. In this course you will see how tunnelling provides an explanation
          of the alpha decay of radioactive nuclei, and is also an essential part of the nuclear fusion processes by which stars produce light. Finally you will see how quantum tunnelling has allowed the development of instruments
          called scanning tunnelling microscopes (STMs) that permit the positions of individual atoms on a surface to be mapped in stunning detail.
        

      

    

  
    
      
        2 Scattering: a wave-packet approach

        
          2.1 Overview

          Session 2 discusses the scattering of a particle using wave packets. We shall restrict attention to one dimension and suppose
            that the incident particle is initially free, described by a wave packet of the form
          

          
            [image: ]

          

          This is a superposition of de Broglie waves, with the function [image: ]corresponding to momentum px = [image: ]k and energy Ek = [image: ]2k2/2m, where k = 2[image: ]/λ is the wave number. The momentum amplitude function A(k) determines the blend of de Broglie waves in the initial free wave packet, but when the wave packet encounters a change in
            the potential energy function, the blend of de Broglie waves changes, and scattering takes place.
          

        

        
          2.2 Wave packets and scattering in one dimension

           Figure 6 shows the scattering of a wave packet, incident from the left, on a target represented by a potential energy function of
            the form
          

          
            [image: ]

          

          
            [image: ]

          

          Potential energy functions of this type are called finite square barriers. They are simple idealisations of the more general kind of finite barrier shown in Figure 4a. The de Broglie waves that make up the wave packet extend over a range of energy and momentum values. In the case illustrated
            in Figure 6, the expectation value of the energy, 〈E〉, has a value E0 that is greater than the height of the potential energy barrier V0. The classical analogue of the process illustrated in Figure 6 would be a particle of energy E0 scattering from a repulsive target. The unrealistically steep sides of the potential energy function imply that the encounter
            is sudden and impulsive – not like the encounter between two negatively charged particles, for instance; there is no gradual
            slope for the incident particle to ‘climb’, nor for it to descend after the interaction. Still, in the classical case, the
            fact that E0 is greater than V0, implies that the incident particle has enough energy to overcome the resistance offered by the target, and is certain to
            emerge on the far side of it.
          

          The quantum analysis tells a different story. Based on numerical solutions of Schrödinger's equation, the computer-generated
            results in Figure 6 show successive snapshots of |[image: ]|2, each of which represents the probability density of the particle at a particular instant. Examining the sequence of pictures
            it is easy to visualise the probability as a sort of fluid that flows from one part of the x-axis to another. Initially, as the wave packet approaches the barrier, the probability is concentrated in a single ‘blob’,
            flowing from left to right. Then, as the wave packet encounters the barrier, something odd starts to happen; the probability
            distribution develops closely spaced peaks. These peaks are a consequence of reflection – part of the quantum wave packet
            passes through the barrier, but another part is reflected; the reflected part interferes with the part still advancing from
            the left and results in the spiky graph of |[image: ]|2. Eventually, however, the interference subsides and what remains are two distinct ‘blobs’ of probability density: one returning
            to the left, the other progressing to the right.
          

          
            [image: Figure 6 The scattering of a wave packet with 〈E〉 = E0 by a finite square barrier of height V0 when E0 > V0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom. The barrier has been made narrow in this example but a greater width could have been chosen]

             Figure 6 The scattering of a wave packet with 〈E〉 = E0 by a finite square barrier of height V0 when E0 > V0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom. The barrier has been made narrow in this example
              but a greater width could have been chosen
            

            View description -  Figure 6 The scattering of a wave packet with 〈E〉 = E0 by a finite square barrier ...

          

          It's important to realise that the splitting of the wave packet illustrated in Figure 6 does not represent a splitting of the particle described by the wave packet. The normalisation of the wave packet is preserved throughout
            the scattering process (the area under each of the graphs in Figure 6 is equal to 1); there is only ever one particle being scattered. The splitting of the wave packet simply indicates that,
            following the scattering, there are two distinct regions in which the particle might be found. In contrast to the certainty
            of transmission in the classical case, the quantum calculation predicts some probability of transmission, but also some probability
            of reflection. Indeterminacy is, of course, a characteristic feature of quantum mechanics.
          

          
            
              Exercise 1

            

            
              
                Simply judging by eye, what are the respective probabilities of reflection and transmission as the final outcome of the scattering
                  process shown in Figure 6?
                

              

              View answer - Exercise 1

            

          

          The probability that a given incident particle is reflected is called the reflection coefficient, R, while the probability that it is transmitted is called the transmission coefficient, T. Since one or other of these outcomes must occur, we always have
          

          
            [image: ]

          

          The values of R and T that apply in any particular case of one-dimensional scattering can be worked out by examining the solution of the relevant
            Schrödinger equation that applies long after the incident particle has encountered the target. For properly normalised wave
            packets, the values of R and T are found by measuring the areas under the graph of |[image: ]|2 that are located to the left and to the right of the target at that time.
          

          Reflection and transmission coefficients can also describe scattering from an attractive target. The idealised case of a wave
            packet with 〈E〉 = E0 > 0 encountering a finite square well of depth V0 and width L is shown in Figure 7. Again, the wave packet is incident from the left, and the wave packet is partly reflected, giving rise to interference effects.
            Eventually, however, the interference abates, leaving two distinct parts of the wave packet. The areas of these two parts
            determine the reflection and transmission coefficients.
          

          
            [image: Figure 7 The scattering of a wave packet with 〈E〉 = E0 by a finite square well of depth V0 when E0 > 0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom. The well has been made narrow in this example but a greater width could have been chosen]

             Figure 7 The scattering of a wave packet with 〈E〉 = E0 by a finite square well of depth V0 when E0 > 0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom. The well has been made narrow in this example
              but a greater width could have been chosen
            

            View description -  Figure 7 The scattering of a wave packet with 〈E〉 = E0 by a finite square well of ...

          

          Of course, wave mechanics is probabilistic, so although reflection and transmission coefficients can be calculated in any
            given situation, it is never possible to predict what will happen to any individual particle (unless R or T happen to be equal to zero in the situation considered). Indeed, the detection of the scattered particle, after the scattering
            has taken place, is exactly the kind of measurement that brings about the collapse of the wave function – a sudden, abrupt and unpredictable change that is not described by Schrödinger's equation. After such a collapse has occurred,
            the particle is localised on one side of the barrier or the other.
          

        

      

    

  
    
      
        3 Scattering: a stationary-state approach

        
          3.1 Overview

          Scattering calculations using wave packets are so laborious that they are generally done numerically, using a computer. However,
            in many cases, scattering phenomena can be adequately treated using a procedure based on stationary states. This approach
            can give valuable insight into the scattering process without the need for computer simulations.
          

          Session 3 introduces the stationary-state approach to scattering. The discussion is mainly confined to one dimension, so a
            stationary-state solution to the Schrödinger equation can be written in the form
          

          
            [image: ]

          

          where [image: ](x) satisfies the appropriate time-independent Schrödinger equation at energy E. The first challenge is to find a way of interpreting stationary-state solutions that makes them relevant to an inherently
            time-dependent phenomenon like scattering.
          

        

        
          3.2 Stationary states and scattering in one dimension

          The key idea of the stationary-state approach is to avoid treating individual particles, and to consider instead the scattering
            of a steady intense beam of particles, each particle having the same energy E0. It is not possible to predict the exact behaviour of any individual particle but, if the incident beam is sufficiently intense,
            the result of the scattering will be reflected and transmitted beams with steady intensities that are determined by the reflection
            and transmission coefficients we are aiming to evaluate. Provided we consider the beams as a whole, nothing in this arrangement
            depends on time. A snapshot of the set-up taken at one time would be identical to a similar snapshot taken at another time.
            In contrast to the wave-packet approach, there are no moving ‘blobs of probability density’, so the whole process can be described
            in terms of stationary states.
          

          For a one-dimensional beam, we define the intensity j to be the number of beam particles that pass a given point per unit time. We also define the linear number density n of the beam to be the number of beam particles per unit length. Then, thinking in classical terms for a moment, if all the
            particles in a beam have the same speed v, the beam intensity is given by j = vn. Specialising this relationship to the incident, reflected and transmitted beams, we have
          

          
            [image: ]

          

          In the stationary-state approach, the reflection and transmission coefficients can be expressed in terms of beam intensity
            ratios, as follows:
          

          
            [image: ]

          

          If all the incident particles are scattered, and no particles are created or destroyed, it must be the case that jinc = jref + jtrans. Dividing both sides by jinc and rearranging gives R + T = 1, as expected from our earlier discussions.
          

          We now need to relate these steady beam intensities to stationary-state solutions of the relevant Schrödinger equation. This
            requires some care, since Schrödinger's equation is normally used to describe individual particles, rather than beams of particles.
            To make the steps in the analysis as clear as possible, we shall begin by considering a particularly simple kind of one-dimensional
            scattering target.
          

        

        
          3.3 Scattering from a finite square step

          The kind of one-dimensional scattering target we shall be concerned with in this section is called a finite square step. It can be represented by the potential energy function
          

          
            [image: ]

          

          
            [image: ]

          

          The finite square step (Figure 8) provides a simplified model of the potential energy function that confronts an electron as it crosses the interface between
            two homogeneous media. The discontinuous change in the potential energy at x = 0 is, of course, unrealistic, but this is the feature that makes the finite square step simple to treat mathematically.
            The fact that we are dealing with a square step means that we shall only have to consider two regions of the x-axis: Region 1 where x ≤ 0, and Region 2 where x > 0.
          

          
            [image: Figure 8 A finite square step of height V0 < E0]

             Figure 8 A finite square step of height V0 < E0

            View description -  Figure 8 A finite square step of height V0 < E0

          

          Classically, when a finite square step of height V0 scatters a rightward moving beam in which each particle has energy E0 > V0, each of the particles will continue moving to the right but will be suddenly slowed as it passes the point x = 0. The transmitted particles are slowed because, in the region x > 0, each particle has an increased potential energy, and hence a reduced kinetic energy. The intensity of each beam is the
            product of the linear number density and the speed of the particles in that beam. To avoid any accumulation of particles at
            the step, the incident and transmitted beams must have equal intensities; the slowing of the transmitted beam therefore implies
            that it has a greater linear number density than the incident beam.
          

          
            
              Exercise 2

            

            
              
                In general terms, how would you expect the outcome of the quantum scattering process to differ from the classical outcome?

              

              View answer - Exercise 2

            

          

          We start our analysis by writing down the relevant Schrödinger equation:

          
            [image: ]

          

          where V(x) is the finite square step potential energy function given in Equations 7.6 and 7.7. We seek stationary-state solutions of the form [image: ], where E0 is the fixed energy of each beam particle. The task of solving Equation 7.8 then reduces to that of solving the time-independent Schrödinger equations
          

          
            [image: ]

          

          
            [image: ]

          

          A simple rearrangement gives

          
            [image: ]

          

          
            [image: ]

          

          and it is easy to see that these equations have the general solutions

          
            [image: ]

          

          
            [image: ]

          

          where A, B, C and D are arbitrary complex constants, and the wave numbers in Region 1 and Region 2 are respectively
          

          
            [image: ]

          

          You may wonder why we have expressed these solutions in terms of complex exponentials rather than sines and cosines (recall
            the identity eix = cos x + i sin x). The reason is that the individual terms in Equations 7.11 and 7.12 have simple interpretations in terms of the incident, reflected and transmitted beams. To see how this works, it is helpful
            to note that
          

          
            [image: ]

          

          where [image: ]is the momentum operator in the x direction.
          

          It therefore follows that terms proportional to eikx are associated with particles moving rightward at speed [image: ], while terms proportional to e−ikx are associated with particles moving leftward at speed [image: ].
          

          These directions of motion can be confirmed by writing down the corresponding stationary-state solutions, which take the form

          
            [image: ]

          

          
            [image: ]

          

          where ω = E0/[image: ]. We can then identify terms of the form ei(kx−ωt) as plane waves travelling in the positive x-direction, while terms of the form e−i(kx+ωt) are plane waves travelling in the negative x-direction. None of these waves can be normalised, so they cannot describe individual particles, but you will see that they
            can describe steady beams of particles.
          

          In most applications of wave mechanics, the wave function [image: ](x, t) describes the state of a single particle, and |[image: ](x, t)|2 represents the probability density for that particle. In the steady-state approach to scattering, however, it is assumed
            that the wave function [image: ](x, t) describes steady beams of particles, with |[image: ](x, t)|2 interpreted as the number of particles per unit length – that is, the linear number density of particles. We know that the
            wave function is not normalisable, and this corresponds to the fact that the steady beams extend indefinitely to the left
            and right of the step and therefore contain an infinite number of particles. This will not concern us, however, because we
            only need to know the linear number density of particles, and this is given by the square of the modulus of the wave function.
          

          Looking at Equation 7.14, and recalling that the first term Aei(k1x−ωt) represents a wave travelling in the positive x-direction for x ≤ 0, we identify this term as representing the incident wave in Region 1 (x ≤ 0). We can say that each particle in the beam travels to the right with speed [image: ], and that the linear number density of particles in the beam is
          

          
            [image: ]

          

          (You will find further justification of this interpretation in Section 3.4.)
          

          Similarly, the second term on the right of Equation 7.14 can be interpreted as representing the reflected beam in Region 1 (x ≤ 0). This beam travels to the left with speed vref = [image: ]k1/m and has linear number density nref = |B|2.
          

          The first term on the right of Equation 7.15 represents the transmitted beam in Region 2 (x > 0). This beam travels to the right with speed vtrans = [image: ]k2/m and has linear number density ntrans = |C|2. The second term on the right of Equation 7.15 would represent a leftward moving beam in the region x > 0. On physical grounds, we do not expect there to be any such beam, so we ensure its absence by setting D = 0 in our equations.
          

          Using these interpretations, we see that the beam intensities are:

          
            [image: ]

          

          Expressions for the reflection and transmission coefficients then follow from Equation 7.5:
          

          
            [image: ]

          

          
            [image: ]

          

          It is worth noting that the expression for the transmission coefficient includes the wave numbers k1 and k2, which are proportional to the speeds of the beams in Regions 1 and 2. The wave numbers cancel in the expression for the
            reflection coefficient because the incident and reflected beams both travel in the same region.
          

          To calculate R and T, we need to find the ratios B/A and C/A. To achieve this, we must eliminate unwanted arbitrary constants from our solutions to the time-independent Schrödinger equation.
            This can be done by requiring that the solutions satisfy continuity boundary conditions:
          

          
            	 
               [image: ](x) is continuous everywhere.
              
 
            

            	 
               d[image: ](x)/dx is continuous where the potential energy function is finite.
              
 
            

          

          The first of these conditions tells us that our two expressions for [image: ](x) must match at their common boundary x = 0. From Equations 7.11 and 7.12, we therefore obtain
          

          
            [image: ]

          

          Taking the derivatives of Equations 7.11 and 7.12,
          

          
            [image: ]

          

          so requiring the continuity of d[image: ]/dx at x = 0 implies that
          

          
            [image: ]

          

          After some manipulation, Equations 7.19 and 7.20 allow us to express B and C in terms of A 
          

          
            [image: ]

          

          Combining these expressions with Equations 7.17 and 7.18, we finally obtain
          

          
            [image: ]

          

          
            [image: ]

          

          Since [image: ] and [image: ], where E0 is the incident particle energy and V0 is the height of the step, we have now managed to express R and T entirely in terms of given quantities. The transmission coefficient, T, is plotted against E0/V0 in Figure 9.
          

          
            [image: Figure 9 A graph of the transmission coefficient T against E0/V0 for a finite square step of height V0]

             Figure 9 A graph of the transmission coefficient T against E0/V0 for a finite square step of height V0

            View description -  Figure 9 A graph of the transmission coefficient T against E0/V0 for a finite square ...

          

          The above results have been derived by considering a rightward moving beam incident on an upward step of the kind shown in
            Figure 8. However, almost identical calculations can be carried out for leftward moving beams or downward steps. Equations 7.21 and 7.22 continue to apply in all these cases, provided we take k1 to be the wave number of the incident beam and k2 to be the wave number of the transmitted beam.
          

          The formulae for R and T are symmetrical with respect to an interchange of k1 and k2, so a beam of given energy, incident on a step of given magnitude, is reflected to the same extent no matter whether the step is upwards or downwards. This may seem strange, but you should note that the reflection is a purely quantum effect, and has nothing to do with any
            classical forces provided by the step.
          

          Another surprising feature of Equation 7.21 is that R is independent of m and so does not vanish as the particle mass m becomes very large. However, we know from experience that macroscopic objects are not reflected by small changes in their potential energy function – you can climb upstairs without serious risk of being reflected!
            How can such everyday experiences be reconciled with wave mechanics?
          

          This puzzle can be resolved by noting that our calculation assumes an abrupt step. Detailed quantum-mechanical calculations show that Equation 7.21 provides a good approximation to reflections from a diffuse step provided that the wavelength of the incident particles is much longer than the distance over which the potential energy function varies.
            For example, Equation 7.21 accurately describes the reflection of an electron with a wavelength of 1 nm from a finite step that varies over a distance
            of order 0.1 nm. However, macroscopic particles have wavelengths that are much shorter than the width of any realistic step,
            so the above calculation does not apply to them. Detailed calculations show that macroscopic particles are not reflected to
            any appreciable extent so, in this macroscopic limit, quatum mechanics agrees with both classical physics and everyday experience.
          

          Although we have been discussing the behaviour of beams of particles in this section, it is important to realise that these
            beams are really no more than a convenient fiction. The beams were simply used to provide a physical interpretation of de
            Broglie waves that could not be normalised. The crucial point is that we have arrived at explicit expressions for R and T, and we have done so using relatively simple stationary-state methods based on the time-independent Schrödinger equation
            rather than computationally complicated wave packets. Moreover, as you will see, the method we have used in this section can
            be generalised to other one-dimensional scattering problems.
          

          
            
              Exercise 3

            

            
              
                
                  	
                    (a) Use Equations 7.21 and 7.22 to show that R + T = 1.
                    

                  

                  	
                    (b) Evaluate R and T in the case that E0 = 2V0, and confirm that their sum is equal to 1 in this case.
                    

                  

                

              

              View answer - Exercise 3

            

          

          
            
              Exercise 4

            

            
              
                Consider the case where k2 = k1/2.
                

                
                  	
                    (a) Express B and C in terms of A.
                    

                  

                  	
                    (b) Show that in the region x > 0, we have |[image: ]|2 = 16|A|2/9 = constant, while in the region x ≤ 0, we have [image: ].
                    

                  

                  	
                    (c) What general physical phenomenon is responsible for the spatial variation of |[image: ]|2 to the left of the step?
                    

                  

                  	
                    (d) If the linear number density in the incident beam is 1.00 × 1024 m−1, what are the linear number densities in the reflected and transmitted beams?
                    

                  

                

              

              View answer - Exercise 4

            

          

          
            
              Exercise 5

            

            
              
                Based on the solution to Exercise 4, sketch a graph of |[image: ]|2 that indicates its behaviour both to the left and to the right of a finite square step.
                

              

              View answer - Exercise 5

            

          

        

        
          3.4 Probability currents

          The expressions we have derived for reflection and transmission coefficients were based on the assumption that the intensity
            of a beam is the product of the speed of its particles and their linear number density. This assumption seems very natural
            from the viewpoint of classical physics, but we should always be wary about carrying over classical ideas into quantum physics.
            In this section we shall establish a general quantum-mechanical formula for the beam intensity. The formula will be consistent
            with the assumptions made so far, but is also more general, applying in regions where a classical beam would not exist and
            for localised wave packets as well as steady beams.
          

          At the heart of our analysis lies the idea that matter is conserved. Neglecting relativistic processes in which particles
            can be created or destroyed, the total number of particles remains fixed. This is built deep into the formalism of quantum
            mechanics: if the wave function describing a particle is normalised now, it will remain normalised forever because particles
            do not simply disappear. The conservation of particles applies locally as well as globally, so if the number of particles
            in a small region changes, this must be due to particles entering or leaving the region by crossing its boundaries. We shall
            now express this idea in mathematical terms.
          

          Let us first consider the one-dimensional flow of a fluid along the x-axis. At each point, we define a fluid current jx(x, t) that represents the rate of flow of fluid particles along the x-axis. If the fluid is compressible, like air, this fluid current may vary in space and time.
          

          
            [image: Figure 11 Any change in the number of particles in a small region is due to fluid currents that carry particles into or out of the region]

             Figure 11 Any change in the number of particles in a small region is due to fluid currents that carry particles into or out
              of the region
            

            View description -  Figure 11 Any change in the number of particles in a small region is due to fluid ...

          

           Figure 11, above, shows a small one-dimensional region between x and x + δx. The number of particles in this region can be written as n(x, t) δx, where n(x, t) is the linear number density of particles. The change in the number of particles in the region during a small time interval δt is then
          

          
            [image: ]

          

          where, for flow in the positive x-direction, the first term on the right-hand side represents the number of particles entering the region from the left and the second term represents the number of particles leaving the region to the right. Rearranging Equation 7.23 gives
          

          
            [image: ]

          

          and, on taking the limit as δx and δt tend to zero we see that
          

          
            [image: ]

          

          This result is called the equation of continuity in one dimension. With a little care, it can be extended to quantum mechanics.
          

          For a single-particle wave packet in quantum mechanics, the flowing quantity is probability density. This is evident from images of wave packets as ‘blobs’ of moving probability density (e.g. Figure 6). Now we know that probability density is represented in quantum mechanics by [image: ]* [image: ], so we should be able to construct the appropriate equation of continuity by examining the time derivative of this quantity.
          

          Obviously, we have

          
            [image: ]

          

          where Schrödinger's equation dictates that

          
            [image: ]

          

          Dividing through by [image: ], the rate of change of the wave function is
          

          
            [image: ]

          

          Substituting this equation, and its complex conjugate, into Equation 7.25, we then obtain
          

          
            [image: ]

          

          (since the potential energy function V(x) is real and cancels out), and a further manipulation gives
          

          
            [image: ]

          

          This equation can be written in the form of an equation of continuity:

          
            [image: ]

          

          provided that we interpret n(x, t) as the probability density [image: ]* [image: ], with a corresponding current
          

          
            [image: ]

          

          In the one-dimensional situations we are considering, jx(x, t) is called the probability current. In one dimension, the probability density n = [image: ]* [image: ] is a probability per unit length, and therefore has the dimensions of [L]−1. It follows from Equation 7.27 that the probability current has dimensions of
          

          
            [image: ]

          

          and therefore has SI unit ‘per second’, as expected for a current of particles.

          These ideas can be readily extended to steady beams of particles. Snapshots of a steady beam would not reveal any changes
            from one moment to the next but the beam nevertheless carries a steady flow of particles, just as a steadily flowing river
            carries a current of water. For a particle beam, [image: ]* [image: ] represents the linear number density of particles and the probability current is the rate of flow of particles in the positive
            x-direction. For a steady beam, described by a stationary-state wave function,  [image: ], the time-dependent phase factors cancel out in Equation 7.28, and the probability current can be written more simply as
          

          
            [image: ]

          

          which is independent of time. It is important to realise that jx is a signed quantity; it is positive for a beam travelling in the positive x-direction, and negative for a beam travelling in the negative x-direction. This is unlike the beam intensity j introduced earlier, which is always positive. It is natural to define the beam intensity of a steady beam to be the magnitude of the probability current: j = |jx|. It is this definition that gives us a way of calculating beam intensities without making unwarranted classical assumptions.
          

          In fact, each beam intensity calculated using Equation 7.29 turns out to be precisely what we have always assumed – the product of a particle speed and a linear number density – as
            you can check by tackling Exercise 7 below. So our analysis adds rigour, but contains no surprises. However, the really significant feature of Equation 7.28 is its generality; it applies to single-particle wave packets as well as to steady beams, and (as you will see later) it
            will also apply in cases of tunnelling, where a classical beam does not exist.
          

          
            
              Exercise 6

            

            
              
                Show that jx(x, t) as defined in Equation 7.28 is a real quantity.
                

              

              View answer - Exercise 6

            

          

          
            
              Exercise 7

            

            
              
                Using the solutions to the Schrödinger equation that were obtained in the stationary-state approach to scattering from a finite
                  square step, evaluate the probability current in the regions x > 0 and x ≤ 0. Interpret your results in terms of the beam intensities in these two regions.
                

              

              View answer - Exercise 7

            

          

        

        
          3.5 Scattering from finite square wells and barriers

          The procedure used to analyse scattering from a finite square step can also be applied to scattering from finite square wells
            or barriers, or indeed to any combination of finite square steps, wells and barriers. The general procedure is as follows:
          

          
            	 
              Divide the x-axis into the minimum possible number of regions of constant potential energy.
              
 
            

            	 
              Write down the general solution of the relevant time-independent Schrödinger equation in each of these regions, remembering
                to use the appropriate value of the wave number k in each region and introducing arbitrary constants as necessary.
              
 
            

            	 
              Use continuity boundary conditions to determine all but one of the arbitrary constants. The one remaining constant is associated
                with the incident beam, which may enter from the right or the left.
              
 
            

            	 
              Obtain expressions for all the beam intensities relative to the intensity of the incident beam.
 
            

            	 
              Determine the reflection and transmission coefficients from ratios of beam intensities.
 
            

          

          The best way to become familiar with this procedure is by means of examples and exercises. Below is a worked example involving
            a finite square well of the kind shown in Figure 12.
          

          
            
              Worked Example 1

            

            
              A particle of mass m with positive energy E0 is scattered by a one-dimensional finite square well of depth V0 and width L (shown in Figure 12). Derive an expression for the probability that the particle will be transmitted across the well.
              

              
                [image: Figure 12 A finite square well of depth V0 and width L. A beam of particles, each of energy E0, is scattered by the well]

                Figure 12 A finite square well of depth V0 and width L. A beam of particles, each of energy E0, is scattered by the well
                

                View description - Figure 12 A finite square well of depth V0 and width L. A beam of particles, each ...

              

              Solution

              Suppose the particle concerned to be part of an intense steady beam of identical particles, each having energy E0 and each incident from the left on a well located between x = 0 and x = L.
              

              Divide the x-axis into three regions: Region 1, (x < 0), where V = 0; Region 2, (0 ≤ x ≤ L), where V = −V0; and Region 3, (x > L), where V = 0. In each region the time-independent Schrödinger equation takes the general form
              

              
                [image: ]

              

              so the solution in each region is:

              
                [image: ]

              

              
                [image: ]

              

              
                [image: ]

              

              where A, B, C, D, F and G are arbitrary constants, and the wave numbers in Region 1 and Region 2 are
              

              
                [image: ]

              

              Note that the wave number in Region 3 is the same as that in Region 1. This is because the potential energy function is the
                same in these two regions.
              

              There is no leftward moving beam in Region 3, so we set G = 0. Since the potential energy function is finite everywhere, [image: ](x) and d[image: ]/dx must be continuous everywhere. Continuity of [image: ](x) and d[image: ]/dx at x = 0 implies that
              

              
                [image: ]

              

              
                [image: ]

              

              while continuity of [image: ](x) and d[image: ]/dx at x = L gives
              

              
                [image: ]

              

              
                [image: ]

              

              Since the wave numbers in Regions 1 and 3 are both equal to k1, the intensities of the incident and transmitted beams are
              

              
                [image: ]

              

              and the required transmission coefficient is given by T = |F|2/|A|2.
              

              The mathematical task is now to eliminate B, C and D from Equations 7.35 to 7.38 in order to find the ratio F/A. To achieve this, we note that the constant B only appears in the first two equations, so we take the opportunity of eliminating it immediately. Multiplying Equation 7.35 by ik1 and adding the result to Equation 7.36 we obtain
              

              
                [image: ]

              

              Now we must eliminate C and D from the remaining equations. To eliminate D, we multiply Equation 7.37 by ik2 and add the result to Equation 7.38. This gives
              

              
                [image: ]

              

              Similarly, multiplying Equation 7.37 by ik2 and subtracting the result from Equation 7.38 we see that
              

              
                [image: ]

              

              Finally, substituting Equations 7.41 and 7.42 into Equation 7.40 and rearranging slightly we obtain
              

              
                [image: ]

              

              so the transmission coefficient is given by

              
                [image: ]

              

              This is the expression we have been seeking; it only involves k1, k2 and L, and both k1 and k2 can be written in terms of m, E0 and V0.
              

            

          

          Although Equation 7.43 provides a complete answer to the worked example, it is expressed in a rather opaque form. After several pages of substitutions
            and manipulations (which are not a good investment of your time) it is possible to recast and simplify this formula. We just
            quote the final result:
          

          
            [image: ]

          

          Treating E0 as an independent variable and V0 as a given constant, this function can be displayed as a graph of T against E0/V0, as shown in Figure 13.
          

          
            [image: Figure 13 The transmission coefficient T for a particle of energy E0 scattering from a finite square well of depth V0, plotted against E0/V0. To plot this graph, we have taken the particle to have the mass of an electron and taken the well to have a depth of 8.6 eV and a width of 1.0 nm]

             Figure 13 The transmission coefficient T for a particle of energy E0 scattering from a finite square well of depth V0, plotted against E0/V0. To plot this graph, we have taken the particle to have the mass of an electron and taken the well to have a depth of 8.6
              eV and a width of 1.0 nm
            

            View description -  Figure 13 The transmission coefficient T for a particle of energy E0 scattering ...

          

          As the incident energy is increased significantly above 0 (the top of the well), transmission becomes relatively more likely,
            but there is generally some chance of reflection (R =1 − T ≠ 0), and for some energies the reflection probability may be quite high. However, Figure 13 also shows that there are some special incident particle energies at which T = 1, so that transmission is certain to occur. Although it is a rather poor use of terminology, these peaks of high transmission
            are usually called transmission resonances. Equation 7.44 shows that transmission resonances occur when sin(k2L) = 0, that is when
          

          
            [image: ]

          

          Recalling the relationship k = 2[image: ]/λ between wave number and wavelength, we can also express this condition as Nλ2 = 2L; in other words:
          

          
            A transmission resonance occurs when a whole number of wavelengths occupies the full path length 2L of a wave that crosses the width of the well and is reflected back again.
            

          

          This condition can be interpreted in terms of interference between waves reflected at x = 0 and x = L. The interference turns out to be destructive because reflection at the x = 0 interface is accompanied by a phase change of [image: ]. Of course, suppression of the reflected beam is accompanied by an enhancement of the transmitted beam. The effect is similar
            to one found in optics, where destructive interference between waves reflected from the front and back surfaces of a thin
            transparent film accounts for the success of the anti-reflective coatings on lenses and mirrors.
          

          Before leaving the subject of scattering from a finite well there is one other point that deserves attention. This concerns
            the precise form of the functions [image: ](x) in the three regions we identified earlier. The value of |A|2 is equal to the linear number density of particles in the incident beam. If we regard A as being known, the values of the constants B, C, D and F can be evaluated using the continuity boundary conditions and graphs of [image: ](x) can be drawn.
          

          
            [image: Figure 14 A typical example of the real part Re(ψ) of the function ψ(x) for the kind of square well shown in Figure 12]

             Figure 14 A typical example of the real part Re(ψ) of the function ψ(x) for the kind of square well shown in Figure 12

            View description -  Figure 14 A typical example of the real part Re(ψ) of the function ψ(x) for the ...

          

          Since [image: ](x) is generally complex there are several possible graphs that might be of interest, including the real part of [image: ], the imaginary part of [image: ], and |[image: ]|2. Figure 14, above, shows a typical plot of the real part of [image: ] for chosen values of m, E0, V0 and L; the following points should be noted:
          

          
            	 
              In each region, [image: ](x) is a periodic function of x.
              
 
            

            	 
              The wavelength is smaller inside the well than outside. The shorter wavelength corresponds to a higher wave number, and higher
                momentum, and echoes the classical increase in speed that a particle experiences as it enters the well.
              
 
            

            	 
              The amplitude of the wave is smaller inside the well than outside. This is because the beam moves more rapidly inside the
                well, and has a lower linear number density there.
              
 
            

          

          
            
              Exercise 8

            

            
              
                With one modification, the stationary-state method that was applied to scattering from a finite square well can also be applied
                  to scattering from a finite square barrier of height V0 and width L, when E0 > V0. Describe the modification required, draw a figure analogous to Figure 14, but for the case of a square barrier, and comment on any differences between the two graphs.
                

              

              View answer - Exercise 8

            

          

          
            
              Exercise 9

            

            
              
                Draw two sketches to illustrate the form of the function |[image: ](x, t)|2 in the case of the stationary-state approach to scattering from (a) a finite square well, and (b) a finite square barrier.
                  Comment on the time-dependence of |[image: ](x,t)|2 in each case.
                

              

              View answer - Exercise 9

            

          

        

        
          3.6 Scattering in three dimensions

          Sophisticated methods have been developed to analyse scattering in three-dimensions. The complexity of these methods makes
            them unsuitable for inclusion in this course but it is appropriate to say something about the basic quantities involved.
          

          In three dimensions, we are obliged to think in terms of scattering at a given angle, rather than in terms of one-dimensional
            reflection or transmission. We distinguish between the incident particles (some of which may be unaffected by the target)
            and the scattered particles which are affected by the target in some way (changing their direction of motion, energy or state
            of internal excitation). The detectors for the scattered particles are placed far from the target, well outside the range
            of interaction of the incident beam and the target, so the scattering process is complete by the time the particles are detected.
            The incident beam is assumed to be uniform and broad enough to cover all the regions in which the beam particles interact
            with the target. The incident beam is characterised by its flux; this is the rate of flow of particles per unit time per unit area perpendicular to the beam.
          

          If we consider a particular scattering experiment (electron-proton scattering, for example), one of the main quantities of
            interest is the total cross-section, σ. This is the total rate at which scattered particles emerge from the target, per unit time per unit incident flux. The total cross-section has the dimensions of area. Very loosely, you can think of it as representing the ‘effective’ area
            that the target presents to an incident projectile, but you should not give too much weight to this classical interpretation,
            as most total cross-sections vary markedly with the energy of the incident particles. An acceptable SI unit for the measurement
            of total cross-sections would be m2, but measured cross-sections are generally so small that physicists prefer to use a much smaller unit called the barn, defined by the relation 1 barn = 1 × 10−28 m2. The name is intended as a joke, 1 barn being such a large cross-section in particle and nuclear physics that it can be considered
            to be ‘as big as a barn door’. Many cross-sections are measured in millibarn (mb), microbarn (μb) or even nanobarn (nb).
          

          Scattering processes that conserve the total kinetic energy of the colliding particles are said to be examples of elastic scattering. They may be contrasted with cases of inelastic scattering where the particles may change their internal state of excitation or be absorbed; particles may even be created or destroyed,
            especially at very high energies. In reality, total cross-sections often contain both elastic and inelastic contributions.
          

          Scattering experiments are often analysed in great detail. The total cross-section arises as a sum of contributions from particles
            scattered in different directions. For each direction, we can define a quantity called the differential cross-section, which tells us the rate of scattering in a small cone of angles around the given direction. The integral of the differential
            cross-section, taken over all directions, is equal to the total cross-section. We can also vary the energy of the incident
            beam. Both the total cross-section and the differential cross-section depend on the energies of the incident particles. There
            is therefore a wealth of experimental information to collect, interpret and explain.
          

          In exploring the microscopic world of atoms, nuclei and elementary particles, physicists have few options, other than to carry
            out a scattering experiment. This process has been compared with that of trying to find out how a finely crafted watch works
            by the expedient of hurling stones at it and seeing what bits come flying out. It is not a delicate business, but by collecting
            all the data that a scattering experiment provides, and by comparing these data with the predictions of quantum physics, physicists
            have learnt an amazing amount about matter on the scale of atoms and below. One early discovery in the scattering of electrons
            from noble gas atoms (such as xenon) was a sharp dip in the measured cross-section at an energy of about 1 eV. The experimental
            discovery of this Ramsauer-Townsend effect in the early 1920s was an early indication from elastic scattering that some new theoretical insight was needed that would
            take physics beyond the classical domain. The effect is now recognised as a three-dimensional analogue of the transmission
            resonance we met earlier.
          

          At the much higher collision energies made available by modern particle accelerators, such as those at the CERN laboratory
            in Geneva, total cross-sections become dominated by inelastic effects, as new particles are produced. As an example, Figure 17 shows some data concerning the scattering of K− mesons by protons. The upper curve shows the variation of the total cross-section over a very wide range of energies, up
            to several GeV (1 GeV = 109 eV). The lower curve shows the contribution from elastic scattering alone. As the collision energy increases the contribution
            from elastic scattering becomes less and less important as inelastic processes become more common.
          

          
            [image: Figure 17 The total cross-section (upper curve) and the elastic contribution alone (lower curve), plotted against collision energy, for the scattering of K− mesons by protons]

             Figure 17 The total cross-section (upper curve) and the elastic contribution alone (lower curve), plotted against collision
              energy, for the scattering of K− mesons by protons
            

            View description -  Figure 17 The total cross-section (upper curve) and the elastic contribution alone ...

          

        

      

    

  
    
      
        4 Tunnelling: wave packets and stationary states

        
          4.1 Overview

          One of the most surprising aspects of quantum physics is the ability of particles to pass through regions that they are classically
            forbidden from entering. This is the phenomenon of quantum-mechanical tunnelling that was mentioned in Session 1.
          

          In Session 4 we first demonstrate the phenomenon of tunnelling with the aid of wave packets. We then go on to examine some
            of its quantitative features using stationary-state methods, similar to those used in our earlier discussion of scattering
            from wells and barriers.
          

        

        
          4.2 Wave packets and tunnelling in one dimension

           Figure 18 shows a sequence of images captured from a wave packet simulation program. The sequence involves a Gaussian wave packet,
            with energy expectation value 〈E〉 = E0, incident from the left on a finite square barrier of height V0. The sequence is broadly similar to that shown in Figure 6, which involved a similar wave packet and a similar barrier, but with one important difference; in the earlier process E0 was greater than V0, so transmission was classically allowed, but in the case of Figure 18 E0 is less than V0 and transmission is classically forbidden. The bottom image shows that transmission can occur in quantum mechanics.
          

          
            [image: Figure 18 The passage of a wave packet with 〈E〉 = E0 through a finite square barrier of height V0 when E0 < V0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom]

             Figure 18 The passage of a wave packet with 〈E〉 = E0 through a finite square barrier of height V0 when E0 < V0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom
            

            View description -  Figure 18 The passage of a wave packet with 〈E〉 = E0 through a finite square barrier ...

          

          In the case shown in Figure 18, part of the reason for transmission is that the wave packet has a spread of energies, some of which lie above the top of
            the barrier. However, there is a second reason, which applies even for wave packets with energies wholly below the top of
            the barrier; there is the possibility that a particle, with insufficient energy to surmount the barrier, may nevertheless
            tunnel through it. For a given wave packet, the probability of tunnelling decreases with the height of the barrier and it also decreases
            very markedly with its thickness. We shall now use stationary-state methods to investigate this phenomenon.
          

        

        
          4.3 Stationary states and barrier penetration

          The example of tunnelling we have just been examining can be regarded as a special case of scattering; it just happens to
            have E0 < V0. As long as we keep this energy range in mind, we can apply the same stationary-state methods to the study of tunnelling
            that we used earlier when studying scattering.
          

          As before, we shall start by considering the finite square step, whose potential energy function was defined in Equations
            7.6 and 7.7. This is shown for the case E0 < V0 in Figure 19. The potential energy function divides the x-axis into two regions: Region 1 (x ≤ 0) which contains the incident and reflected beams, and Region 2 (x > 0) which contains what is effectively an infinitely wide barrier. There is no possibility of tunnelling through the barrier in this case since there is no classically allowed region on the far side, but the finite square step nonetheless
            constitutes a valuable limiting case, as you will see.
          

          
            [image: Figure 19 A finite square step potential energy function. Also shown is the energy E0 of an incident particle for the case E0 < V0, where V0 is the height of the step]

             Figure 19 A finite square step potential energy function. Also shown is the energy E0 of an incident particle for the case E0 < V0, where V0 is the height of the step
            

            View description -  Figure 19 A finite square step potential energy function. Also shown is the energy ...

          

          Proceeding as before, we seek stationary-state solutions of the Schrödinger equation of the form [image: ], where [image: ](x) is a solution of the corresponding time-independent Schrödinger equation. In this case we might try to use exactly the same
            solution as in Section 3.3 but doing so would complicate the analysis since we would find that in the region x > 0 the wave number  [image: ] would be imaginary. In view of this, it is better to recognise that E0 < V0 generally implies a combination of exponentially growing and exponentially decaying terms in the region x > 0, and write the solutions as
          

          
            [image: ]

          

          
            [image: ]

          

          where, A, B, C and D are arbitrary complex constants, while k1 and α are real quantities given by
          

          
            [image: ]

          

          We require D to be zero on physical grounds, to avoid having any part of the solution that grows exponentially as x approaches infinity. To determine the values of B and C relative to that of A we impose the usual requirement (for a finite potential energy function) that both [image: ](x), and its derivative d[image: ]/dx, must be continuous everywhere. Applying these conditions at x = 0 we find:
          

          
            [image: ]

          

          from which it follows that

          
            [image: ]

          

          The reflection coefficient is given by

          
            [image: ]

          

          (Note: For any complex number, z, )
          

          
            [image: ]

          

          So, if particles of energy E0 < V0 encounter a finite square step of height V0, reflection is certain. There is no transmission and no possibility of particles becoming lodged inside the step; everything
            must eventually be reflected. Note however that [image: ](x) is not zero inside the step (see Figure 20). Rather, it decreases exponentially over a length scale determined by the quantity  [image: ], which is usually called the attenuation coefficient. This is an example of the phenomenon of barrier penetration. It is not the same as tunnelling since there is no transmitted beam, but it is what makes tunnelling possible, and the occurrence
            of exponentially decaying solutions in a classically forbidden region suggests why tunnelling probabilities decline rapidly
            as barrier width increases.
          

          
            [image: Figure 20 The quantity |ψ(x)|2 plotted against x for a finite square step in the case E0 < V0. There is a finite probability that the particle will penetrate the step, even though there is no possibility of tunnelling through it]

             Figure 20 The quantity |ψ(x)|2 plotted against x for a finite square step in the case E0 < V0. There is a finite probability that the particle will penetrate the step, even though there is no possibility of tunnelling
              through it
            

            View description -  Figure 20 The quantity |ψ(x)|2 plotted against x for a finite square step in the ...

          

          
            
              Exercise 10

            

            
              
                Show that the stationary-state probability density |[image: ](x)|2 in Region 1 of Figure 20 is a periodic function of x with minima separated by [image: ]/k1.
                

              

              View answer - Exercise 10

            

          

          
            
              Exercise 11

            

            
              
                Show that the probability current in Region 2 of Figure 20 is zero.
                

              

              View answer - Exercise 11

            

          

        

        
          4.4 Stationary states and tunnelling in one dimension

          We will now use the stationary-state approach to analyse the tunnelling of particles of energy E0 through a finite square barrier of width L and height V0 when E0 < V0 (see Figure 21).
          

          
            [image: Figure 21 A finite square barrier of width L and height V0, together with the energy E0 of each tunnelling particle]

             Figure 21 A finite square barrier of width L and height V0, together with the energy E0 of each tunnelling particle
            

            View description -  Figure 21 A finite square barrier of width L and height V0, together with the energy ...

          

          Our main aim will be to find an expression for the transmission coefficient. By now, you should be familiar with the general
            technique for dealing with problems of this kind, including the existence of exponentially growing and decaying solutions
            in the classically forbidden region, so we shall immediately write down the solution of the relevant time-independent Schrödinger
            equation:
          

          
            [image: ]

          

          where A, B, C, D and F are arbitrary constants and
          

          
            [image: ]

          

          Note that the term that might describe a leftward moving beam in Region 3 has already been omitted, and the wave number in
            Region 3 has been set equal to that in Region 1.
          

          Requiring the continuity of [image: ](x) and d[image: ]/dx at x = 0 and at x = L leads to the following four relations:
          

          
            [image: ]

          

          After some lengthy algebra, similar to that in Worked Example 1, these four equations can be reduced to a relationship between F and A, from which it is possible to obtain the following expression for the transmission coefficient T = |F/A|2.
          

          
            [image: ]

          

          When αL ≫ 1, the denominator of this expression can be approximated by  [image: ], and the transmission coefficient through the barrier is well-described by the useful relationship
          

          
            [image: ]

          

          (Remember: sinh x = (ex − e−x)/2.)
          

          This shows the exponential behaviour that might have been expected on the basis of our earlier results for barrier penetration
            into a square step, but in this case it is a true tunnelling result. It tells us that tunnelling will occur, but indicates
            that the tunnelling probability will generally be rather small when αL ≫ 1, and will decrease rapidly as the barrier width L increases.
          

          A graph of |[image: ]2| plotted against x for a finite square barrier in the case E0 < V0 will look something like Figure 22. Note that because the incident and reflected beams have different intensities, the minimum value of |[image: ]2| in Region 1 is always greater than zero. Also note that for a square barrier of finite width the declining curve in Region
            2 is not described by a simple exponential function; there are both exponentially decreasing and exponentially increasing
            contributions to [image: ](x) in that region.
          

          
            [image: Figure 22 The quantity |ψ2| plotted against x for a finite square barrier in the case E0 < V0]

             Figure 22 The quantity |ψ2| plotted against x for a finite square barrier in the case E0 < V0

            View description -  Figure 22 The quantity |ψ2| plotted against x for a finite square barrier in the ...

          

          
            
              Worked Example 2 

            

            
              Electrons with a kinetic energy of 5 eV are incident upon a finite square barrier with a height of 10 eV and a width of 0.5
                nm. Estimate the value of T and hence the probability that any particular electron will tunnel through the barrier.
              

              Solution

              In this case, V0 − E0 = (10 − 5) eV = 5 × 1.6 × 10−19J. It follows that
              

              
                [image: ]

              

              With L = 5 × 10−10 m, it follows that
              

              
                [image: ]

              

              Since this is much larger than 1, we can use Equation 7.53 to estimate
              

              
                [image: ]

              

              This is the probability that any particular electron will tunnel through the barrier. 

            

          

          
            
              Exercise 12

            

            
              
                Determine the probability current in each of the three regions in the case of tunnelling through a finite square barrier.
                  Comment on the significance of your result for Region 2.
                

              

              View answer - Exercise 12

            

          

        

      

    

  
    
      
        5 Applications of tunnelling

        
          5.1 Overview

          The discovery that quantum mechanics permits the tunnelling of particles was of great significance. It has deep implications
            for our understanding of the physical world and many practical applications, particularly in electronics and the developing
            field of nanotechnology. This section introduces some of these implications and applications. Applications naturally involve
            the three dimensions of the real world, and realistic potential energy functions are never perfectly square. Despite these
            added complexities, the principles developed in the last section provide a good basis for the discussion that follows.
          

        

        
          5.2 Alpha decay

          You have probably met the law of radioactive decay, which says that, given a sample of N0 similar nuclei at time t = 0, the number remaining at time t is N(t) = N0e−λt, where λ, the decay constant for a particular kind of nucleus, determines the rate at which the nuclei decay. The half-life is the
            time needed for half of any sufficiently large sample to decay. It is related to the decay constant by T1/2 = (ln2)/λ.
          

          We shall now consider an important type of radioactive decay called alpha decay in which an atomic nucleus emits an energetic alpha particle. The emitted alpha particle consists of two protons and two
            neutrons and is structurally identical to a helium-4 nucleus ([image: ]). Alpha decay is the dominant decay mode for a number of heavy nuclei (typically those with atomic numbers greater than 84);
            a specific example is the decay of uranium to thorium represented by
          

          
            [image: ]

          

          where α denotes the alpha particle. Note that the atomic number of the parent nucleus decreases by two and its mass number decreases
            by four.
          

          Alpha decay was discovered and named by Rutherford in 1898. It was soon established that each type of alpha-decaying nucleus
            emits an alpha particle with a characteristic energy, Eα. While these alpha emission energies cover a fairly narrow range of values (from about 2 MeV to 8 MeV), the half-lives of
            the corresponding nuclei cover an enormous range (from 10−12 s to 1017 s). Experiments showed that, within certain families of alpha-emitting nuclei, the half-lives and alpha emission energies
            were related to one another. Written in terms of the decay constant, λ = (ln 2)/T1/2, this relationship can be expressed in the form
          

          
            [image: ]

          

          where A is a constant that characterises the particular family of nuclei, and B depends on the charge of the individual nucleus. We shall refer to this empirical law as the Geiger-Nuttall relation. 
          

          Despite all this information, by the early 1920s alpha decay had become a major puzzle to physicists. The cause of the observed
            Geiger-Nuttall relation was not understood. Attempts to explain it on the basis of classical physics, with the alpha particle
            initially confined within the nucleus by an energy barrier that it eventually manages to surmount, did not work. In some cases
            the observed emission energies were too low to be consistent with surmounting the energy barrier at all. So, how could the
            alpha particles escape, why did their emission lead to such a staggering range of half-lives, and what was the origin of the
            Geiger-Nuttall relation?
          

          Answering these questions was one of the early triumphs of wave mechanics. In 1928 the Russian-American physicist George Gamow,
            and then, independently, Gurney and Condon, proposed a successful theory of alpha decay based on quantum tunnelling. In a
            simplified version of their approach, the potential energy function responsible for alpha decay has the form shown in Figure 23.
          

          
            [image: Figure 23 The potential energy function V(r) for an alpha particle in the vicinity of an atomic nucleus of atomic number Z]

             Figure 23 The potential energy function V(r) for an alpha particle in the vicinity of an atomic nucleus of atomic number Z

            View description -  Figure 23 The potential energy function V(r) for an alpha particle in the vicinity ...

          

          Note that V(r) is a function of a radial coordinate r; this is because we are dealing with a three-dimensional problem in which the potential energy function is spherically symmetric,
            and r represents the distance from an origin at the centre of the nucleus. Initially, an alpha particle of energy Eα is confined within a distance r = r0 of the origin by the well-like part of the potential energy function. This well is due to the powerful but short-range interaction
            known as the strong nuclear force. In addition, a long-range electrostatic force acts between the positively charged alpha particle and the remainder of the positively charged nucleus, and has the effect
            of repelling the alpha particle from the nucleus. The electrostatic force corresponds to the potential energy function
          

          
            [image: ]

          

          where Z is the atomic number of the nucleus, 2e is the charge of the alpha particle, (Z − 2)e is the charge of the nucleus left behind after the decay and ε0 is a fundamental constant called the permittivity of free space. This potential energy function is often called the Coulomb barrier. Notice that the Coulomb barrier exceeds the energy of the alpha particle in the region between r = r0 and r = r1 (defined by V(r1) = Eα). In classical physics, the alpha particle does not have enough energy to enter this region, but in quantum physics it may
            tunnel through. Once beyond the point r = r1, the alpha particle is electrostatically repelled from the nucleus.
          

          To apply the quantum-mechanical theory of tunnelling to alpha decay, we first note that a classically confined particle would
            oscillate back and forth inside the well; the combination of its energy (Eα) and the nuclear diameter (2r0) implying that it is incident on the barrier about 1021 times per second. Taking this idea over into quantum mechanics, we shall regard each of these encounters as an escape attempt.
            The small probability of escape at each attempt is represented by the transmission coefficient for tunnelling, T. To estimate T we must take account of the precise shape of the Coulomb barrier. We shall not go through the detailed arguments used to
            estimate T in this case, but we shall note that they involve the approximation
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          where r0 and r1 are the minimum and maximum values of r for which V(r) > Eα. Equation 7.56 is closely related to the expression for tunnelling through a finite square barrier given in Section 4.4. If the potential energy function V(r) happened to be constant over a region of length L, then Equation 7.56 would reproduce the exponential term of Equation 7.53. The other factors in Equation 7.53 are not reproduced, but they vary so slowly compared with the exponential factor that they can be ignored for present purposes.
          

          For given values of Eα, Z and r0, Equation 7.56 can be evaluated using the Coulomb barrier potential energy function of Equation 7.55. After a lengthy calculation, including some approximations, the final result is of the form
          

          
            [image: ]

          

          where a and b are constants. Multiplying T by the number of escape attempts per second gives the rate of successful escape attempts, and this can be equated to the decay constant, λ. So, according to the quantum tunnelling theory of alpha
            decay, we have
          

          
            [image: ]

          

          This agrees with the Geiger–Nuttall relation and a detailed comparison with experimental data is shown in Figure 24. The exponential-dependence on Eα−1/2 implies that a very wide range of decay constants is associated with a small range of emission energies. The sensitivity
            to energy is far greater than for a square barrier because of the shape of the Coulomb barrier; increasing the energy of the
            alpha particle decreases the effective width that must be tunnelled through.
          

          
            [image: Figure 24 A comparison of the Geiger–Nuttall relation with experimental data for different families of nuclei. In this plot, the straight lines confirm the exponential dependence of T1/2 (and hence λ) on Eα−1/2]

            Figure 24 A comparison of the Geiger–Nuttall relation with experimental data for different families of nuclei. In this plot,
              the straight lines confirm the exponential dependence of T1/2 (and hence λ) on Eα−1/2

            View description - Figure 24 A comparison of the Geiger–Nuttall relation with experimental data for ...

          

        

        
          5.3 Stellar astrophysics

          If tunnelling out of nuclei is possible then so is tunnelling in! As a consequence it is possible to trigger nuclear reactions
            with protons of much lower energy than would be needed to climb over the full height of the Coulomb barrier. This was the
            principle used by J.D. Cockcroft and E.T.S. Walton in 1932 when they caused lithium-7 nuclei to split into pairs of alpha
            particles by bombarding them with high-energy protons. Their achievement won them the 1951 Nobel prize for physics. The same
            principle is also at work in stars, such as the Sun, where it facilitates the nuclear reactions that allow the stars to shine.
            Indeed, were it not for the existence of quantum tunnelling, it's probably fair to say that the Sun would not shine and that
            life on Earth would never have arisen.
          

          The nuclear reactions that allow stars to shine are predominantly fusion reactions in which low mass nuclei combine to form a nucleus with a lower mass than the total mass of the nuclei that fused together
            to form it. It is the difference between the total nuclear masses at the beginning and the end of the fusion process that
            (via E = mc2) is ultimately responsible for the energy emitted by a star. The energy released by each individual fusion reaction is quite
            small, but in the hot dense cores of stars there are so many fusing nuclei that they collectively account for the prodigious
            energy output that is typical of stars (3.8 × 1026 W in the case of the Sun).
          

          In order to fuse, two nuclei have to overcome the repulsive Coulomb barrier that tends to keep them apart. The energy they
            need to do this is provided by the kinetic energy associated with their thermal motion. This is why the nuclear reactions
            are mainly confined to a star's hot central core. In the case of the Sun, the core temperature is of the order of 107 K. Multiplying this by the Boltzmann constant indicates that the typical thermal kinetic energy of a proton in the solar
            core is about 1.4 × 10−16 J ≈ 1 keV. However, the height of the Coulomb barrier between two protons is more than a thousand times greater than this.
            Fortunately, as you have just seen, the protons do not have to climb over this barrier because they can tunnel through it.
            Even so, and despite the hectic conditions of a stellar interior, where collisions are frequent and above-average energies
            not uncommon, the reliance on tunnelling makes fusion a relatively slow process.
          

          Again taking the Sun as an example, its energy comes mainly from a process called the proton–proton chain that converts hydrogen to helium. The first step in this chain involves the fusion of two protons and is extremely slow,
            taking about 109 years for an average proton in the core of the Sun. This is one of the reasons why stars are so long-lived. The Sun is about
            4.6 × 109 years old, yet it has only consumed about half of the hydrogen in its core. So, we have quantum tunnelling to thank, not
            only for the existence of sunlight, but also for its persistence over billions of years.
          

        

        
          5.4 The scanning tunnelling microscope

          The scanning tunnelling microscope (STM) is a device of such extraordinary sensitivity that it can reveal the distribution of individual atoms on the surface
            of a sample. It can also be used to manipulate atoms and even to promote chemical reactions between specific atoms. The first
            STM was developed in 1981 at the IBM Laboratories in Zurich by Gerd Binnig and Heinrich Rohrer. Their achievement was recognised
            by the award of the 1986 Nobel prize for physics.
          

          In an STM the sample under investigation is held in a vacuum and a very fine tip, possibly only a single atom wide, is moved
            across its surface (see Figure 25). Things are so arranged that there is always a small gap between the tip and the surface being scanned. An applied voltage
            between the tip and the sample tends to cause electrons to cross the gap, but the gap itself constitutes a potential energy
            barrier that, classically, the electrons would not be able to surmount. However, thanks to quantum physics, they can tunnel
            through the barrier and thereby produce a measurable electric current. Since the current is caused by a tunnelling process,
            the magnitude of the current is very sensitive to the size of the gap (detailed estimates can again be obtained using Equation 7.56). This sensitivity is the key to finding the positions of tiny irregularities in the surface, including individual atoms.
          

          
            [image: Figure 25 (a) A scanning tunnelling microscope (STM) surrounded by vacuum chambers. (b) A schematic diagram showing an STM tip in operation]

            Courtesy of Dr Andrew Flewitt in the Engineering Department University of Cambridge  	 	 	Courtesy of Dr Andrew Flewitt in the Engineering Department University of Cambridge 

             Figure 25 (a) A scanning tunnelling microscope (STM) surrounded by vacuum chambers. (b) A schematic diagram showing an STM
              tip in operation
            

            View description -  Figure 25 (a) A scanning tunnelling microscope (STM) surrounded by vacuum chambers. ...

          

          In practice, the STM can operate in two different ways. In constant-height mode, the tip moves at a constant height and the topography of the surface is revealed by changes in the tunnelling current. In
            the more common constant-current mode the height of the tip is adjusted throughout the scanning process to maintain a constant current and the tiny movements of
            the tip are recorded. In either mode the structure of the sample's surface can be mapped on an atomic scale, though neither
            mode involves imaging of the kind that takes place in a conventional optical or transmission electron microscope.
          

          STMs have now become a major tool in the developing field of nanotechnology. This is partly because of the images they supply,
            but even more because of their ability to manipulate individual atoms and position them with great accuracy. One of the products
            of this kind of nano-scale manipulation is shown in Figure 26, the famous ‘quantum corral’ formed by positioning iron atoms on a copper surface.
          

          
            [image: Figure 26 Iron atoms on a copper surface forming a ring called a ‘quantum corral’. Standing waves of surface electrons trapped inside the corral are also visible]

            Courtesy of Don Eigler, IBM Research Division  	 	 	Courtesy of Don Eigler, IBM Research Division 

             Figure 26 Iron atoms on a copper surface forming a ring called a ‘quantum corral’. Standing waves of surface electrons trapped
              inside the corral are also visible
            

            View description -  Figure 26 Iron atoms on a copper surface forming a ring called a ‘quantum corral’. ...

          

        

      

    

  
    
      
        Conclusion

        Session 1

        Scattering is a process in which incident particles interact with a target and are changed in nature, number, speed or direction
          of motion as a result. Tunnelling is a quantum phenomenon in which particles that are incident on a classically impenetrable
          barrier are able to pass through the barrier and emerge on the far side of it.
        

        Session 2

        In one dimension, wave packets scattered by finite square barriers or wells generally split into transmitted and reflected
          parts, indicating that there are non-zero probabilities of both reflection and transmission. These probabilities are represented
          by the reflection and transmission coefficients R and T. The values of R and T generally depend on the nature of the target and the properties of the incident particles. If there is no absorption, creation
          or destruction of particles, R + T = 1.
        

        Session 3

        Unnormalisable stationary-state solutions of Schrödinger's equation can be interpreted in terms of steady beams of particles.
          A term such as Aei(kx − ωt) can be associated with a beam of linear number density n = |A|2 travelling with speed v = [image: ]k/m in the direction of increasing x. Such a beam has intensity j = nv. In this approach, T = jtrans/jinc and R = jref/jinc.
        

        For particles of energy E0 > V0, incident on a finite square step of height V0, the transmission coefficient is
        

        
          [image: ]

        

        where

        
          [image: ]

        

        are the wave numbers of the incident and transmitted beams. For a finite square well or barrier of width L, the transmission coefficient can be expressed as
        

        
          [image: ]

        

        where  [image: ], with the plus signs being used for a well and the minus signs for a barrier. Transmission resonances, at which T = 1 and the transmission is certain, occur when k2L = N[image: ] where N is an integer.
        

        Travelling wave packets and steady beams of particles can both be thought of as representing flows of probability. In one
          dimension such a flow is described by the probability current
        

        
          [image: ]

        

        In three dimensions, scattering is described by the total cross-section, σ, which is the rate at which scattered particles emerge from the target per unit time per unit incident flux. For any chosen
          direction, the differential cross-section tells us the rate of scattering into a small cone of angles around that direction.
          At very high energies, total cross-sections are dominated by inelastic effects due to the creation of new particles.
        

        Session 4

        Wave packets with a narrow range of energies centred on E0 can tunnel though a finite square barrier of height V0 > E0. In a stationary-state approach, solutions of the time-independent Schrödinger equation in the classically forbidden region
          contain exponentially growing and decaying terms of the form Ce−αx and Deαx, where  [image: ] is the attenuation coefficient. The transmission coefficient for tunnelling through a finite square barrier of width L and height V0 is approximately
        

        
          [image: ]

        

        Such a transmission probability is small and decreases rapidly as the barrier width L increases.
        

        Session 5

        Square barriers and wells are poor representations of the potential energy functions found in Nature. However, if the potential
          V(x) varies smoothly as a function of x the transmission coefficient for tunnelling of energy E0can be roughly represented by
        

        
          [image: ]

        

        This approximation can be used to provide a successful theory of nuclear alpha decay as a tunnelling phenomenon. It can also
          account for the occurrence of nuclear fusion in stellar cores, despite the relatively low temperatures there. In addition,
          it explains the operation of the scanning tunnelling microscope which can map surfaces on the atomic scale.
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        Exercise 1

        Answer

        The two bumps in the probability density have roughly equal areas. This indicates that the probability of transmission is
          roughly equal to the probability of reflection. Since the sum of these two probabilities must be equal to 1, the probability
          of each outcome is about 0.5.
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        Exercise 2

        Answer

        In view of the quantum behaviour of individual particles (as represented by wave packets) when they meet a finite square barrier,
          it is reasonable to expect that there is some chance that the particles encountering a finite square step will be reflected.
          In the case of quantum scattering we should therefore expect the outcome to include a reflected beam as well as a transmitted
          beam, even though E0 > V0.
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        Exercise 3

        Answer

        
          	
            (a) From Equations 7.21 and 7. 22,
            

          

          	
            
              [image: ]

            

          

          	
            (b) From Equation 7.13, we have
            

          

          	
            
              [image: ]

            

          

          	
            So, in this case, [image: ]. Therefore
            

          

          	
            
              [image: ]

            

          

          	
            So we can check that R + T = 1 in this case.
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        Exercise 4

        Answer

        
          	
            (a) When k2 = k1/2, we have
            

          

          	
            
              [image: ]

            

          

          	
            (b) From Equation 7.15 with D = 0,
            

          

          	
            
              [image: ]

            

          

          	
            Similarly, from Equation 7.14,
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            Since [image: ], we have
            

          

          	
            
              [image: ]

            

          

          	
            Multiplying out the brackets, we find

          

          	
            
              [image: ]

            

          

          	
            (c) The variation indicated by the cosine-dependence to the left of the step is a result of interference between the incident and reflected beams. The presence of interference effects was noted earlier when we were discussing
              the scattering of wave packets but there the effect was transitory. In the stationary-state approach interference is a permanent
              feature.
            

          

          	
            (d) The linear number densities in the incident, reflected and transmitted beams are given by |A|2, |B|2 and |C|2. The question tells us that |A|2 = 1.00 × 1024 m−1, so the linear number density in the reflected and transmitted beams are
            

          

          	
            
              [image: ]

            

          

          	
            Note that the transmitted beam is denser than the incident beam: |C|2 > |A|2. However, since k2 = k1/2, we have jtrans < jinc. The transmitted beam is less intense than the incident beam because it travels much more slowly.
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        Exercise 5

        Answer

        A suitable graph is shown in Figure 10.

        
          [image: Figure 10 |Ψ|2 plotted against x for a finite square step at x = 0 when E0 > V0]

           Figure 10 |Ψ|2 plotted against x for a finite square step at x = 0 when E0 > V0

          View description -  Figure 10 |Ψ|2 plotted against x for a finite square step at x = 0 when E0 > V0
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        Exercise 6

        Answer

        One way of showing that a quantity is real is to show that it is equal to its own complex conjugate. Taking the complex conjugate
          of each factor in jx, we obtain
        

        
          [image: ]

        

        Since j*x = jx, we conclude that jx is real.
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        Exercise 7

        Answer

        In the region x > 0,
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        so Equation 7.29 gives the probability current
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        In the region x ≤ 0,
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        and

        
          [image: ]

        

        so Equation 7.29 gives the probability current
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        Simplifying this expression, we obtain

        
          [image: ]

        

        This can be interpreted as the sum of an incident probability current, [image: ], and a reflected probability current, [image: ]. These two contributions have opposite signs because they flow in opposite directions. Note that, in each region, the probability
          currents are consistent with the incident, reflected and transmitted beam intensities assumed earlier (and now justified).
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        Exercise 8

        Answer

        The main difference is that in the case of a finite square barrier V0 must be replaced by −V0 throughout the analysis. The wave number in Region 2 is
        

        
          [image: ]

        

        Adapting Equation 7.44, the transmission coefficient is then given by
        

        
          [image: ]

        

        A typical graph of the real part of [image: ](x) for scattering by a finite square barrier is shown in Figure 15, below. For a barrier, the wave number in Region 2 is decreased (corresponding to a reduced momentum eigenvalue) and the
          amplitude of the wave is generally greater in Region 2 than outside it (unless T = 1).
        

        
          [image: Figure 15 A typical graph of the real part Re(ψ) of ψ(x) for a finite square barrier]

           Figure 15 A typical graph of the real part Re(ψ) of ψ(x) for a finite square barrier
          

          View description -  Figure 15 A typical graph of the real part Re(ψ) of ψ(x) for a finite square ba ...
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        Exercise 9

        Answer

        The graphs of |[image: ](x, t)|2 plotted against x for each case are shown in Figure 16.
        

        
          [image: Figure 16 |Ψ(x, t)|2 plotted against x for (a) a finite square well and (b) a finite square barrier]

           Figure 16 |Ψ(x, t)|2 plotted against x for (a) a finite square well and (b) a finite square barrier
          

          View description -  Figure 16 |Ψ(x, t)|2 plotted against x for (a) a finite square well and (b) a finite ...

        

        In Regions 1 and 2 interference effects lead to periodic spatial variations with a period related to the relevant wave number.
          In Region 3 there is only one beam, so there are no interference effects. Note that there is no simple relationship between
          the plots of |[image: ](x, t)|2 and the corresponding plots of the real part of [image: ](x, t). This is because |[image: ](x, t)|2 is partly determined by the imaginary part of [image: ](x,t). In both cases |[image: ](x, t)|2 is independent of time. This must be the case, despite the time-dependence of [image: ](x,t), because we are dealing with stationary states.
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        Exercise 10

        Answer

        From Equation 7.46 
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        and
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        so

        
          [image: ]

        

        This is a periodic function that runs through the same range of values each time x increases by 2[image: ]/2k1, so its minima are separated by [image: ]/k1.
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        Exercise 11

        Answer

        Using Equation 7.47, with D = 0 and α real, and recalling the definition of probability current given in Equation 7.28, we have
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        Exercise 12

        Answer

        From Equation 7.29,
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        In Region 1, where [image: ] and [image: ], we have
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        Simplifying gives
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        which can be interpreted as the sum of the probability density currents associated with the incident and reflected beams.

        Similarly, in Region 2, where [image: ] and [image: ], we have
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        which simplifies to
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        Finally, in Region 3, where  [image: ] 
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        The result for Region 2 is a real non-zero quantity, so there is a probability current inside the barrier. This is not really
          surprising since particles must pass through the barrier to produce a transmitted beam in Region 3. In fact, conservation
          of probability requires that the probability current should be the same in all three regions.
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         Figure 2 Red sunsets are a direct consequence of the scattering of sunlight

        Description
Figure 2 Red sunsets are a direct consequence of the scattering of sunlight
        Back

      

    

  
    
      
         Figure 3 Microwave image of the surface of last scattering

        Description
Figure 3 Microwave image of the surface of last scattering
        Back

      

    

  
    
      
         Figure 4 (a) Particles with energy E0 > V0, encountering a finite barrier of height V0, have some probability of being reflected.
          (b) Similarly, unbound particles with energy E0 > 0 can be reflected by a finite well
        

        Description
Figure 4 (a) Particles with energy E0 > V0, encountering a finite barrier of height V0, have some probability of being reflected. (b) Similarly, unbound particles with energy E0 > 0 can be reflected by a finite well
        Back

      

    

  
    
      
         Figure 5 Particles with energy E0 < V0, encountering a finite barrier of height V0, have some probability of being transmitted
          by tunnelling through the barrier. Such a process is forbidden in classical physics
        

        Description
Figure 5 Particles with energy E0 < V0, encountering a finite barrier of height V0, have some probability of being transmitted by tunnelling through the barrier. Such a process is forbidden in classical physics
        Back

      

    

  
    
      
         Figure 6 The scattering of a wave packet with 〈E〉 = E0 by a finite square barrier of height V0 when E0 > V0. The probability
          density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom. The barrier has been made narrow
          in this example but a greater width could have been chosen
        

        Description
Figure 6 The scattering of a wave packet with 〈E〉 = E0 by a finite square barrier of height V0 when E0 > V0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom. The barrier has been made narrow in this example
        but a greater width could have been chosen
        Back

      

    

  
    
      
         Figure 7 The scattering of a wave packet with 〈E〉 = E0 by a finite square well of depth V0 when E0 > 0. The probability density
          |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom. The well has been made narrow in this example
          but a greater width could have been chosen
        

        Description
Figure 7 The scattering of a wave packet with 〈E〉 = E0 by a finite square well of depth V0 when E0 > 0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom. The well has been made narrow in this example
        but a greater width could have been chosen
        Back

      

    

  
    
      
         Figure 8 A finite square step of height V0 < E0

        Description
Figure 8 A finite square step of height V0 < E0Back

      

    

  
    
      
         Figure 9 A graph of the transmission coefficient T against E0/V0 for a finite square step of height V0

        Description
Figure 9 A graph of the transmission coefficient T against E0/V0 for a finite square step of height V0Back

      

    

  
    
      
         Figure 10 |Ψ|2 plotted against x for a finite square step at x = 0 when E0 > V0

        Description
Figure 10 |Ψ|2 plotted against x for a finite square step at x = 0 when E0 > V0Back

      

    

  
    
      
         Figure 11 Any change in the number of particles in a small region is due to fluid currents that carry particles into or out
          of the region
        

        Description
Figure 11 Any change in the number of particles in a small region is due to fluid currents that carry particles into or out
        of the region
        Back

      

    

  
    
      
        Figure 12 A finite square well of depth V0 and width L. A beam of particles, each of energy E0, is scattered by the well

        Description
Figure 12 A finite square well of depth V0 and width L. A beam of particles, each of energy E0, is scattered by the well
        Back

      

    

  
    
      
         Figure 13 The transmission coefficient T for a particle of energy E0 scattering from a finite square well of depth V0, plotted
          against E0/V0. To plot this graph, we have taken the particle to have the mass of an electron and taken the well to have a
          depth of 8.6 eV and a width of 1.0 nm
        

        Description
Figure 13 The transmission coefficient T for a particle of energy E0 scattering from a finite square well of depth V0, plotted against E0/V0. To plot this graph, we have taken the particle to have the mass of an electron and taken the well to have a depth of 8.6
        eV and a width of 1.0 nm
        Back

      

    

  
    
      
         Figure 14 A typical example of the real part Re(ψ) of the function ψ(x) for the kind of square well shown in Figure 12

        Description
Figure 14 A typical example of the real part Re(ψ) of the function ψ(x) for the kind of square well shown in Figure 12
        Back

      

    

  
    
      
         Figure 15 A typical graph of the real part Re(ψ) of ψ(x) for a finite square barrier

        Description
Figure 15 A typical graph of the real part Re(ψ) of ψ(x) for a finite square barrier
        Back

      

    

  
    
      
         Figure 16 |Ψ(x, t)|2 plotted against x for (a) a finite square well and (b) a finite square barrier

        Description
Figure 16 |Ψ(x, t)|2 plotted against x for (a) a finite square well and (b) a finite square barrier
        Back

      

    

  
    
      
         Figure 17 The total cross-section (upper curve) and the elastic contribution alone (lower curve), plotted against collision
          energy, for the scattering of K− mesons by protons
        

        Description
Figure 17 The total cross-section (upper curve) and the elastic contribution alone (lower curve), plotted against collision
        energy, for the scattering of K− mesons by protons
        Back

      

    

  
    
      
         Figure 18 The passage of a wave packet with 〈E〉 = E0 through a finite square barrier of height V0 when E0 < V0. The probability
          density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom
        

        Description
Figure 18 The passage of a wave packet with 〈E〉 = E0 through a finite square barrier of height V0 when E0 < V0. The probability density |Ψ|2 is shown in a sequence of snapshots with time increasing from top to bottom
        Back

      

    

  
    
      
         Figure 19 A finite square step potential energy function. Also shown is the energy E0 of an incident particle for the case
          E0 < V0, where V0 is the height of the step
        

        Description
Figure 19 A finite square step potential energy function. Also shown is the energy E0 of an incident particle for the case E0 < V0, where V0 is the height of the step
        Back

      

    

  
    
      
         Figure 20 The quantity |ψ(x)|2 plotted against x for a finite square step in the case E0 < V0. There is a finite probability
          that the particle will penetrate the step, even though there is no possibility of tunnelling through it
        

        Description
Figure 20 The quantity |ψ(x)|2 plotted against x for a finite square step in the case E0 < V0. There is a finite probability that the particle will penetrate the step, even though there is no possibility of tunnelling
        through it
        Back

      

    

  
    
      
         Figure 21 A finite square barrier of width L and height V0, together with the energy E0 of each tunnelling particle

        Description
Figure 21 A finite square barrier of width L and height V0, together with the energy E0 of each tunnelling particle
        Back

      

    

  
    
      
         Figure 22 The quantity |ψ2| plotted against x for a finite square barrier in the case E0 < V0

        Description
Figure 22 The quantity |ψ2| plotted against x for a finite square barrier in the case E0 < V0Back

      

    

  
    
      
         Figure 23 The potential energy function V(r) for an alpha particle in the vicinity of an atomic nucleus of atomic number
          Z
        

        Description
Figure 23 The potential energy function V(r) for an alpha particle in the vicinity of an atomic nucleus of atomic number ZBack

      

    

  
    
      
        Figure 24 A comparison of the Geiger–Nuttall relation with experimental data for different families of nuclei. In this plot,
          the straight lines confirm the exponential dependence of T1/2 (and hence λ) on Eα−1/2
        

        Description
Figure 24 A comparison of the Geiger–Nuttall relation with experimental data for different families of nuclei. In this plot,
        the straight lines confirm the exponential dependence of T1/2 (and hence λ) on Eα−1/2Back

      

    

  
    
      
         Figure 25 (a) A scanning tunnelling microscope (STM) surrounded by vacuum chambers. (b) A schematic diagram showing an STM
          tip in operation
        

        Description
Figure 25 (a) A scanning tunnelling microscope (STM) surrounded by vacuum chambers. (b) A schematic diagram showing an STM
        tip in operation
        Back

      

    

  
    
      
         Figure 26 Iron atoms on a copper surface forming a ring called a ‘quantum corral’. Standing waves of surface electrons trapped
          inside the corral are also visible
        

        Description
Figure 26 Iron atoms on a copper surface forming a ring called a ‘quantum corral’. Standing waves of surface electrons trapped
        inside the corral are also visible
        Back

      

    

  OPS/assets/_ed06ab7b8995991b6cef135e246a98dea165da2a_sm358_1_ie004i.gif





OPS/assets/_ed06ab7b8995991b6cef135e246a98dea165da2a_sm358_1_ie008i.gif





OPS/assets/_ed787a6cf694c7a90e27a4cbe4481770ab03dfe1_sm358_1_ue024i.gif
Akrky
", v}






OPS/assets/_edaf93b0d5d2f8a7719d9476c15a1f6ddcbea72b_sm358_1_e046i.gif





OPS/assets/_f1147f8eb166b22e5b3574b3e10ae4a40579a2fb_sm358_1_e036i.gif





OPS/assets/_83813d96b3b42c10f7560ff01c5a6f33aa19e850_sm358_1_ue056i.gif
#1x iy geikix
jy (%) = ,%[(A‘e"‘ﬂx os'e‘klx)(\k]AEkl ikype

[ + gy s





OPS/assets/_82e3c4b4e55b10a732ae10308c7fcf809abb9ec6_sm358_1_e011i.gif





OPS/assets/_80cb5fa24f706101ca87080f722a27de86a6ae4c_sm358_1_ie009i.gif
mVy - Eq) /5





OPS/assets/_7ee94b99e3f0498781b7db25a0987184e8e1efbe_sm358_1_015i.jpg





OPS/assets/_811176e673486f421712a5c6b9707861401ad042_sm358_1_e054i.gif





OPS/assets/_80cb5fa24f706101ca87080f722a27de86a6ae4c_sm358_1_ie013i.gif
mVy - Eq) /5





OPS/assets/_7b928de988d6282b84c15bc52c5f94f3441dd7bd_sm358_1_022i.jpg





OPS/assets/_78a9348815469b70c786a6829f01739dcf9f6b0b_sm358_1_ue036i.gif





OPS/assets/_7dc746510829d1664f8e2400834b6ecf51e15206_sm358_1_025i.jpg
Re(t)

Region 3

Region 2

Region 1






OPS/assets/_7c6e3b2696e23d03f7633b597b1caf8c23afd09e_sm358_1_e039i.gif





OPS/assets/_f2029f519d0ac4d7586eedbf0ad147a2902c3631_sm358_1_023i.jpg
“,.ulm
ﬁ\

&‘h’mm“





OPS/assets/_f8a55c9a37a6e3ea29d4d6cbd293b3efbe476c6b_sm358_1_e048i.gif





OPS/assets/_f9266fe3210e5d4b49c495bfde563ce88a9de4bc_sm358_1_ie001i.gif
¥ (x,t) = p (x) e E





OPS/assets/_fb74529343d7afe8a1b0e2ede46c0d5c858d9be1_sm358_1_003i.jpg
—
cooler warmer





OPS/assets/_fb8324884926075af08dce63e0152b470c90a7b9_sm358_1_e032i.gif





OPS/assets/_7774ba503d77948f4846fdb07cad8a8875ab41f8_sm358_1_e033i.gif





OPS/assets/_75e638e5d91f2a8889564fa22bd0fd3a628602c9_sm358_1_016i.jpg
energy

Vol
Eof

Region 1

Region 2

T





OPS/assets/_7822d5a5b7184ecf1fe07f9d5996bff846c95d38_sm358_1_ue028i.gif
208 provided that a2 » 1

(2o






OPS/assets/_7300a545619394adb19adb77ef97ecc950675ad8_sm358_1_021i.jpg
log(Ty 2/s):

2|
16

12]

-4 A

030 010 050
(Ea/Mev)™ 2






OPS/assets/_701809106e9e45dda9219e89aeabb0c59ee71f79_sm358_1_ie005i.gif
W = |4l (10/8 + (2/3) cos (2kyx))





OPS/assets/_74a3aa7dd4cf59749f36f8ad6c2e51c6543a656e_sm358_1_e003i.gif





OPS/assets/_73bdeb48cefb538e5c2a8fe7742f8d1ca3056d90_sm358_1_007i.jpg





OPS/assets/_6c92e3790cad3e24b940a902cdf8a759b0ed1055_sm358_1_e007i.gif





OPS/assets/_6f3156e59cbcaf8094f651c64c56af89ca034c75_sm358_1_ue055i.gif





OPS/assets/_6d0ee4eff7ae4ab46ad5a6108e5125fdef67cfae_sm358_1_e009i.gif
Eowlx) forx <,

(7.9)





OPS/assets/_cb0050d46e49bfbafd403232047b6304aa6a8f7a_sm358_1_e030i.gif





OPS/assets/_cb556e56267e4f38f279a906cc7aaa3ea1031b76_sm358_1_e056i.gif





OPS/assets/_cba06d566e9a7376b434e20a72487e485c2b79a5_sm358_1_ie032i.gif





OPS/assets/_d346df81f1dea1196565b13065902851c86205ce_sm358_1_ue034i.gif





OPS/assets/_d361e8a3ba305a744eb89ebbdc178a7f2b99c082_sm358_1_ue045i.gif
Ae1* 4 pgrikyx






OPS/assets/_d3a93c20ffb98e538fc53a10ce8a1ba506674c7b_sm358_1_ue033i.gif
R+ T

Y

2
“ka)” + 4kaky

7

(kg *ka)

(kavka)”





OPS/assets/_d3c986e615af52d98ee2159f5114e2c4bec9ff99_ol_skeleton_keeponlearning_image.jpg





OPS/assets/_5ee6e36a7f186195c008596ea0bcde3f6ee27474_sm358_1_e043i.gif





OPS/assets/_5dee32154eeefd8561734d4b807f1fd247156338_sm358_1_e016i.gif
e VAR et = Lo - Mo op
jine = =LA Jrer = =21B[ and jrrans = =2 cf





OPS/assets/_6b2f6ffb70e937d2fe14128e40ac78c529b5f095_sm358_1_e025i.gif
(7.25)

S o oy
A ar A






OPS/assets/_65c4ce5644315932c785c9476218abbe588496e7_sm358_1_ue040i.gif
of = of 15

-f [? Zeos (zk]x)]

S|





OPS/assets/_579cf123965524f40d62ce4897424db74ea1190a_sm358_1_012i.jpg
10

08

06






OPS/assets/_5725cb4dcfef4ee6a109ad824da0207d6dbfa9e5_sm358_1_e045i.gif





OPS/assets/_5d224b1f71b49c1d896780904d5d764194ffd4a5_sm358_1_ue012i.gif





OPS/assets/_5bdd4b2b99da3497e16442e9f10eda6e283cf716_sm358_1_014i.jpg





OPS/assets/_567f513564269090fec371a7137c9f2f561848d3_sm358_1_ue057i.gif
jx

[AA &% forx <o





OPS/assets/_52a74047e3a991f627e7fc074c1be3932b5e97d3_sm358_1_ie025i.gif





OPS/assets/_d8754684d699740919ab3c0ec2616445440ea115_sm358_1_e005i.gif





OPS/assets/_d87ed3a82b31dc949f5442df39e131081ebded9c_sm358_1_ie030i.gif





OPS/assets/_d952e73c81b19f918f9f328f87a52057ce6358d7_sm358_1_ie026i.gif





OPS/assets/_db34bacd96ebaf3bf4157f37489d5969efe72041_psilower_ital.gif





OPS/assets/_dc2b8fc59fb0e59bcb7c3e98193128c60ab4768b_sm358_1_e053i.gif





OPS/assets/_dcd429c03ee33c5250b974f13396e4fbd60bb7db_sm358_1_e035i.gif





OPS/assets/_e2843f0d41fcc3ccd494e8b0e6138378c658240c_sm358_1_ie034i.gif





OPS/assets/_e33432790ac0bb590a85316a17df7c82dc96005a_sm358_1_ie022i.gif
Ae1* 4 ggike






OPS/assets/_e33432790ac0bb590a85316a17df7c82dc96005a_sm358_1_ue051i.gif
Ae1* 4 ggike






OPS/assets/_e75c381389c36587ef496708e8c9adf16a77f413_sm358_1_006i.jpg





OPS/assets/_4ee1a38334b8729258538e2b1e75052da0de49c3_sm358_1_ie024i.gif





OPS/assets/_4e3f895d107600bec9c4559ff2869bd5b6d29b0b_sm358_1_ue004i.gif





OPS/assets/_4dd18b032c796c7f619ea115b2d195c10a127786_sm358_1_e013i.gif





OPS/assets/_4ed354ea4b3862c960472492e482e355f28249f7_sm358_1_ue018i.gif
forn vy - £0)

while o=





OPS/assets/_4ebb34a234a762a9953f12e3a515342530a32344_sm358_1_ue023i.gif
2380 523 Th+ «,





OPS/assets/_4a82a4557b5885d58f5cd5074fb9d78888c40e7f_sm358_1_e029i.gif





OPS/assets/_488c4794598a950495f8d7d29cbcc477f1bd371c_sm358_1_e008i.gif





OPS/assets/_4ce29fa7516a7d2887ecd7c4e2db6eea3f8223e9_sm358_1_e049i.gif





OPS/assets/_4b2608b8120ee990f0862f3657022776b4a25b59_sm358_1_024i.jpg
o

lh

B





OPS/assets/_481f5f0c9641bce167e79b0808545dcfd36248e9_sm358_1_ie100i.gif





OPS/assets/_e84db7893fdf240a40d4bcc229052a665aab800d_sm358_1_e006i.gif





OPS/assets/_e8c3684438d85a5d001f3e352c012bb063352d3a_sm358_1_ue053i.gif
p () = (AT g7 {aehe v genie

A% a4 BB+ At lKIX | g% g 2kix





OPS/assets/_ebb51b6def114ce32236f902a7027a6838f2f8cb_sm358_1_e004i.gif





OPS/assets/_ecbb1bfce547b521e75e831432165ed1a948b937_sm358_1_e041i.gif





OPS/assets/_ac7a68f0660ec0f9d9e62b8ad330dc68e7fbe941_sm358_1_e038i.gif





OPS/assets/_ac92ff67573b54e178db09519b2ddf981a7c88ee_sm358_1_e052i.gif





OPS/assets/_ad3439f3dbf2284b9b17cb74d80c5e9b7114aa6a_sm358_1_ue047i.gif
e = g [[Ate e e 8 (iky) (a0 - B TA)

<A g (i) [T - |





OPS/assets/_ae720a5aad907934e7e18ad9757d36721a3cf217_sm358_1_e001i.gif





OPS/assets/_b01a0e23cf563d857e1a951f0bd0da4f6f0eba02_sm358_1_ue037i.gif
j{kox-at

o = ‘CE cf = 181ap






OPS/assets/_b18bbd397e9d6a7d7431bc5fcfaa24223e12e250_hbar.gif





OPS/assets/_b35ad807df98f3c5b44535b210fc8807d8194169_sm358_1_008i.jpg
energy.

Region 2






OPS/assets/_b4d696bcc975e73e3be8eef2f637adcf89af0e35_sm358_1_ie003i.gif
ky = 2mEqg / h





OPS/assets/_4753be0781d1c23ac227dd818f953fca6d67c01a_sm358_1_e012i.gif





OPS/assets/_b58a23796623a510688a08493235b841ee640a5b_sm358_1_e019i.gif





OPS/assets/_45e9af4d0f0a0baa571e3abd0e6d5037ebfdf870_sm358_1_e010i.gif
owlx) forx >0, (7.10)





OPS/assets/_4021de682c0c45a62a722c63f5705563fb18a919_sm358_1_ue019i.gif
A+8=C+D,
k1A - k38 = -aC + @D,
ce® s pet = pelal,

~Cae® + pae® = ik Feit






OPS/assets/_3ff95327a5b198e0938929e9056384970feee0d0_sm358_1_ue039i.gif
2
¥ :Wz[gwg siax )
Lo (o
ghax , Lghax
:\A\Z[Ew.l e B ]
Lo ]x][gw,l “ikyx
1]

= AZ
f [E—\klx‘%e‘hx]





OPS/assets/_44c11d3a4e39e855d0253922bbb1b17ba916413f_sm358_1_e020i.gif





OPS/assets/_413d4d754759c08f98810b4018c2bf0b55a84909_sm358_1_ue010i.gif
Eid
£l






OPS/assets/_3a094410c024377c74e93f0845530a7bcdb2fdf2_sm358_1_ue054i.gif
b ) = = [eree 2 [ - co %(cw)]

<= [t e - oo () ]

-0





OPS/assets/_3920d2aebe573924bce1814bf23bec8756030ef3_sm358_1_ie007i.gif
¥ (x,t) = w(x)e Et





OPS/assets/_3fb559a653ef2606edcb2bf38fa20ca035616d7e_sm358_1_ue009i.gif
Jx e 8x) - Jx (08)
=






OPS/assets/_3a354e12d9c9bb6fa9a58cb9e8c158d48b3aa3cd_sm358_1_ue035i.gif





OPS/assets/_b93783128f4ac9c154bcf66a143a15fd354c192d_sm358_1_e042i.gif





OPS/assets/_b9e39edea1f10201771f6393da26ad86b589e63d_sm358_1_ue043i.gif





OPS/assets/_bc9b6898207bae9459baf5dc2aa7550148ce03d3_sm358_1_ie002i.gif
¥ (x,t) = w(x)efot/k





OPS/assets/_bd2d960d41eed1fbf7594d00ebcb9e777bc20293_sm358_1_ue050i.gif
- 40 (Ep - Vo)
4E, (Eq - V) + ViZsin? (KoL)





OPS/assets/_bd90a1f40b61b964ae4184800f55d80d1f22c6db_sm358_1_e058i.gif





OPS/assets/_bf9c36751124bb38171f6f426c6e7b1348428101_sm358_1_e022i.gif





OPS/assets/_c0d71b07d3745a3c7f572fa9d0c46e7a62e39c92_sm358_1_ue052i.gif
Atehr 4 grgitar






OPS/assets/_c2f01efa83e76bef5fdee2a4766069f0f9b59b96_sm358_1_e024i.gif





OPS/assets/_c418fba32d02ba45adc9f7f896c17b3c92cafcb4_sm358_1_ue008i.gif
k1 kg
=124 and C
P PEYe





OPS/assets/_c5b84ec71522f25012429b9aa05096f092ad4aa9_sm358_1_017i.jpg
energy.

Region 1

Region 2

T





OPS/assets/_36f4a37f51428293eff5334e4bc9ce57f6c63fac_sm358_1_ue048i.gif
“Halaa-s) = "kl[w &l
Jx = m





OPS/assets/_345a2d767b834b859dc63d4b90e2a265316bdca5_sm358_1_e014i.gif





OPS/assets/_378af7d35a6f2e7654db13d7641851795fae858c_sm358_1_ue038i.gif
wf - ‘AE‘(W—H) . BE—‘WW)‘Z
2
e (et o

2
2 E
ot A[EW . % o W]






OPS/assets/_2fba61ac25e5ce92ca3cc9b629782ac566a332ae_sm358_1_e021i.gif





OPS/assets/_2dffd8c388a699a5f351b2e2c776defa27884506_sm358_1_002i.jpg





OPS/assets/_3200b4b1a558047a4b82ce779e5217676d14e1c1_pi.gif





OPS/assets/_31c6f7edd594830ecfc98bf748e18b47f5ab805f_sm358_1_013i.jpg
energy

Eo|

Region 1 [Region 2| Region 3






OPS/assets/_2ac7fcb9afdff7063b04c34e5c3df90a65000c2b_sm358_1_ie023i.gif
*gikex | g o giky






OPS/assets/_2d8517c0c1f4152fc8d646c64ec21431e7de87cf_sm358_1_020i.jpg
= 2Az2-2¢"






OPS/assets/_2b81651cbbeb38366c8005b61a47ab46bdcb2a12_sm358_1_ue001i.gif
Foe SV Jeef T Veee Mooty Jtrane = Yirane Miranc





OPS/assets/_c6a226ae469137c0e803dd1004d404a4a0eae280_sm358_1_ue058i.gif
“al
~(co™ + D™ [-acTe ™ + ap’e® )],

jo = =g [[e767 0% [~acs™ + ape™





OPS/assets/_c856716759a7cd52d9e2e0a5951dbf646ca53d78_sm358_1_ue059i.gif
for D¢ x <L





OPS/assets/_ca418c50de8288f7de16505f2d758e6dce524f59_sm358_1_018i.jpg
energy

i
Eof

Region 3






OPS/assets/_8cffa1f0ec0fcc403a46d299f40405caf7a9e3bb_sm358_1_ie010i.gif





OPS/assets/_8db4efaac8b29ab770e9cf57475c94902309d768_sm358_1_ue022i.gif





OPS/assets/_8f00661bf9dabd94bd1887ae0b3d4fc279963a31_sm358_1_026i.jpg
H Al
& &
- R - |
H H

0

Ef
0

1o

energy
energy

)





OPS/assets/_8f3fe8eda50e6c6d93fdef31b7d1861404cb950e_sm358_1_ue046i.gif
Ater 4 grgiker






OPS/assets/_8f8786ad293cf676bb884dc51dd2f79e3cb552e1_sm358_1_ue042i.gif
)=

o Ly 2

2m| ax

A [ 2%
am| " a0

-

. 3Y
B
v

2

]

= Jeat)





OPS/assets/_937551e6e8c2e4a828292bfcea0af7061af89eb9_sm358_1_005i.jpg
emergy.

incident transmitted

particles ‘particles
> >

reflected

particles

<

[ o H
classically-forbidden
region





OPS/assets/_9687e453372670e1ea584838c2323bc04bca818a_sm358_1_e034i.gif





OPS/assets/_270e8c82ba795ce8a0d5a1fc44dc81b2bbd2a3ab_sm358_1_ue020i.gif
o« = orafvy - Eg) /
112

[2x5.1%10%Mg x 5% 16w 10253

1.06 x 107
114w 1001





OPS/assets/_96f5112ba46d998294b49bcb993e34d39ec28faa_sm358_1_e037i.gif





OPS/assets/_26755042e2bd79b455b237e21112586ce7b3fa95_sm358_1_ue005i.gif





OPS/assets/_9a1815bc2f59def4ea2ba2e257599224dca0a61a_sm358_1_ue015i.gif
A+8=0C
ki A - ikeB = aC,





OPS/assets/_291d21a9bfc70056f86061c3f79ee700e50933e3_sm358_1_e031i.gif





OPS/assets/_9b78ae222315ef1f202e931b87976e8071a3a3df_sm358_1_ue041i.gif
F
i

el

2
164
cf I





OPS/assets/_2889bb7f72e6b772fc1cc3c650ab64c5c9e4c33f_sm358_1_e017i.gif





OPS/assets/_22e4e4a0ef8187180f56ce2ba19c0c7425ca8f25_sm358_1_ue027i.gif





OPS/assets/_1b084a2811c8e448f1e7b947215c3d873205018c_sm358_1_e002i.gif





OPS/assets/_264babeace656570c6ae1268bf9f98f483a0ec1a_sm358_1_e018i.gif





OPS/assets/_26096f99cb267b56147b128d5ee3f48d383ae5fe_sm358_1_ue016i.gif





OPS/assets/_185cf26503d7295734cd6f768f6c5e19dc7dce51_sm358_1_e055i.gif





OPS/assets/_1849fbc7ae0ebd9a5c86e669cacffcb9591d5007_sm358_1_ue029i.gif
UG
¥

r » oxp| -2 T
i)





OPS/assets/_9ca801bef3ab14be6c6d206c7d93303c6c8cb04c_sm358_1_ie006i.gif
¥ (x,t) = w(x)eEh





OPS/assets/_a0498b414f2e42d62a8669edc5d17a411d3e4c79_sm358_1_ue026i.gif
- 4o (Eg * Vo)
4E, (Eq £ Vo) + VSN2 (kol)





OPS/assets/_a137bddab0850958922c1ae8a01b74e61cfbee38_sm358_1_ie019i.gif





OPS/assets/_a1ac585cef529fb54d9752abfb17e578a6875678_sm358_1_e044i.gif





OPS/assets/_a2904df030e8a3ce053bf150b1c24e0ce5054fdf_sm358_1_e027i.gif





OPS/assets/_175836a01c5fa59a30470aef315353386ee8e5fc_sm358_1_ie011i.gif
i
Lyge2





OPS/assets/_a3970171b506742b8aaaf7257e681ab24490b26d_sm358_1_ie020i.gif
sy A 7 m





OPS/assets/_a52becbc7d7b9787ceeba94720a1a1d999987e4f_sm358_1_e026i.gif





OPS/assets/_a564011880def697f952737783e78cf9bfc9f7f5_sm358_1_ue014i.gif
=i

(ky + kg Ve

aegipe’

ET—

ikl

A
ky)Pek2





OPS/assets/_1403075da772ea77ac77e5efbe200fd4aa5685ef_sm358_1_ue011i.gif





OPS/assets/_a7d8db2b00a913ad01561affb470e7696494609e_sm358_1_ue006i.gif
d: k1x ikyx
di’ ik Ak ~ikyB e MY for x < 0





OPS/assets/_12976930fdeef57d2dc7246a7377de42cda209f8_sm358_1_010i.jpg
Ja(@)  je(z + b2)
e s i g

S
= T +0r





OPS/assets/_a90cef457cefad810728e16f0e283de230549208_sm358_1_ue013i.gif
)= L = [T L] = [T





OPS/assets/_173d43975e5babbee281aebe915239413b7bb05a_sm358_1_e047i.gif





OPS/assets/_14530d3dcebfdff088d3f61c9a23dda9430849a4_sm358_1_ue044i.gif
| e R ]

- —%[c‘c(\kz o\kz)]

hkp 2
=22 cf





OPS/assets/_0a853d692d13dae8467a52fe1f5806408b9b424c_sm358_1_ue060i.gif
Ha Hafee] forxos e






OPS/assets/_0a6bd6c2858bffd9acbad813e2152b98611a04b1_sm358_1_001i.jpg
incident
particles
or waves

[

scattered
particles
or waves





OPS/assets/_0e5f49828a0ae196b14d4e98faca9bdfeb717d9f_sm358_1_ue049i.gif





OPS/assets/_0df92ca73cf3c0b0ca3f00f3a186438b7a22ce90_sm358_1_ie021i.gif
ik B 7





OPS/assets/_0a003667010bab8effe73e436705dea9a9e01ab9_sm358_1_ue021i.gif
=114 % 108%nt v cw 1019 = 7





OPS/assets/_aac549d81aabd7786dd536bcd40bf78511b0a3a8_sm358_1_ie033i.gif
Vi = Rk fm





OPS/assets/_e8cbf53ea53e52b40c0bc0649f9b1200f43a673f_Scattering_and_tunnelling_ebook_cover.jpg
The Open
University

Scattering and tunnelling

OpenlLearn fesmerer,





OPS/assets/watermark.png





OPS/assets/_02f25a15d1e1cf13d97227d3482b50c92d4e5021_sm358_1_ie012i.gif
ky = Jom(Eq £ Vo) /5





OPS/assets/_044bce15041337a069abe721346a60e4aacc092b_sm358_1_ie018i.gif
2k





OPS/assets/_05cf2e965fe78210956a74abaf7d843d758e678b_sm358_1_e015i.gif





OPS/assets/_06bf0f6cae2806e98d48e5f19017649428d56389_sm358_1_ue017i.gif





OPS/assets/_0918f4d011a1e1c368fd41c57b3ea566ceea81dc_sm358_1_019i.jpg
1oF*
o
energy.






OPS/assets/_09613da3cdddca243402059fbeac9b1454463164_sm358_1_ue002i.gif





OPS/assets/_09a5cbcb13c54103b1b8909b21b94566aaafc632_sm358_1_ue003i.gif
d%y  2m(Eg -V
?.%Vm:n for x>0





OPS/assets/_8cfd79ece2b18dd09ee9f3992be13e76997d57a3_sm358_1_ie031i.gif
i kx-Egt £ B)





OPS/assets/_8bd662535cd6e51188b0fb3085d883cf25fe2064_sm358_1_e028i.gif





OPS/assets/_8b64bca0297a4740bfddd895ab3d37f3035bf864_sm358_1_e040i.gif





OPS/assets/_8cd828138dbdabfb4e4ece1d4655d912d92d32bc_sm358_1_004i.jpg
CRCTEYY incident CRETEY incident
particles partides
P> > > >
reflcted transmitted refloted trausmitted
partices particles partiles partices
< <

()






OPS/assets/_8c83acf3d8bdc03dd28b4304d6f85c1aad66752e_sm358_1_011i.jpg
energy,
Eof

—vil

Region 1

Region 2|






OPS/assets/_88734c5682ef76389da325076f23bbcd760539dd_sm358_1_e023i.gif





OPS/assets/_870f1a47678e9df287c3c5003935f4677d320553_sm358_1_009i.jpg
0s
06
04
02

10 15 20 25 30 35 0
BofVe





OPS/assets/_8afed14d8d9b8f8391613a354d45c314d947ceb7_sm358_1_ue025i.gif





OPS/assets/_89ab0f90822aeb3351eb49c34e1b0050470527f0_sm358_1_e057i.gif





OPS/assets/_8593d351cc90a654b247ffa87bdd91d8d55c0033_psicap.gif





