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Introduction

Start of Box
As part of a review of content, this course will be deleted from OpenLearn on 13 January 2020. You can find more Mathematics courses on OpenLearn here.
End of Box
In this course we look at some different systems of numbers, and the rules for combining numbers in these systems. For each system we consider the question of which elements have additive and/or multiplicative inverses in the system. We look at solving certain equations in the system, such as linear, quadratic and other polynomial equations. 

In Section 1 we start by revising the notation used for the rational numbers and the real numbers, and we list their arithmetical properties. You will meet other properties of these numbers in the analysis units, as the study of real functions depends on properties of the real numbers. We note that some quadratic equations with rational coefficients, such as x2 = 2, have solutions which are real but not rational. 

In Section 2 we introduce the set of complex numbers. This system of numbers enables us to solve all polynomial equations, including those with no real solutions, such as x2 + 1 = 0. Just as real numbers correspond to points on the real line, so complex numbers correspond to points in a plane, known as the complex plane. 

In Section 3 we look further at some properties of the integers, and introduce modular arithmetic. This will be useful in the group theory units, as some sets of numbers with the operation of modular addition or modular multiplication form groups. 

In Section 4 we introduce the concept of a relation between elements of a set. This is a more general idea than that of a function, and leads us to a mathematical structure known as an equivalence relation. An equivalence relation on a set classifies elements of the set, separating them into disjoint subsets called equivalence classes. 

This OpenLearn course is an adapted extract from the Open Unviersity course M208: Pure Mathematics
Learning outcomes

After studying this course, you should be able to:
· understand the arithmetical properties of the rational and real numbers

· understand the definition of a complex number
· perform arithmetical operations with complex numbers

· explain the terms modular addition and modular multiplication

· explain the meanings of a relation defined on a set, an equivalent relation and a partition of a set.

1 Real numbers

1.1 Rational numbers

In OpenLearn course M208_5 Mathematical language you met the sets
· [image: image2.png]


= {1, 2, 3, …}, the natural numbers; 

· [image: image3.png]


= {…, −2, −1, 0, 1, 2, …}, the integers; 

· [image: image4.png]


= {p/q : p [image: image5.png]
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, q [image: image7.png]
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}, the rational numbers. 
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is the set of numbers that can be written as fractions, such as [image: image10.png]


 and –1.7 =  [image: image11.png]


. 

Notice that each set in this list is a subset of the succeeding one; that is,
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To represent the rational numbers geometrically, we use a number line. We begin by drawing a line and marking on it points corresponding to the integers 0 and 1. If the distance between 0 and 1 is taken as a unit of length, then the rational numbers can be arranged on the line in a natural order. For example, the rational 4/3 is placed at the point which is one third of the distance from 1 to 2. 

We sometimes use ‘rational’ as shorthand for ‘rational number’ and ‘real’ for ‘real number’.
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Each rational number also has a decimal representation, which is either a terminating (that is, finite) decimal, such as 1.54, or a recurring decimal such as 2.134 734 734 7 …, in which the digits repeat in a regular pattern from some position onwards. The decimal representation of any rational number p/q can be obtained by using long division to divide q into p. 

One of the surprising mathematical discoveries made by the ancient Greeks was that the system of rational numbers is not adequate to describe all the lengths that occur in geometry. For example, consider the diagonal of a square of side 1. What is its length? If the length is x, then, by Pythagoras' Theorem, x must satisfy the equation x2 = 2. However, there is no rational number that satisfies this equation. 
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Start of Box
Theorem 1

There is no rational number x such that x2 = 2. 
End of Box
Proof   Suppose that such a rational number x exists. Then we can write x = p/q, where p, q [image: image15.png]
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. By cancelling, if necessary, we may assume that the greatest common factor of p and q is 1. 

This is a proof by contradiction.

The equation x2 = 2 now becomes 

Start of Figure
[image: image17.png]



End of Figure
so

Start of Figure
[image: image18.png](1.1)




End of Figure
The square of an odd number is odd, so p cannot be odd. Hence p is even, so we can write p = 2r, say. Equation (1.1) now becomes 
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so
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We have

Start of Figure
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End of Figure
Reasoning as before, we find that q is also even. 

Since p and q are both even, they have a common factor of 2, which contradicts our earlier statement that the greatest common factor of p and q is 1. 

Since we have obtained a contradiction, our original assumption must be false; therefore no such rational number x exists. 

Start of SAQ
Exercise 1

Start of Question
By imitating the proof above, show that there is no rational number x such that x3 = 2. 

End of Question
View answer - Exercise 1
End of SAQ
Since we expect equations such as x2 = 2 and x3 = 2 to have solutions, we must introduce new numbers that are not rationals. We denote the positive solutions of these two equations by [image: image22.png]


, and [image: image23.png]


, respectively; thus ([image: image24.png]


)2 = 2 and [image: image25.png]


. Of course, we must introduce many other new numbers, such as [image: image26.png]


, [image: image27.png]


, and so on. Indeed, it can be shown that if m and n are natural numbers, and the equation xm = n has no integer solution, then the positive solution of this equation, written as [image: image28.png]


, cannot be rational. 

The case m = 2 and n = 3 is treated in Exercise 5. 

There are many other mathematical quantities which cannot be described exactly by rational numbers. For example, the number [image: image29.png]


, which denotes the area of a disc of radius 1 (or half the length of the perimeter of such a disc), cannot be described by a rational number, and neither can the number e. 

Johann Heinrich Lambert proved in 1761 that [image: image30.png]


 is irrational. He was a colleague of Euler and Lagrange at the Berlin Academy of Sciences, and is best known for his work on [image: image31.png]


. 

All these numbers are known as irrational numbers. 

1.2 Real numbers

The rational and irrational numbers together make up the real numbers. The set of real numbers is denoted by [image: image32.png]


. Like rationals, irrational numbers can be represented by decimals, but unlike the decimals for rational numbers, those for irrationals are neither finite nor recurring. All such infinite non-recurring decimals represent real numbers. Each real number can be represented as a point on the number line considered in Section 1.1, which is often known as the real line, and each point on this line represents a real number. 
We shall need to use the usual arithmetical operations on real numbers, and we now list the properties which we assume these operations satisfy. 

Start of Figure
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End of Figure
In properties A3 and M3 the numbers −a and a−1 are known as the additive inverse (or negative) of a and the multiplicative inverse (or reciprocal) of a, respectively. 

The rational numbers [image: image34.png]


 also satisfy all the above properties; that is, if [image: image35.png]


 is replaced by [image: image36.png]


 throughout in the box above, then the properties are still true. We shall show later that the same is true for the complex numbers [image: image37.png]


 and for some sets of numbers in modular arithmetic. However, if we restrict ourselves to the integers [image: image38.png]


, then one of these properties is no longer true. 

A set with all these properties is known as a field. 

Start of SAQ
Exercise 2

Start of Question
· (a)  Show by means of a counter-example that [image: image39.png]


 does not have property M3. 

· (b)  Which integers have a multiplicative inverse in [image: image40.png]


? 

End of Question
View answer - Exercise 2
End of SAQ
In this course we shall be concerned with polynomial equations. 

Start of Box
Definition

A polynomial equation in x of degree n is an equation of the form p(x) = 0, where p(x) is a polynomial of degree n. 
Polynomial equations (and polynomials) of degrees 1, 2 and 3 are called linear, quadratic and cubic, respectively. 

End of Box
Recall that the formula for the solutions of the quadratic equation ax2 + bx + c = 0 is 

Start of Figure
[image: image41.png]



End of Figure
This equation is known as the quadratic formula. 

Start of SAQ
Exercise 3

Start of Question
Solve the following quadratic equations, stating how many solutions each equation has in [image: image42.png]


. 

· (a)  x2 − 7x + 12 = 0 

· (b)  x2 + 6x + 9 = 0 

· (c)   2x2 + 5x − 3 = 0 

· (d)  2x2 − 2x − 1 = 0 

· (e)   x2 − 2x + 5 = 0 

End of Question
View answer - Exercise 3
End of SAQ
We notice from the results of Exercise 3 that some quadratic equations have two real solutions, some have only one and some have none. In either of the first two cases, the solutions may be rational or irrational. Although you may be accustomed to equations with integer coefficients such as those in Exercise 3, these results still apply if some or all of the coefficients are irrational; that is, if the coefficients are any real numbers. Since a quadratic equation with coefficients in [image: image43.png]


 can have no solution in [image: image44.png]


, working with the set of real numbers does not enable us to find solutions to all quadratic equations. 

We end this section by showing that although a quadratic equation may have no real solutions, this is not true for a cubic equation. 

Consider the cubic polynomial

Start of Figure
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End of Figure
For x ≠ 0, the polynomial can be written as 

Start of Figure
[image: image46.png]



End of Figure
Since [image: image47.png]


, [image: image48.png]


 and [image: image49.png]


 as [image: image50.png]Yo o



, the sign of the polynomial will be positive when x is large and positive, and negative when x is large and negative. Hence the value of the polynomial must change from negative to positive at least once as x increases, so it would appear that it must be zero at one value of x (at least). A similar argument can be used if a < 0. Hence the equation ax3 + bx2 + cx + d = 0, where a ≠ 0, has at least one real solution. This result can be generalised to show that any polynomial equation of degree n, where n is odd, has at least one real solution. 

We are assuming here that the graph of a cubic polynomial is an unbroken curve – an assumption we made in OpenLearn course M208_4 Real functions and graphs. This assumption will be justified in the analysis units. 

1.3 Further exercises

Start of SAQ
Exercise 4

Start of Question
Solve the following linear equations.

· (a)   5x + 8 = −2 

· (b)  [image: image51.png]


x + 2 = −5 

· (c)  2x −1 = 5 

· (d)  5x + 4 = 3 

State in each case whether the solution belongs to [image: image52.png]


, [image: image53.png]


, [image: image54.png]


 and/or [image: image55.png]


. 

End of Question
View answer - Exercise 4
End of SAQ
Start of SAQ
Exercise 5

Start of Question
Show that there is no rational number x such that x2 = 3. 

End of Question
View answer - Exercise 5
End of SAQ
2 Complex numbers

2.1 What is a complex number?

We will now discuss complex numbers and their properties. We will show how they can be represented as points in the plane and state the Fundamental Theorem of Algebra: that any polynomial equation with complex coefficients has a solution which is a complex number. We will also define the function exp of a complex variable. 
Earlier we mentioned several sets of numbers, including [image: image56.png]


, [image: image57.png]


, [image: image58.png]


 and [image: image59.png]


. In each case, the numbers correspond to points on the real line. We now introduce numbers of a new kind, the so-called complex numbers, which correspond to points in the plane. 

Complex numbers arise naturally as solutions of quadratic equations. For example, you showed in Exercise 3(e) that the equation x2 − 2x + 5 = 0 has no real solutions because there is no real number whose square is −16. 

But suppose now that we ‘extend’ the set of real numbers by introducing a new number, denoted by i, which is defined to have the property that i2 = −1. Suppose further that i combines with itself, and with real numbers, according to the usual rules of arithmetic. In particular, assume that we can multiply i by any real number b to obtain the product ib, and that we can add on any real number a to obtain the sum a + ib. Such sums are known as complex numbers, and they are the numbers we need to solve the quadratic equation above. 

We have ib = bi, and we can also write a + ib as a + bi. 

Start of Box
Definitions

A complex number is an expression of the form x + iy, where x and y are real numbers and i2 = −1. The set of all complex numbers is denoted by [image: image60.png]


. 
A complex number z = x + iy has real part x and imaginary part y; we write 

Start of Figure
[image: image61.png]Rez=x and Imz =y,




End of Figure
Two complex numbers are equal when their real parts and their imaginary parts are equal. 

For example, if z = 2 − 3i, then Re z = 2 and Im z = −3. 

End of Box
Remarks
1. Any given real number x can be written in the form x + i0, and any complex number of the form x + i0 is usually written simply as x. In this sense, [image: image62.png]


 is a subset of [image: image63.png]


. The zero complex number 0 + i0 is written as 0. 

2. We usually write a general complex number as x + iy, and a particular complex number as, for example, 2 + 3i, rather than 2 + i3. We write 2 − 3i rather than 2 + (−3)i. 

3. Note that Re z and Im z are both real numbers. 

4. A complex number of the form 0 + iy (where y ≠ 0) is sometimes called an imaginary number. 

Since i2 = −1, we can regard the number i as a square root of −1. If we assume that the usual rules of arithmetic apply, then we can solve quadratic equations using the quadratic formula and the fact that [image: image64.png]


. For example, consider the equation 

Start of Figure
[image: image65.png]



End of Figure
This is the equation from Exercise 3(e), rewritten using z as the variable name. We often use the letter z for a complex variable (a variable that represents a complex number). 

For the above equation, the quadratic formula gives

Start of Figure
[image: image66.png]



End of Figure
We can check that these two complex numbers satisfy the equation we were trying to solve. We use the usual rules of arithmetic, and substitute −1 for i2 wherever it appears. 

For example, if z = 1 + 2i, then 

Start of Figure
[image: image67.png]2z+5
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End of Figure
4i2 = 4(−1) = −4, since i2 = −1. 

The solution z = 1 − 2i can be checked similarly. 

The use of the number i enables us to solve any quadratic equation in a similar way. We shall see later in the section that the use of i ensures that all polynomial equations have solutions, even those whose coefficients are themselves complex. This, in turn, means that any polynomial can be factorised into a product of linear factors; for example, 

Start of Figure
[image: image68.png]22 -2z+5=(z-(1+2)))(z-(1-2))) = (z-1-2)(z-1+2i)




End of Figure
Start of SAQ
Exercise 6

Start of Question
Solve the following equations, giving all solutions in [image: image69.png]


. 

· (a)  z2 − 4z + 7 = 0 

· (b)  z2 − iz + 2 = 0 

· (c)  z3 − 3z2 + 4z − 2 = 0 (Hint: z = 1 is one solution.) 

· (d)  z4 − 16 = 0 

End of Question
View answer - Exercise 6
End of SAQ
2.2 The complex plane

Just as there is a one-one correspondence between the real numbers and the points on the real line, so there is a one-one correspondence between the complex numbers and the points in the plane. This correspondence is given by 
Start of Figure
[image: image70.png]f:C— R
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End of Figure
Thus we can represent points in the plane by complex numbers and, conversely, we can represent complex numbers by points in the plane. When we represent complex numbers by points in the plane, we refer to the plane as the complex plane, and we often refer to the complex numbers as points in the complex plane. A diagram showing complex numbers represented as points in the plane in this way is sometimes called an Argand diagram. 

The French mathematician Jean-Robert Argand's publication of the idea in 1806 was the first to be generally recognised.

[image: image71.jpg]imaginary
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Real numbers are represented in the complex plane by points on the x-axis; this axis is called the real axis. Similarly, numbers of the form iy are represented by points on the y-axis; this axis is called the imaginary axis. 

Start of SAQ
Exercise 7

Start of Question
Draw a diagram showing each of the following points in the complex plane: [image: image72.png]2+ 3, -3+2/, -2





End of Question
View answer - Exercise 7
End of SAQ
2.3 Complex arithmetic

Arithmetical operations on complex numbers are carried out as for real numbers, except that we replace i2 by −1 wherever it occurs. 
Start of Activity
Example 1

Start of Question
Let z1 = 1 + 2i and z2 = 3 − 4i. Determine the following complex numbers. 

· (a)  z1 + z2
· (b)  z1 − z2
· (c)  z1z2
· (d)   [image: image73.png]



End of Question
View answer - Example 1
End of Activity
Start of SAQ
Exercise 8

Start of Question
Determine the following complex numbers.

· (a)  (3 − 5i) + (2 + 4i) 

· (b)  (2 − 3i)(−3 + 2i) 

· (c)  (5 + 3i)2
· (d)  (1 + i)(7 + 2i)(4 − i) 

End of Question
View answer - Exercise 8
End of SAQ
Example 1 illustrates how we add, subtract and multiply two given complex numbers. We can apply the same methods to two general complex numbers z﻿1 = x1 + iy1 and z2 = x2 + iy2, and obtain the following formal definitions of addition, subtraction and multiplication in [image: image74.png]


. 

Start of Box
Definitions

Let z1 = x1 + iy1 and z2 = x2 + iy2 be any complex numbers. Then the following operations can be applied. 
addition    z1 + z2 = (x1 + x2) + i(y1 + y2) 

subtraction    z1 − z2 = (x1 − x2) + i(y1 − y2) 

multiplication    z1z2 = (x1x2 − y1y2) + i(x1y2 + y1x2) 

End of Box
With these definitions, most of the usual rules of algebra still hold, as do many of the familiar algebraic identities. For example, 

Start of Figure
[image: image75.png]2
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End of Figure
and

Start of Figure
[image: image76.png]



End of Figure
There is no need to remember or look up these formulas. For calculations, the methods of Example 1 may be used.

An obvious omission from this list of definitions is division. We return to division after discussing the complex conjugate and modulus of a complex number. 

2.4 Complex conjugate

Many manipulations involving complex numbers, such as division, can be simplified by using the idea of a complex conjugate, which we now introduce. 
Start of Box
Definition

The complex conjugate [image: image77.png]


 of the complex number z = x + iy is the complex number x − iy. 
End of Box
[image: image78.jpg]



For example, if z = 1 − 2i, then [image: image79.png]1+ 9y



. In geometric terms, [image: image80.png]


 is the image of z under reflection in the real axis. 

Start of SAQ
Exercise 9

Start of Question
Let z1 = −2 + 3i and z2 = 3 − i. 

Write down [image: image81.png]7



 and [image: image82.png]


, and draw a diagram showing z1, z2, [image: image83.png]7



 and [image: image84.png]


 in the complex plane. 

End of Question
View answer - Exercise 9
End of SAQ
The following properties of complex conjugates are particularly useful.

Start of Box
Properties of complex conjugates

Let z1, z2 and z be any complex numbers. Then: 
1. [image: image85.png]7. 4+ 7, = Zq + 2o



; 

2. [image: image86.png]7, % 2,
EA
7175



; 

3. [image: image87.png]>4 7

SRE 7



; 

4. [image: image88.png]> - =
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. 

End of Box
In order to prove property 1, we consider two arbitrary complex numbers.

Let z1 = x1 + iy1 and z2 = x2 + iy2. Then 

Start of Figure
[image: image89.png]



End of Figure
Start of SAQ
Exercise 10

Start of Question
Use a similar approach to prove properties 2, 3 and 4.

End of Question
View answer - Exercise 10
End of SAQ
2.5 Modulus of a complex number

We also need the idea of the modulus of a complex number. Recall that the modulus of a real number x is defined by 
Start of Figure
[image: image90.png]ifx 20,
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End of Figure
For example, |7| = 7 and |−6| = 6.

In other words, |x| is the distance from the point x on the real line to the origin. We extend this definition to complex numbers as follows. 

Start of Box
Definition

The modulus |z| of a complex number z is the distance from the point z in the complex plane to the origin. 
Thus the modulus of the complex number z = x + iy is 

Start of Figure
[image: image91.png]



End of Figure
End of Box
[image: image92.jpg]



For example, if z = 3 − 4i, then 

[image: image93.png]


. 

Start of SAQ
Exercise 11

Start of Question
Determine the modulus of each of the following complex numbers.

· (a)  5 + 12i
· (b)  1 + i
· (c)  −5

End of Question
View answer - Exercise 11
End of SAQ
The modulus of a complex number has many properties similar to those of the modulus of a real number.

Start of Box
Properties of modulus

1. |z| ≥ 0 for any z [image: image94.png]


[image: image95.png]


, with equality only when z = 0. 
2. |z1z2| = |z1||z2| for any z1, z2 [image: image96.png]


[image: image97.png]


. 

End of Box
Property 1 is clear from the definition of |z|. Property 2 can be proved in a similar way to property 2 of complex conjugates given in Exercise 10. 

The following useful result shows the link between modulus and distance in the complex plane.

Start of Box
Distance Formula

The distance between the points z1 and z2 in the complex plane is |z1 − z2|. 
End of Box
This is obtained by applying Pythagoras' Theorem to the triangle in the diagram below.
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Start of SAQ
Exercise 12

Start of Question
For each of the following pairs z1, z2 of complex numbers, draw a diagram showing z1 and z2 in the complex plane, and evaluate |z1 − z2|. 

· (a)  z1 = 3 + i,   z2 = 1 + 2i. 

· (b)  z1 = 1,   z2 = i. 

· (c)  z1 = −5 − 3i,   z2 = 2 − 7i. 

End of Question
View answer - Exercise 12
End of SAQ
The following properties describe the relationship between the modulus and the complex conjugate of a complex number.

Start of Box
Conjugate–modulus properties

1. [image: image99.png]


for all z [image: image100.png]


[image: image101.png]


. 
2. [image: image102.png]


for all z [image: image103.png]


[image: image104.png]


. 

End of Box
To prove these properties, we let z = x + iy. Then 

[image: image105.png]z=x-iy =x +i[-y)



, 

so

Start of Figure
[image: image106.png]



End of Figure
and

Start of Figure
[image: image107.png]O+ iy ) (x - i) =
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End of Figure
2.6 Division of complex numbers

The second of the conjugate–modulus properties enables us to find reciprocals of complex numbers and to divide one complex number by another, as shown in the next example. As for real numbers, we cannot find a reciprocal of zero, nor divide any complex number by zero. 
Start of Activity
Example 2

Start of Question
· (a)  Find the reciprocal of 2 − 5i. 

· (b)  Find the quotient   [image: image108.png]ey




End of Question
View answer - Example 2
End of Activity
The method used in Example 2, of multiplying the numerator and denominator by the complex conjugate of the denominator, enables us to find the reciprocal of any non-zero complex number z, and the quotient z1/z2 of any two complex numbers z1 and z2, where z2 ≠ 0. We can obtain general formulas as follows. 

For the reciprocal, we have

Start of Figure
[image: image109.png]



End of Figure
If z = x + iy, so [image: image110.png]


 and |z|2= x2 + y2, we obtain 

Start of Figure
[image: image111.png]DTV




End of Figure
For the quotient z1/z2, we have 

Start of Figure
[image: image112.png]forz, 0





End of Figure
If z1 = x1 + iy1 and z2 = x2 + iy2, this can be rewritten as 

Start of Figure
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End of Figure
These formulas may be used in theoretical work, but for calculations of reciprocals and quotients it is simplest to use the method of Example 2. 

Start of SAQ
Exercise 13

Start of Question
· Find the reciprocal of each of the following complex numbers.

· (a)  3 − i
· (b)  −1 + 2i
End of Question
View answer - Exercise 13
End of SAQ
Start of SAQ
Exercise 14

Start of Question
Evaluate each of the following quotients.

· (a)   [image: image114.png]



· (b)   [image: image115.png]2+3

o




End of Question
View answer - Exercise 14
End of SAQ
2.7 Arithmetical properties of complex numbers

The set of complex numbers [image: image116.png]


 satisfies all the properties previously given for arithmetic in [image: image117.png]


. We state (but do not prove) these properties here. 
Start of Figure
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End of Figure
In particular, 0 = 0 + 0i plays the same role in [image: image119.png]


 as the real number 0 does in [image: image120.png]


, and 1 = 1 + 0i plays the same role as 1. These numbers are called identities for addition and multiplication respectively. 

We also have that the additive inverse (or negative) of z = x + yi is −z = −x − yi, and the multiplicative inverse (or reciprocal) of z = x + yi is 

Start of Figure
[image: image121.png]



End of Figure
There is one important difference between the set of real numbers and the set of complex numbers, however; namely that, unlike the real numbers, the complex numbers are not ordered. 

For any two real numbers a and b, exactly one of the three properties 

Start of Figure
[image: image122.png]arh




End of Figure
is true. But this is not the case for the complex numbers; we cannot say, for example, that

Start of Figure
[image: image123.png]1+ 5 =1+ ar 1+ ==1+2 oar 1+2 < -1+ 73,




End of Figure
Inequalities involving complex numbers make sense only if they are inequalities between real quantities, such as the moduli (moduli is the plural of modulus) of the complex numbers. For example, inequalities such as 

Start of Figure
[image: image124.png]z-2i|<3 or Rez>5




End of Figure
are valid.

2.8 Polar form

You have seen that the complex number x + iy corresponds to the point (x, y) in the complex plane. This correspondence enables us to give an alternative description of complex numbers, using so-called polar form. This form is particularly useful when we discuss properties related to multiplication and division of complex numbers. 
[image: image125.jpg]



Polar form is obtained by noting that the point in the complex plane associated with the non-zero complex number z = x + iy is uniquely determined by the modulus [image: image126.png]


, 

together with the angle θ (measured in an anticlockwise direction in radians) between the positive direction of the x-axis and the line from the origin to the point, as shown in the graph above. We have 

Start of Figure
[image: image127.png]¥ =romséd and y =rsing




End of Figure
so the complex number z can be expressed as 

Start of Figure
[image: image128.png]{cos8+isind)




End of Figure
This description of z in terms of r and θ is not unique because the angle θ is determined only up to multiples of 2[image: image129.png]


; that is, the angles θ ± 2[image: image130.png]


, θ ± 4[image: image131.png]


, θ ± 6[image: image132.png]


, …, also determine the same complex number. However, if we restrict the angle θ to lie in the interval (−[image: image133.png]


, [image: image134.png]


], then the description is unique. The origin is an exception, however: at the origin the value of r is 0, and θ is not defined. 

Some texts restrict θ to lie in the interval [0, 2[image: image135.png]


). 

Start of Box
Definitions

A non-zero complex number z = x + iy is in polar form if it is expressed as 
Start of Figure
[image: image136.png]r(cos @ +isind),




End of Figure
where r = |z| and θ is any angle (measured in radians anticlockwise) between the positive direction of the x-axis and the line joining z to the origin. 

(Some texts use r cis θ or 〈r, θ 〉 as shorthand for r(cos θ + i sin θ).) 

Such an angle θ is called an argument of the complex number z, and is denoted by arg z. The principal argument of z is the value of arg z that lies in the interval (−[image: image137.png]


, [image: image138.png]


], and is denoted by Arg z. 

Here principal argument is a shortened form of the more conventional ‘principal value of the argument’. 

End of Box
Remark
Sometimes we refer to z = x + iy as the Cartesian form of z, to distinguish it from polar form. 

We now discuss how to convert a complex number from polar form to Cartesian form, and vice versa.

When carrying out such conversions, it is useful to remember the values in the table below, as these will help you in some special cases. You may find it easier to remember the triangles, from which you can work out most of the values in the table. 
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The following formulas are also helpful. For any θ [image: image140.png]


[image: image141.png]


: 

Start of Figure
[image: image142.png]sin(-8) = -sind,  sin(z+ &)= -sind;
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End of Figure
You will need only the first two equations in each row; the other equations are given for completeness.

You may be able to remember these formulas by roughly sketching graphs of the sine and cosine functions, and using their symmetry. For example, we can sketch the sine function as follows. 

[image: image143.jpg]sin(x — 6) = sin,

sin(x + 0) = sin(~0)=—sinf




To convert a complex number from polar form to Cartesian form is straightforward: we use the equations

Start of Figure
[image: image144.png]¥ =rcosd, y=rsné





End of Figure
to find x and y given r and θ. 

[image: image145.jpg]



This is illustrated in the following example.

Start of Activity
Example 3

Start of Question
Express each of the following complex numbers in Cartesian form.

· (a)  3(cos([image: image146.png]


/3) + i sin([image: image147.png]


/3)) 

· (b)  cos(−[image: image148.png]


/6) + i sin(−[image: image149.png]


/6) 

End of Question
View answer - Example 3
End of Activity
Start of SAQ
Exercise 15

Start of Question
Express each of the following complex numbers in Cartesian form.

· (a)  2(cos([image: image150.png]


/2) + i sin([image: image151.png]


/2)) 

· (b)  4(cos(−2[image: image152.png]


/3) + i sin(−2[image: image153.png]


/3)) 

End of Question
View answer - Exercise 15
End of SAQ
To convert a non-zero complex number z from Cartesian form x + iy to polar form r(cos θ + i sin θ), we first find the modulus r using the formula 

Start of Figure
[image: image154.png]



End of Figure
If z is either real or imaginary, then it lies on one of the axes and has principal argument 0, [image: image155.png]


/2, [image: image156.png]


 or −[image: image157.png]


/2, as shown in diagram (a) below. Otherwise, to find the principal argument θ, we need to solve the equations 

Start of Figure
[image: image158.png]058 =2 and sind =

14

s where 8< (-7, 7]




End of Figure
We can do this by first finding the first-quadrant angle φ that satisfies the related equation 

Start of Figure
[image: image159.png]05
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End of Figure
The relationship of φ to the principal argument θ depends on the quadrant in which z lies, as indicated in diagram (b) below. 

[image: image160.jpg]



[image: image161.jpg]



Note: φ is the angle at the origin in the right-angled triangle formed by drawing the perpendicular from z to the real axis, as illustrated above, in the case where z lies in the second quadrant. We have 

Start of Figure
[image: image162.png]



End of Figure
and the relationship between θ and φ can be seen to be as given in diagram (b). 

The quadrant in which z lies can be found from the values of x and y, and θ can then be deduced by using the appropriate equation from diagram (b). (You may find it helpful to sketch z on an Argand diagram.) 

This method for finding θ is used in the next example, which illustrates how the Cartesian form of a complex number is converted into polar form. 

Start of Activity
Example 4

Start of Question
Express each of the following complex numbers in polar form, using the principal argument.

· (a)  2 + 2i
· (b)   [image: image163.png]



End of Question
View answer - Example 4
End of Activity
Start of SAQ
Exercise 16

Start of Question
· Draw a diagram showing each of the following complex numbers in the complex plane, and express them in polar form, using the principal argument. 

· (a)  −1 + i
· (b)  1 − [image: image164.png]


i
· (c)  −5

End of Question
View answer - Exercise 16
End of SAQ
Polar form gives us a simple way to multiply complex numbers. Let

Start of Figure
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End of Figure
then

Start of Figure
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End of Figure
(Here we use the addition formulas for the trigonometric functions.)

That is, to multiply two complex numbers in polar form, we multiply their moduli and add their arguments. For example,

Start of Figure
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End of Figure
Note:
Start of Figure
[image: image168.png]



End of Figure
In the rest of this section we usually write [image: image169.png]


/4 as [image: image170.png]


, and similarly for other fractions of [image: image171.png]


. You may use either form, or the form [image: image172.png]T
2



, as you wish. 

We can also use formula (2.1) for the product of two complex numbers in polar form to establish a similar formula for the quotient of two complex numbers. Specifically, we show that if 

Start of Figure
[image: image173.png]zy =ry(cos8 +ising) and 2z, =r,(cosé, +ising,),




End of Figure
with z2 ≠ 0, then z1/z2 is the complex number 

Start of Figure
[image: image174.png]ri{cos@+ising), wherer=ry/r, and 8=8, - &,




End of Figure
z2 ≠ 0 [image: image175.png]


r2 ≠ 0 

To see this, notice that since r1 = rr2 and θ1 = θ + θ2 it follows from the above discussion that z1 = zz2. Hence z1/z2 = z, as required. We can write the formula as 

Start of Figure
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End of Figure
That is, to divide a complex number z1 by another complex number z2, we divide the modulus of z1 by the modulus of z2, and subtract the argument of z2 from the argument of z1. 

For example,

Start of Figure
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End of Figure
Start of Figure
[image: image178.png]



End of Figure
In particular, if z = r(cos θ + i sin θ) with r ≠ 0, then the reciprocal of z is 

Start of Figure
[image: image179.png]1
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End of Figure
The above methods for multiplying and dividing complex numbers in polar form are summarised below.

Start of Box
Strategy 1

To multiply two complex numbers given in polar form, multiply their moduli and add their arguments.
To divide a complex number z1 by a non-zero complex number z2 when both are given in polar form, divide the modulus of z1 by the modulus of z2, and subtract the argument of z2 from the argument of z1. 

End of Box
Remark
If you require the principal argument of the product or quotient, then you may need to add or subtract 2[image: image180.png]


 from the argument calculated. 

Start of SAQ
Exercise 17

Start of Question
Determine each of the following products and quotients in polar form in terms of the principal argument.

· (a)

· [image: image181.png]



· (b)
· [image: image182.png]



· (c)
· [image: image183.png]



· (d)
· [image: image184.png]



End of Question
View answer - Exercise 17
End of SAQ
2.9 Roots of polynomials

We begin by reminding you of what we mean by the word ‘root’. In this course we use this term in two different, but related, senses, as given below. 
Start of Box
Definition

If p(z) is a polynomial, then the solutions of the polynomial equation p(z) = 0 are called the roots of p(z). 
If a is a complex number, then the solutions of the equation zn = a are called the nth roots of a. 

End of Box
The roots of a polynomial are also called its zeros. 

Thus the nth roots of a are the roots of the polynomial zn − a. 

In this subsection we explain how to find the nth roots of any complex number and we discuss the roots of polynomial equations more generally. 

The formula obtained in the previous section for finding the product of two complex numbers in polar form can be generalised to a product of several complex numbers. 

Start of Box
Strategy 2

To find the product of the complex numbers z1, z2, …, zn given in polar form, multiply their moduli and add their arguments. 
End of Box
Start of SAQ
Exercise 18

Start of Question
Let z1 = −1 + i, [image: image185.png]Zo

f3i



 and z3 = −5. 

Use the solution to Exercise 16 to express z1z2z3 and [image: image186.png]223
zZy



 in polar form. 

End of Question
View answer - Exercise 18
End of SAQ
An important special case of the result in Strategy 2 is obtained when z1 = z2 = … = zn = r(cos θ + i sin θ); that is, when the complex numbers z1, z2, …, zn are all equal. In this case, the result gives 

Start of Figure
[image: image187.png](r{cos@+isind))"
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End of Figure
Note: nθ may not be the principal argument of (cos θ + isin θ)n. 

Start of Activity
Example 5

Start of Question
Find z4, where z = 1 + i. 

End of Question
View answer - Example 5
End of Activity
The significant new information obtained from equation (2.4) is that

Start of Figure
[image: image188.png](cos8 +isind )" = cosnd +isinnd, for allne .




End of Figure
This result is true for all n [image: image189.png]


[image: image190.png]


 and is known as de Moivre's Theorem. 

Abraham de Moivre was a French mathematician who worked in England from 1685 after the expulsion of the Huguenots from France.

Start of Box
Theorem 2: de Moivre's Theorem

If z = cos θ + i sin θ, then, for any n [image: image191.png]


[image: image192.png]


, 
Start of Figure
[image: image193.png]cos&+isind)” = cosnd + isinnd





End of Figure
End of Box
We have seen that de Moivre's Theorem is true when n is a positive integer. We now show that it is true for other integers. 

For n = 0, 

Start of Figure
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End of Figure
For n = −m, where m is a positive integer, 

Start of Figure
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End of Figure
Here we use formula (2.3).

One application of de Moivre's Theorem is in finding the nth roots of complex numbers; that is, in solving equations of the form zn = a, where a [image: image196.png]


[image: image197.png]


. Before we illustrate this, we use the theorem to verify some solutions of such an equation. 

Start of SAQ
Exercise 19

Start of Question
· (a)  Express the complex number 1 in polar form.

· (b)  Show that each of the three complex numbers with polar forms 1(cos 0 + i sin 0), 

· [image: image198.png]



· and

· [image: image199.png]



· satisfies the equation z3 = 1. 

· (c)  Express in Cartesian form the three solutions to the equation z3 = 1 given in part (b). 

End of Question
View answer - Exercise 19
End of SAQ
The solution to Exercise 19 verifies that the three given complex numbers are solutions of the equation z3 = 1. However, what we really want is a method which will enable us to find solutions of such an equation without knowing them in advance. Fortunately, de Moivre's Theorem enables us to do this. 

Start of Activity
Example 6

Start of Question
· (a)  Express the equation z3= −27 in polar form. 

· (b)  Find three different solutions of the equation z3= −27, by using the fact that adding any multiple of 2[image: image200.png]


 to an argument of −27 gives another argument of −27. 

End of Question
View answer - Example 6
End of Activity
Now we show how we can use the method of Example 6 to find the solutions of any complex equation of the form

Start of Figure
[image: image201.png]



End of Figure
where a is a known complex number. We write both z and a in polar form so that, say, 

Start of Figure
[image: image202.png]{cos@+ising) and a=o(cos@+ising),




End of Figure
where r and θ are variables whose values we must find, and ρ and φ are known real numbers. 

Then zn = a gives, using de Moivre's Theorem, 

[image: image203.png]™ (cosn8 +isinné) = p(cosd+ising)




Hence we must have rn = ρ, so r = ρ1/n. Also nθ must represent the same angle as φ. Now we use the fact that a complex number has many arguments. Since adding on any multiple of 2[image: image204.png]


 to the argument φ of a gives the same complex number a, we can have 

Start of Figure
[image: image205.png]nd = g+ 2w, for any integer k,




End of Figure
that is,

Start of Figure
[image: image206.png]9= 2% for any integer k




End of Figure
If k = n we have θ = φ/n + 2[image: image207.png]


, which is the same angle as φ/n. So taking k = 0, 1, 2, …, n − 1 will give the n different solutions of the equation zn = a. We thus arrive at the following conclusion. 

Start of Box
Roots of a complex number

Let a = ρ(cos φ + i sin φ) be a complex number in polar form. Then, for any n [image: image208.png]


[image: image209.png]


, the equation zn = a has n solutions, given by 
Start of Figure
[image: image210.png]



End of Figure
for k = 0, 1, …, n − 1. 

End of Box
Start of SAQ
Exercise 20

Start of Question
· (a)  Express the equation z6 = 1 in polar form. 

· (b)  Use the method described above to find the six solutions of z6 = 1 in polar form. 

· (c)  Sketch the position of each solution in the complex plane.

· (d)  Find the Cartesian form of each solution.

End of Question
View answer - Exercise 20
End of SAQ
In Exercise 20 you found the solutions of the equation z6 = 1. These are known as the sixth roots of unity, and in the complex plane they are equally spaced around the circle of radius 1, centre the origin. More generally, the solutions of the equation zn = 1 are known as the nth roots of unity and in the complex plane they are equally spaced around the circle of radius 1, centre the origin. For any n [image: image211.png]


[image: image212.png]


, one of the nth roots of unity is 1. 

The nth roots of any complex number are equally spaced around a circle with centre the origin, but the circle may not have radius 1 and there may not be a root on the real axis. 

Start of SAQ
Exercise 21

Start of Question
Solve the equation z4 = −4, expressing your answers in Cartesian form. Mark your solutions on a diagram of the complex plane. 

End of Question
View answer - Exercise 21
End of SAQ
Start of SAQ
Exercise 22

Start of Question
Solve the equation z3 = 8i, expressing your answers in Cartesian form. Mark your solutions on a diagram of the complex plane. 

End of Question
View answer - Exercise 22
End of SAQ
The result in the box above gives the n solutions of any equation of the form zn = a, where a is a non-zero complex number. Now the equation zn = a, which can be written as zn − a = 0, is an example of a polynomial equation whose coefficients are complex numbers. Other examples of polynomial equations with complex coefficients are 

Start of Figure
[image: image213.png].




End of Figure
and

Start of Figure
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End of Figure
Remarkably, it can be shown that any polynomial equation 

Start of Figure
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End of Figure
where an, an−1, …, a0 [image: image216.png]


[image: image217.png]


 and an ≠ 0, has at least one solution in [image: image218.png]


. Moreover, it cannot have more than n solutions. 

Note: If we count coincident solutions separately so that, for example, in the equation 

Start of Figure
[image: image219.png]z-1)°
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End of Figure
the solution 1 is counted three times, the solution −4 is counted twice and the solution 5 is counted once, then a polynomial equation of degree n has exactly n solutions. 

The complex numbers are, unlike the reals, an ‘algebraically closed’ system of numbers. By this we mean that any polynomial equation with coefficients in [image: image220.png]


 has a solution in [image: image221.png]


. The fact that any polynomial equation with complex coefficients necessarily has a complex solution is called the Fundamental Theorem of Algebra. We do not prove this theorem in this course. 

It is often not easy to find such solutions! However, in some cases we can combine the methods of the Polynomial Factorisation Theorem below and the use of de Moivre's Theorem to find solutions of a polynomial equation. 

You met the Polynomial Factorisation Theorem for real roots of a polynomial in OpenLearn course M208_5 Mathematical language. The theorem is also true in [image: image222.png]


. 

Start of Box
Theorem 3: Polynomial Factorisation Theorem

Let p(z) be a polynomial of degree n with coefficients in [image: image223.png]


 and let [image: image224.png]


[image: image225.png]


[image: image226.png]


. Then p([image: image227.png]


) = 0 if and only if 
Start of Figure
[image: image228.png]



End of Figure
where q(z) is a polynomial of degree n−1 with coefficients in [image: image229.png]


. 

End of Box
In this statement of the theorem, we have used z in place of x, as this is the label usually used for a complex variable. The proof is otherwise exactly the same as the proof for the theorem in [image: image230.png]


, so we do not include it here. 

From the Fundamental Theorem of Algebra, mathematical induction and the Polynomial Factorisation Theorem, we can deduce the following important corollary. 

Start of Box
Corollary

Every polynomial p(z) = anzn + an−1zn−1 + ··· + a1z + a0, where n ≥ 1, ai [image: image231.png]


[image: image232.png]


 for each i and an ≠ 0, has a factorisation 
Start of Figure
[image: image233.png]



End of Figure
where the complex numbers [image: image234.png]


1, [image: image235.png]


2, …, [image: image236.png]


n are the roots (not necessarily distinct) of p(z). 

End of Box
Proof
Let S(n) be the statement of the corollary for general n ≥ 1. 

Note: S(n) is the statement in the box above. We use the notation S(n) instead of the more usual P(n) to avoid confusion with the polynomial p(z). 

Then S(1) is true, since the polynomial 

Start of Figure
[image: image237.png]



End of Figure
(where a1 ≠ 0) has the root [image: image238.png]


1 = −a0/a1 and has a factorisation 

Start of Figure
[image: image239.png]



End of Figure
Now suppose that S(k) is true, and consider any polynomial of degree k + 1: 

Start of Figure
[image: image240.png]K ow ez +ag,

28+ g, 2





End of Figure
where ak+1 ≠ 0. By the Fundamental Theorem of Algebra, the equation p(z) = 0 has at least one solution, say [image: image241.png]


k+1, in [image: image242.png]


. Then, by the Polynomial Factorisation Theorem, 

Start of Figure
[image: image243.png]



End of Figure
where q(z) is a polynomial of degree k. Now the coefficient of zk in q(z) must be ak+1. Thus, by S(k), this polynomial has a factorisation 

Start of Figure
[image: image244.png]



End of Figure
Thus

Start of Figure
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End of Figure
Therefore S(k) true [image: image246.png]


S(k + 1) true, so by mathematical induction S(n) is true for every positive integer n. 

You may have noticed that it follows from the quadratic formula (see Exercise 3) that, for a quadratic equation with real coefficients, the roots are either both real or occur as a complex conjugate pair. 

This holds for polynomial equations in general; if p(z) is a polynomial in z with real coefficients, then whenever [image: image247.png]


 is a root of p, so is [image: image248.png]


. (We omit the proof of this result.) Moreover, the factors z − [image: image249.png]


 and [image: image250.png]


 can be combined to give a real quadratic factor of p(z), namely 

Start of Figure
[image: image251.png](z-a)z

2 -(a+a)z+aa




End of Figure
which has real coefficients, since

[image: image252.png]v+ ORa o



and [image: image253.png]


. 

Start of Activity
Example 7

Start of Question
· (a)  Show that z = i is a root of the polynomial 

· Start of Figure
[image: image254.png]A - 373 4272237+ 1,





End of Figure
· (b)  Hence find all the roots of p(z). 

End of Question
View answer - Example 7
End of Activity
Start of SAQ
Exercise 23

Start of Question
Find, in the form anzn + … + a1z + a0, a polynomial whose roots are 1, −2, 3i and −3i. 

End of Question
View answer - Exercise 23
End of SAQ
Earlier in this subsection we used de Moivre's Theorem to find roots of complex numbers. Another use of de Moivre's Theorem is to find further trigonometric identities similar to those given in OpenLearn course M208_4 Real functions and graphs. 

Start of SAQ
Exercise 24

Start of Question
Using de Moivre's Theorem, we have

Start of Figure
[image: image255.png](cos 8 +isind)” = cos38 +isin3d,




End of Figure
for all θ [image: image256.png]


[image: image257.png]


. 

· (a)  Expand the left-hand side of the above expression using the Binomial Theorem. Then express your answer in the form x + iy, where x and y are expressions involving cos θ and sin θ. 

· (b)  By equating real and imaginary parts, use your answer to part (a) to obtain formulas for cos 3θ and sin 3θ in terms of cos θ and sin θ. 

· (c)  Use your answer to part (b) and the identity cos2 θ + sin2 θ = 1 to obtain a formula for cos 3θ in terms of cos θ and a formula for sin 3θ in terms of sin θ. 

End of Question
View answer - Exercise 24
End of SAQ
The method of the solution to Exercise 24 generalises to produce formulas for cos nθ and sin nθ for all n [image: image258.png]
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. 

Start of SAQ
Exercise 25

Start of Question
· (a)  Use de Moivre's Theorem to obtain formulas for cos 5θ and sin 5θ in terms of cos θ and sin θ. 

· (b)  Use your answer to part (a) and the identity cos2 θ + sin2 θ = 1 to find a formula for cos 5θ in terms of cos θ and a formula for sin 5θ in terms of sin θ. 

End of Question
View answer - Exercise 25
End of SAQ
2.10 The complex exponential function

Consider the real exponential function f (x) = ex (that is, f (x) = exp x). We now extend the definition of this function to define a function f(z) = ez whose domain and codomain are [image: image260.png]


. 
We expect complex powers of e to satisfy the familiar properties of real powers of e. For example, we expect that 

Start of Figure
[image: image261.png]sAg?2
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End of Figure
If this is to be achieved, then the definition of ez has to be as follows. 

Start of Box
Definition

If z = x + iy, then ez = exeiy = ex(cos y + i sin y). 
End of Box
Start of Activity
Example 8

Start of Question
Show that

Start of Figure
[image: image262.png]afla?2 = aZ1t22




End of Figure
for all complex numbers z1 and z2. 

End of Question
View answer - Example 8
End of Activity
Start of SAQ
Exercise 26

Start of Question
· (a)  Using the above definition for ez and de Moivre's Theorem, show that 

· Start of Figure
[image: image263.png]for all zec,





End of Figure
· (b)  Show that ez1/ ez2 = ez1−z2, for all z1, z2 [image: image264.png]
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. 

End of Question
View answer - Exercise 26
End of SAQ
So the rules for multiplication and division of complex powers of e are exactly the same as those for real powers. Furthermore, when the exponent z is real, that is when z = x + 0i, where x [image: image266.png]
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, the definitions of a real and a complex power of e coincide, since 

Start of Figure
[image: image268.png]X HO
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End of Figure
On the other hand, if z = 0 + iy, where y [image: image269.png]
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, then the definition gives 

Start of Figure
[image: image271.png]cosy +isiny,




End of Figure
This is known as Euler's formula. Putting y = [image: image272.png]


, we obtain 

Start of Figure
[image: image273.png]e’ (cosm+isinm)
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End of Figure
or

Start of Figure
[image: image274.png]



End of Figure
This is a remarkable relationship between five important numbers: 0, 1, i, [image: image275.png]


 and e. 

The formula eiy = cos y + i sin y gives us an alternative form for the expression of a complex number in polar form. If 

Start of Figure
[image: image276.png]Xriy

{cos & +isind),




End of Figure
then we can write cos θ + i sin θ as eiθ, so 

Start of Figure
[image: image277.png]



End of Figure
Some texts refer to reiθ as polar form. 

A complex number expressed in this way is said to be in exponential form. Using this notation, de Moivre's Theorem becomes the simple result 

Start of Figure
[image: image278.png]for all e R and all n e,




End of Figure
We can use the complex exponential function to find some further useful trigonometric identities. At the end of Section 2.9 we showed how de Moivre's Theorem can be used to express the sine or cosine of a multiple of θ in terms of powers of sin θ and cos θ. Here we do the opposite, expressing a power of sin θ or cos θ as a combination of sines or cosines of multiples of θ. 

First, we deduce two useful equations. We know that, for all θ [image: image279.png]


[image: image280.png]


, 

Start of Figure
[image: image281.png]cocd+icingd = (2.6)




End of Figure
Also, since cos(−θ) + i sin(−θ)=cos θ − i sin θ, we have 

Start of Figure
[image: image282.png]cocd-jcingd = o (2.7)




End of Figure
Adding equations 2.6 and 2.7 gives

Start of Figure
[image: image283.png]@ + o7 (2.8)




End of Figure
and subtracting them gives

Start of Figure
[image: image284.png]Sicing = o (2.9)




End of Figure
Equations 2.8 and 2.9 enable us to express cos θ and sin θ as combinations of complex exponentials, and it is these equations we use to obtain the identities we are looking for. 

Start of Activity
Example 9

Start of Question
· (a)  Show that

· [image: image285.png]cost 9= L[ o e
L




. 

· (b)  Expand the expression (eiθ + e−iθ)4 using the Binomial Theorem, and hence show that 

· Start of Figure
[image: image286.png]0s? 6
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End of Figure
End of Question
View answer - Example 9
End of Activity
Start of SAQ
Exercise 27

Start of Question
· (a)  Show that

· [image: image287.png]


. 

· (b)  Expand (eiθ − e−iθ)5 using the Binomial Theorem, and hence show that 

· [image: image288.png]in® & = 2 (5in56 - 55in38 + 105in 8]



. 

End of Question
View answer - Exercise 27
End of SAQ
2.11 Further exercises

Start of SAQ
Exercise 28

Start of Question
Let z1 = 2 + 3i and z2 = 1 − 4i. Find z1 + z2, z1 − z2, z1z2, [image: image289.png]7



, [image: image290.png]


, z1/z2 and 1/z1. 

End of Question
View answer - Exercise 28
End of SAQ
Start of SAQ
Exercise 29

Start of Question
Draw a diagram showing each of the following complex numbers in the complex plane, and express them in polar form, using principal arguments. 

· (a)  [image: image291.png]


 − i
· (b)  −5i
· (c)  −2 − 2[image: image292.png]


i
End of Question
View answer - Exercise 29
End of SAQ
Start of SAQ
Exercise 30

Start of Question
Express each of the following complex numbers in Cartesian form.

· (a)   [image: image293.png]1 iant
2B [cos i eisinie
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· (b)   [image: image294.png]1 1
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· (c)   [image: image295.png]5 5
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End of Question
View answer - Exercise 30
End of SAQ
Start of SAQ
Exercise 31

Start of Question
Let z1 =[image: image296.png]


 − i, z2 = −5i and z3 = −2 −2[image: image297.png]


i. Use the solution to Exercise 29 to determine the following complex numbers in polar form in terms of the principal argument. 

· (a)  z1z2z3
· (b)   [image: image298.png]Z1Z2
Zs




End of Question
View answer - Exercise 31
End of SAQ
Start of SAQ
Exercise 32

Start of Question
Solve the equation z5 = −32, leaving your answers in polar form. 

End of Question
View answer - Exercise 32
End of SAQ
Start of SAQ
Exercise 33

Start of Question
Solve the equation z3 + z2 − z + 15 = 0, given that one solution is an integer. 

End of Question
View answer - Exercise 33
End of SAQ
Start of SAQ
Exercise 34

Start of Question
Determine a polynomial of degree 4 whose roots are 3, −2, 2 − i and 2 + i. 

End of Question
View answer - Exercise 34
End of SAQ
Start of SAQ
Exercise 35

Start of Question
Use de Moivre's Theorem to obtain formulas for cos 6θ and sin 6θ in terms of cos θ and sin θ. 

End of Question
View answer - Exercise 35
End of SAQ
Start of SAQ
Exercise 36

Start of Question
Use the definition of ez to express the following complex numbers in Cartesian form. 

· (a)  [image: image299.png]E ¥




· (b)  [image: image300.png]o3+ /4




· (c)   [image: image301.png]Sl




End of Question
View answer - Exercise 36
End of SAQ
3 Modular arithmetic

3.1 Division

In this section, instead of enlarging the number system [image: image302.png]


, we do arithmetic with finite sets of integers, namely the sets of possible remainders when we divide by particular positive integers. This type of arithmetic is important in number theory (the study of the integers) and in cryptography. It is used frequently in group theory. 
If we divide one positive integer by another we obtain a quotient and a remainder. For example, 29 divided by 4 gives quotient 7 and remainder 1 because 29 = 7 × 4 + 1. If we divide any positive integer by 4, the remainder will be one of the numbers 0, 1, 2, 3. 

This idea can be extended to the division of a negative integer by a positive integer. For example, −19 divided by 4 gives quotient −5 and remainder 1 because −19 = (−5) × 4 + 1. If we divide any negative integer by 4, the remainder is again one of the numbers 0, 1, 2, 3. 

This result can be generalised to the following theorem.

Start of Box
Theorem 4 Division Algorithm

Let a and n be integers, with n > 0. Then there are unique integers q and r such that [image: image303.png]s=gn+r, wtho<r <n




End of Box
Strictly speaking, this theorem is not an algorithm, but ‘division algorithm’ is the traditional name for it.

We say that dividing a by the divisor n gives quotient q and remainder r. 

We do not give a formal proof of Theorem 4, but it can be illustrated as follows. We mark integer multiples of n along the number line as shown in the diagram below, and then observe in which of the resulting intervals of length n the integer a lies. Suppose that a lies in the interval [qn, (q +1)n) 

so that qn ≤ a < (q + 1)n. 

[image: image304.jpg]



Then, if we let r = a − qn, we have a = qn + r and 0 ≤ r < n, which is the required result. 

Start of SAQ
Exercise 37

Start of Question
For each of the following integers a and n, find the quotient and remainder on division of a by n. 

· (a)  a = 65,   n =7 

· (b)  a = −256,   n =13 

End of Question
View answer - Exercise 37
End of SAQ
Start of SAQ
Exercise 38

Start of Question
· (a)  What are the possible remainders on division of an integer by 7?

· (b)  Find two positive and two negative integers all of which have remainder 3 on division by 7.

End of Question
View answer - Exercise 38
End of SAQ
3.2 Congruence

The Division Algorithm tells us that, when we divide any integer by a positive integer n, the set of possible remainders is {0, 1, 2, …, n − 1}. Integers which differ by a multiple of n have the same remainder on division by n and are, in this sense, ‘the same’ as each other. We now introduce some notation and terminology for this idea of ‘sameness’, which is known as congruence. 
Start of Box
Definitions

Let n be a positive integer. Two integers a and b are congruent modulo n if a − b is a multiple of n; that is, if a and b have the same remainder on division by n. 
In symbols we write

Start of Figure
[image: image305.png]3

b(mod n)




End of Figure
(We say ‘a is congruent to b modulo n’.) 

Such a statement is called a congruence, and n is called the modulus of the congruence. 

Note: This is a different meaning for the word ‘modulus’ from others you may have met. It is important to interpret technical terms according to their context. 

End of Box
Start of Activity
Example 10

Start of Question
· Which of the following congruences are true, and which are false?

· (a)  27 ≡ 5 (mod 11)

· (b)  14 ≡ −6 (mod 3)

· (c)  343 ≡ 207 (mod 68)

· (d)  1 ≡ −1 (mod 2)

End of Question
View answer - Example 10
End of Activity
Start of SAQ
Exercise 39

Start of Question
Find the remainder on division by 17 of each of the numbers 25, 53, −15, 3 and 127, and state any congruences modulo 17 that exist between these numbers. 

End of Question
View answer - Exercise 39
End of SAQ
We shall need to use some properties of congruences in the following sections, and we state these properties here.

Start of Box
Theorem 5 Properties of congruences

Let n and k be positive integers, and let a, b, c, d be integers. Then 
· (a)  a ≡ a (mod n); 

· (b)  if a ≡ b (mod n), then b ≡ a (mod n); 

· (c)  if a ≡ b (mod n) and b ≡ c (mod n), then a ≡ c (mod n); 

· (d)  if a ≡ b (mod n) and c ≡ d (mod n), then a + c ≡ b + d (mod n); 

· (e)  if a ≡ b (mod n) and c ≡ d (mod n), then ac ≡ bd (mod n); 

· (f)  if a ≡ b (mod n), then ak ≡ bk (mod n). 

Although this may seem a long list, these properties are quite simple.

End of Box
Proof
We prove properties (a)–(d) here and ask you to prove properties (e) and (f) in Exercise 40. 

· (a)  a − a = 0 = 0 × n, so a ≡ a (mod n). 

· (b)  Suppose that a ≡ b (mod n). Then a − b = kn for some integer k. 

·     Hence b − a = (−k)n, so b ≡ a (mod n). 

· (c)  Suppose that a ≡ b (mod n) and b ≡ c (mod n). Then a − b = kn and b − c = ln for some integers k and l. Hence 

· Start of Figure
[image: image306.png]kn+dn o= (k +n,




End of Figure
· so a ≡ c (mod n). 

· (d)  If a ≡ b (mod n) and c ≡ d (mod n), then a − b = kn and c − d = ln for some integers k and l. Hence a = b + kn and c = d + ln, so 

· Start of Figure
[image: image307.png]+kn+d+in=b+d+(k+{n




End of Figure
· Hence (a + c) − (b + d) = (k + l)n, so a + c ≡ b + d (mod n). 

Start of SAQ
Exercise 40

Start of Question
· (a)  Use a similar method to that used in part (d) of the above proof to prove property (e) of Theorem 5. 

· (b)  Use property (e) and mathematical induction to prove property (f) of Theorem 5. 

End of Question
View answer - Exercise 40
End of SAQ
The properties in Theorem 5 are particularly useful when finding the remainder of a large integer on division by another integer. 

Start of Activity
Example 11

Start of Question
· (a)  Find the remainders of both 2375 and 5421 on division by 22.

· (b)  Find the remainder of 2375 × 5421 on division by 22.

· (c)  Find the remainder of (2375)15 on division by 22. 

(2375)15 is too large to fit into the memory of most computers, so there is a real advantage in this method. 

End of Question
View answer - Example 11
End of Activity
3.3 Operations in modular arithmetic

The Division Algorithm tells us that all the possible remainders on division by an integer n lie in the set 
Start of Figure
[image: image308.png]



End of Figure
We denote this set by [image: image309.png]


n. For each integer n ≥ 2 we have a set [image: image310.png]


n, and it is on these sets that we perform modular arithmetic. The modular addition operations +n and modular multiplication operations ×n are defined as follows. 

Start of Box
Definitions

For any integer n ≥ 2, 
Start of Figure
[image: image311.png]



End of Figure
For a and b in [image: image312.png]


n, the operations +n and ×n are defined by: 

· a +n b is the remainder of a + b on division by n; 

· a ×n b is the remainder of a × b on division by n. 

The integer n is called the modulus for this arithmetic. 

Note: a +n b is read as a plus b (mod n), and may also be written a + b (mod n). Similarly, a ×n b is read as a times b (mod n) and may also be written as a × b (mod n). 

End of Box
For example, [image: image313.png]


7 = { 0,1,2,3,4,5,6} and we have 

Start of Figure
[image: image314.png]9,
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End of Figure
You have certainly met some modular arithmetic before, as the operations +12 and +24 are used in measuring time on 12-hour and 24-hour clocks, respectively. 

Start of SAQ
Exercise 41

Start of Question
Evaluate the following.

· (a)  3 +5 7,     4 +17 5,     8 +16 12. 

· (b)  3 ×5 7,     4 ×17 5,     8 ×16 12. 

End of Question
View answer - Exercise 41
End of SAQ
In Sections 1 and 2 we listed some properties satisfied by the real and complex numbers. We now investigate whether the sets [image: image315.png]


n satisfy similar properties. 

We also investigate what equations we can solve in [image: image316.png]


n; for example, can we solve the equations 

Start of Figure
[image: image317.png]X+93=2, XXg3=2, XXgX




End of Figure
These may look much simpler than the equations that we were trying to solve in [image: image318.png]


, but they pose interesting questions. We shall see that the answers may depend on the modulus that we are using. 

Before we discuss these questions further, we look at addition and multiplication tables, which provide a convenient way of studying addition and multiplication in [image: image319.png]


n. 

We consider addition first. Here are the addition tables for [image: image320.png]


4 and [image: image321.png]


7. 
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In order to evaluate 4 +7 2, say, we look in the row labelled 4 and the column labelled 2 in the second table to obtain the answer 6. 

Start of SAQ
Exercise 42

Start of Question
· (a)  Use the tables above to solve the following equations.

· (i)  x +4 3 = 2 

· (ii)  x +7 5 = 2 

· (iii)  x +4 2 = 0 

· (iv)  x +7 5 = 0 

· (b)  What patterns do you notice in the tables?

End of Question
View answer - Exercise 42
End of SAQ
Start of SAQ
Exercise 43

Start of Question
· (a)  Construct the addition table for [image: image323.png]


6. 

· (b)  Solve the equations x +6 1 = 5 and x +6 5 = 1. 

End of Question
View answer - Exercise 43
End of SAQ
For every integer n ≥ 2, the additive properties of [image: image324.png]


n are the same as the additive properties of [image: image325.png]


, as follows. 

Start of Figure
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End of Figure
Property A1 follows from the Division Algorithm and the definition of [image: image327.png]


n. The other properties can be deduced from the corresponding properties for integers. 

Start of SAQ
Exercise 44

Start of Question
By using the corresponding property for integers, prove property A5.

End of Question
View answer - Exercise 44
End of SAQ
If a, b [image: image328.png]


[image: image329.png]


n and a +n b = 0, then we say that b is the additive inverse of a in [image: image330.png]


n. For example, 4 and 5 belong to [image: image331.png]


9 and 4 +9 5 = 0, so 5 is the additive inverse of 4 in [image: image332.png]


9. Property A3 states that every element of [image: image333.png]


n has an additive inverse in [image: image334.png]


n. 

Additive inverses are sometimes written in the form −na; that is, if a +n b = 0, then we write b = −na. For example, 5 = −94. 

Start of SAQ
Exercise 45

Start of Question
· (a)  Use the addition table for [image: image335.png]


7 (which appear above Exercise 42) to complete the following table of additive inverses in [image: image336.png]


7. 

[image: image337.jpg]0123456




· (b)  Complete the following table of additive inverses in [image: image338.png]


n, explaining why your answers are correct. 

[image: image339.jpg]



End of Question
View answer - Exercise 45
End of SAQ
The existence of additive inverses means that, as well as doing addition modulo n, we can also do subtraction. We define a −n b or, equivalently, a − b (mod n), to be the remainder of a − b on division by n. 

(With this definition, a −n b is equal to a +n (−nb).) 

For example, to find 2 −8 7, we have 

Start of Figure
[image: image340.png]



End of Figure
Since 3 [image: image341.png]


[image: image342.png]


8, it follows that 

Start of Figure
[image: image343.png]



End of Figure
3.4 Modular multiplication

In the last subsection we stated that, for any integer n ≥ 2, the set [image: image344.png]


n satisfies the same rules for addition modulo n as the real numbers satisfy for ordinary addition. When it comes to multiplication in [image: image345.png]


n, most of the familiar rules for multiplication of the real numbers are true. In particular, the following properties hold. 
Start of Figure
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End of Figure
The following property also holds.

Start of Figure
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End of Figure
These properties can be proved in a similar way to the additive properties. You will notice that one property is missing from the list of multiplicative properties; namely, the multiplicative inverse property M3. 

We say that b is the multiplicative inverse of a in [image: image348.png]


n if a, b [image: image349.png]


[image: image350.png]


n and a ×n b = b ×n a = 1. These equations can also be written as ab ≡ ba ≡ 1 (mod n). We denote the multiplicative inverse b of a by a−1, when it exists, and it may be referred to as the multiplicative inverse of a modulo n. We now investigate the existence of multiplicative inverses. 

(For example, from the table for [image: image351.png]


7 below, 3 ×7 5 = 5 ×7 3 = 1, so 5 is the multiplicative inverse of 3 in [image: image352.png]


7.) 

Here are the multiplication tables for [image: image353.png]


4 and [image: image354.png]


7. 
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Start of SAQ
Exercise 46

Start of Question
· (a)  Use the tables above to answer the following.

· (i)  Which integers in [image: image356.png]


4 have multiplicative inverses? 

· (ii)  Find the multiplicative inverse of every integer in [image: image357.png]


7 except 0. 

· (b)  Construct a multiplication table for [image: image358.png]


10, and decide which integers in [image: image359.png]


10 have multiplicative inverses. 

End of Question
View answer - Exercise 46
End of SAQ
From the solution to Exercise 46, it is clear that, unlike [image: image360.png]


 and [image: image361.png]


, some systems [image: image362.png]


n contain non-zero elements that do not have a multiplicative inverse. The question of whether an element a [image: image363.png]


[image: image364.png]


n has a multiplicative inverse in [image: image365.png]


n is connected with the common factors of a and n. 

Start of Box
Definitions

Two positive integers a and b have a common factor c, where c is a positive integer, if a and b are both divisible by c. 
Two positive integers a and b are said to be coprime, or relatively prime, if their only common factor is 1. 

(The greatest common factor of a and b is the largest of their common factors.) 

End of Box
Later in this subsection we prove that an element a of [image: image366.png]


n has a multiplicative inverse in [image: image367.png]


n if and only if a and n are coprime. First we look at a method for finding multiplicative inverses where they exist. Although we can find such inverses by trial and error, or by writing out the multiplication table for [image: image368.png]


n, as n becomes larger the method illustrated in the following example becomes more efficient. It is known as Euclid's Algorithm, and was described in Euclid's Elements, which dates from around 300 BC. (Euclid did not express the algorithm in this form, however.) 

Start of Activity
Example 12

Start of Question
Find the multiplicative inverse of 10 in [image: image369.png]


27. 

End of Question
View answer - Example 12
End of Activity
Start of SAQ
Exercise 47

Start of Question
Use Euclid's Algorithm to find

· (a)  the multiplicative inverse of 7 in [image: image370.png]


16; 

· (b)  the multiplicative inverse of 8 in [image: image371.png]


51. 

End of Question
View answer - Exercise 47
End of SAQ
We now use Euclid's Algorithm to prove our main result.

Start of Box
Theorem 6

Let n and a be positive integers, with a in [image: image372.png]


n. Then a has a multiplicative inverse in [image: image373.png]


n if and only if a and n are coprime. 
End of Box
Proof
First we prove the ‘if’ part; that is, a has a multiplicative inverse in [image: image374.png]


n if a and n are coprime. 

We use Euclid's Algorithm repeatedly and show that, if a and n are coprime, then the final remainder before we reach 0 must be 1. 

Let

Start of Figure
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End of Figure
Since the remainders decrease by at least 1 with each step, they must eventually reach 0.

The final equation shows that rm is a factor of rm−1, and thus the penultimate equation shows that rm is a factor of rm−2, and so on. Continuing in this way, we find that rm is a factor of all the remainders, and so of both a and n. Since a and n were assumed to be coprime, we deduce that rm = 1. 

Therefore we have, from the penultimate equation,

Start of Figure
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End of Figure
and, by successively substituting for the remainders, we find that there are integers k and d such that 1 = kn + da. Hence da = −kn + 1, so d ×n a = 1. 

It is possible that d does not belong to [image: image377.png]


n, but in that case d ≡ b for some b [image: image378.png]


[image: image379.png]


n, where b ≠ 0, so we also have b ×n a = 1. 

Hence a has a multiplicative inverse b in [image: image380.png]


n; we write b = a−1 (mod n). 

Now we prove the ‘only if ’ part; that is, a has a multiplicative inverse in [image: image381.png]


n only if a and n are coprime. 

Suppose that a has a multiplicative inverse in [image: image382.png]


n; that is, there is a number b such that b ×n a = 1. Then ba = kn + 1 for some integer k, so ba − kn = 1. 

If a and n have a common factor c, say, then c is a factor of ba − kn and hence of 1. Therefore c can only be 1, so a and n are coprime. 

Theorem 6 gives us an important corollary in the case when the modulus n is a prime number. 

Start of Box
Corollary

Let p be a prime number. Then every non-zero element in [image: image383.png]


p has a multiplicative inverse in [image: image384.png]


p. 
End of Box
Proof
If p is prime, then every non-zero element in [image: image385.png]


p is coprime with p, and so has a multiplicative inverse in [image: image386.png]


p by Theorem 6. 

It follows that if we take multiplication in [image: image387.png]


p, where p is prime, then we can add the following property to the list of properties for multiplication in [image: image388.png]


n: 

· M3.  If a [image: image389.png]


[image: image390.png]


p, and a ≠ 0, then a has a multiplicative inverse a−1 [image: image391.png]


[image: image392.png]


p
· such that a ×p a−1 = a−1 ×p a = 1. 

But this property does not hold for [image: image393.png]


n if n is not prime, as in that case some elements a [image: image394.png]


[image: image395.png]


n do not have multiplicative inverses. 

We now return briefly to the question of whether we can solve equations in modular arithmetic. We begin by considering linear equations, that is, equations of the form 

Start of Figure
[image: image396.png]



End of Figure
where a, c [image: image397.png]


[image: image398.png]


n. We seek all solutions x [image: image399.png]


[image: image400.png]


n. 

First we consider the case where a and n are coprime. In this case, by Theorem 6, a has a multiplicative inverse a−1 and we can solve Equation 3.3 by multiplying both sides by this inverse. 

Start of Activity
Example 13

Start of Question
Solve the equation 10 ×27 x = 14. 

End of Question
View answer - Example 13
End of Activity
In general, by an argument similar to that of Example 13, if a and n are coprime, then Equation 3.3 has the unique solution x = a−1 ×n c. 

(In particular, if a and n are coprime, then Equation 3.3 has a solution for every c [image: image401.png]


[image: image402.png]


n, so every element of [image: image403.png]


n appears in the row labelled a of the multiplication table for [image: image404.png]


n.) 

Start of SAQ
Exercise 48

Start of Question
Use the method of Example 13 and the solution to Exercise 47 to solve the following equations. 

· (a)  7 ×16 x = 3 

· (b)  8 ×51 x = 19 

End of Question
View answer - Exercise 48
End of SAQ
To use the method of Example 13, first we need to find the multiplicative inverse in [image: image405.png]


n of the coefficient a of x. If we have not already found this inverse (for example, by using Euclid's Algorithm), and the modulus n is fairly small, then the quickest way to solve the equation may be just to try different values of x. We know that there is a unique solution, so we can stop trying values once we have found a solution. Sometimes a solution can be spotted by using conguences. 

Start of Activity
Example 14

Start of Question
Solve the equation 5 ×12 x =7. 

End of Question
View answer - Example 14
End of Activity
Now consider Equation 3.3 in the case where a and n are not coprime: suppose that a and n have a common factor d ≥ 2. Then Equation 3.3 has a solution only if d is also a factor of c. To see this, notice that Equation 3.3 is equivalent to 

Start of Figure
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End of Figure
(Thus if a and n have a common factor d ≥ 2, then all the elements in the row labelled a of the multiplication table for [image: image407.png]


n have common factor d.) 

If there exists an integer solution x = b of this equation, then 

Start of Figure
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End of Figure
and, since d is a factor of both a and n, it follows that d is a factor of c. 

If a, n and c have a common factor d ≥ 2, then Equation 3.3 has more than one solution. In fact, although we do not prove it here, if d is the greatest common factor of a, n and c, then Equation 3.3 has d solutions, given by 

Start of Figure
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End of Figure
where x = b is the smallest solution. That is, we add multiples of n/d to the smallest solution. 

Note: You can prove that these are solutions by using substitution. For example, x = b + n/d is a solution because 

Start of Figure
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End of Figure
where the last but one line follows because x = b is a solution and a/d [image: image411.png]


[image: image412.png]


n. 

There is a method for finding the smallest solution which is similar to the method used in Example 13 for the case where a and n are coprime, but we do not cover it in this course. If n is fairly small, then we can find the smallest solution by trying values. Alternatively, it may be possible to spot a solution, but as this may not be the smallest solution, we may need to subtract multiples of n/d as well as, or instead of, adding them. 

Start of Activity
Example 15

Start of Question
Solve each of the following equations.

· (a)  4 ×12 x = 6 

· (b)  4 ×12 x = 8 

End of Question
View answer - Example 15
End of Activity
Start of SAQ
Exercise 49

Start of Question
Find all the solutions of the following equations.

· (a)  In [image: image413.png]


12: 3 ×12 x = 6,   8 ×12 x = 7,   5 ×12 x = 2. 

· (b)  In [image: image414.png]


16: 4 ×16 x = 12,   3 ×16 x = 13,   8 ×16 x = 2. 

End of Question
View answer - Exercise 49
End of SAQ
Near the beginning of Section 3.3 we posed the question: can we solve the equation x ×9 x = 2? That is, is there an element of [image: image415.png]


9 whose square 2? 

Start of Activity
Example 16

Start of Question
Show that there is no element of [image: image416.png]


9 whose square is 2. 

End of Question
View answer - Example 16
End of Activity
Start of SAQ
Exercise 50

Start of Question
· (a)  Find all the solutions of the equation x ×8 x = 4. 

· (b)  Find all the values of c in [image: image417.png]


8 for which it is possible to solve the equation x ×8 x = c. 

End of Question
View answer - Exercise 50
End of SAQ
In general, the solution of quadratic equations in modular arithmetic is more complicated than that of linear equations. You will study this topic further if you take a course in number theory. 

3.5 Further exercises

Start of SAQ
Exercise 51

Start of Question
Evaluate the following sums and products in modular arithmetic.

· (a)  21 +26 15,     21 ×26 15. 

· (b)  19 +33 14,     19 ×33 14. 

End of Question
View answer - Exercise 51
End of SAQ
Start of SAQ
Exercise 52

Start of Question
Use Euclid's Algorithm to find:

· (a)  the multiplicative inverse of 8 in [image: image418.png]


21; 

· (b)  the multiplicative inverse of 19 in [image: image419.png]


33. 

End of Question
View answer - Exercise 52
End of SAQ
Start of SAQ
Exercise 53

Start of Question
Construct the multiplication table for [image: image420.png]


11, and hence find the multiplicative inverse of every non-zero element in [image: image421.png]


11. 

End of Question
View answer - Exercise 53
End of SAQ
Start of SAQ
Exercise 54

Start of Question
Use the solution to Exercise 52 to solve the following equations. 

· (a)  8 ×21 x = 13 

· (b)  19 ×33 x = 15 

End of Question
View answer - Exercise 54
End of SAQ
Start of SAQ
Exercise 55

Start of Question
Find all the solutions of the following equations.

· (a)  In [image: image422.png]


8: 3 ×8 x = 7,      4 ×8 x = 7,    4 ×8 x = 4. 

· (b)  In [image: image423.png]


15: 3 ×15 x = 6,    4 ×15 x = 3,    5 ×15 x = 2. 

End of Question
View answer - Exercise 55
End of SAQ
Start of SAQ
Exercise 56

Start of Question
· (a)  Show that the equation x ×12 x = 7 has no solutions. 

· (b)  Find all the solutions of x ×12 x = 4. 

End of Question
View answer - Exercise 56
End of SAQ
4 Equivalence relations

4.1 What is a relation?

In this final section we look at a method of classifying the elements of a set by sorting them into subsets. We shall require that the set is sorted into disjoint subsets – so each element of the set belongs to exactly one subset. Such a classification is known as a partition of a set. In order to achieve a partition, we need to have a method which enables us to decide whether or not one element belongs to the same subset as another. We look first at the general idea of a relation, and then at the particular properties needed by a relation in order to partition a set. A relation which satisfies these special properties is known as an equivalence relation, and the subsets into which the set is partitioned are called equivalence classes. 
[image: image424.jpg]QD




Equivalence relations occur in all branches of mathematics. For example, in geometry, two possible relations between the set of all triangles in the plane are is congruent to and is similar to. These are both equivalence relations: the relation is congruent to partitions the set of triangles into classes such that all the triangles within each class are congruent to each other, whereas is similar to partitions the set into classes of similar triangles. These partitions are different: triangles of the same shape but different sizes are similar to, but not congruent to, each other. 

Equivalence relations are not confined to sets of mathematical objects. For example, relations between people such as is the same height as and has the same birthday as are equivalence relations. 

Relations

We shall use the symbol [image: image425.png]


 (known as tilde or twiddle) to represent a relation between two elements of a set. 
Some texts use ρ, rather than [image: image426.png]


, for an arbitrary relation. Certain relations have special symbols; for example, 

· < means is less than, 

· = means is equal to. 

Start of Box
Definition

We say that [image: image427.png]


 is a relation on a set X if, whenever x, y [image: image428.png]


X, the statement x [image: image429.png]


y is either true or false. 
· If x [image: image430.png]


y is true, then x is related to y. 

· If x [image: image431.png]


y is false, then x is not related to y and we write x [image: image432.png]


y. 

End of Box
The statement x [image: image433.png]


y can be read as ‘x is related to y’ or ‘x twiddles y’. 

Examples

· 1.   The condition ‘is equal to’ is a relation on any set of real numbers because, for any x, y in the set, the statement ‘x is equal to y’ is either definitely true or definitely false. This relation is usually denoted by the symbol =. For this relation, each real number in the set is related only to itself! 
· 2.   The condition ‘is less than’ is a relation on any set of real numbers, and we usually denote it by the symbol <. For example, −2 < 1, but 1 [image: image434.png]


 −2 and 3 [image: image435.png]


 3. 

· 3.   The condition ‘is the derivative of’ is a relation on any set of functions. We can define

· Start of Figure
[image: image436.png]7 ~f ifqgis the derivative of £,




End of Figure
· For example, let f(x) = x3, g(x) = 3x2 and h(x) = 2ex. Then g [image: image437.png]


f because g is the derivative of f, and h [image: image438.png]


h because h is the derivative of h, but f [image: image439.png]


g because f is not the derivative of g. 

· 4.   On [image: image440.png]


, we can define a relation 

· Start of Figure
[image: image441.png]z) ~ Zy if |27y - 25| ¢ 4




End of Figure
· that is, z1 is related to z2 if the distance between z1 and z2 in the complex plane is less than or equal to 4. For example, 1 + i [image: image442.png]


 2 − i because 

· Start of Figure
[image: image443.png](1+i)-(2-0)=|-1+2i|=5 < 4




End of Figure
· but 1 + i [image: image444.png]


 3+ 5i because 

· Start of Figure
[image: image445.png](1+4)-(3+5i)|=|-2-4i|=A20>4




End of Figure
4.2 Equivalence relations

Our formal definition of an equivalence relation involves three key properties. A relation that has these three properties partitions the set on which the relation is defined, as we show later in this subsection. 
Start of Figure
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End of Figure
The reflexive, symmetric and transitive properties are independent, in the sense that relations exist with every combination of these properties. (However, relations which are symmetric and transitive but not reflexive are usually somewhat contrived.) 

If a relation [image: image447.png]


 is symmetric, then ‘x is related to y’ means the same as ‘y is related to x’, and we can use either phrase, or simply say ‘x and y are related’; we can write either x [image: image448.png]


y or y [image: image449.png]


x. 

We now consider the examples in the previous subsection to see whether they satisfy any or all of the three properties.

Examples

· 1.    The relation ‘is equal to’ on [image: image450.png]


 is reflexive, symmetric and transitive. 
· It is reflexive since, for all x [image: image451.png]


[image: image452.png]


, x = x. 

· It is symmetric since, for all x, y [image: image453.png]


[image: image454.png]


, if x = y, then y = x. 

· It is transitive since, for all x, y, z [image: image455.png]


[image: image456.png]


, if x = y and y = z, then x = z. 

· Hence this relation is an equivalence relation.

· 2.    The relation ‘is less than’ on [image: image457.png]


 is neither reflexive (since it is not true that x < x for all x [image: image458.png]


[image: image459.png]


) nor symmetric (since, if x < y, then it does not follow that y < x), but it is transitive, since, if x < y and y < z, then x < z. 

· 3.    The relation ‘is the derivative of ’ on a set of functions has none of the reflexive, symmetric and transitive properties.

· 4.    The relation defined on [image: image460.png]


 by 

· Start of Figure
[image: image461.png]z) -z, if |2y —z,] < 4




End of Figure
· is reflexive, since |z − z| = 0 ≤ 4 for all z [image: image462.png]


[image: image463.png]


. It is also symmetric, since, if |z1 − z2| ≤ 4, then |z2 − z1| = |z1 − z2| ≤ 4. However, it is not transitive. The counter-example z1 = 0, z2 = 4, z3 = 4 + i shows that property E3 fails: 

· Start of Figure
[image: image464.png]|71 -z2|=p-4=4<4 s0z ~zp,
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End of Figure
So only the first of the four examples above is an equivalence relation.

Start of Activity
Example 17

Start of Question
Prove that the relation defined on [image: image465.png]


 by 

Start of Figure
[image: image466.png]7z, ~ Zy if |zy| = |25




End of Figure
is an equivalence relation on [image: image467.png]


. 

End of Question
View answer - Example 17
End of Activity
Start of SAQ
Exercise 57

Start of Question
For each set A and given relation, decide whether the relation [image: image468.png]


 has the reflexive, symmetric and transitive properties, and thus whether it is an equivalence relation. For each property, either prove that it holds or give a counter-example to show that it does not hold. 

· (a)  A = [image: image469.png]


; x [image: image470.png]


y if x − y is odd. 

· (b)  A = [image: image471.png]


; x [image: image472.png]


y if x − y is even. 

· (c)  A is the set of all lines in the plane; ℓ1 [image: image473.png]


 ℓ2 if the lines ℓ1 and ℓ2 are parallel. (Take the definition of parallel to be ‘in the same direction as’.) 

· (d)  A = [image: image474.png]


; z1 [image: image475.png]


z2 if z1 − z2 is real. 

End of Question
View answer - Exercise 57
End of SAQ
At the beginning of this section we stated that we were looking at a method of classifying objects in a set by partitioning them. 

Start of Box
Definition

A collection of non-empty subsets of a set is a partition of the set if every two subsets in the collection are disjoint and the union of all the subsets in the collection is the whole set. 
(Two sets are disjoint if they have no elements in common.) 

End of Box
We now show why an equivalence relation partitions the set on which the relation is defined. First we need another definition.

Start of Box
Definition

Let [image: image476.png]


 be an equivalence relation defined on a set X; then the equivalence class of x [image: image477.png]


 X, denoted by [image: image478.png]


x[image: image479.png]


, is the set 
Start of Figure
[image: image480.png][x]={yvex ix-y}




End of Figure
Thus [image: image481.png]


x[image: image482.png]


 is the set of all elements in X related to x. 

End of Box
Start of Activity
Example 18

Start of Question
Find the equivalence classes for the following equivalence relations:

· (a)  ‘is equal to’ on a set of real numbers;

· (b)  the relation of Example 17: z1 [image: image483.png]


z2 if |z1| = |z2|, on the set [image: image484.png]


. 

End of Question
View answer - Example 18
End of Activity
Start of Box
Theorem 7

The equivalence classes associated with an equivalence relation on a set X have the following properties. 
· (a)  Each x [image: image485.png]


X is in an equivalence class. 

· (b)  For all x, y [image: image486.png]


X, the equivalence classes [image: image487.png]


x[image: image488.png]


 and [image: image489.png]


﻿y﻿[image: image490.png]


 are either equal or disjoint. 

· (Equivalence classes (being sets) are equal if they have exactly the same elements.)

Thus the equivalence classes form a partition of X. 

End of Box
Proof
Let [image: image491.png]


 be an equivalence relation on a set X. 

· (a)  Let x [image: image492.png]


X. The relation [image: image493.png]


 is reflexive, so x [image: image494.png]


x, and hence x belongs to the equivalence class [image: image495.png]


x[image: image496.png]


. 

· (b)  Let [image: image497.png]


x[image: image498.png]


 and [image: image499.png]


y[image: image500.png]


 be equivalence classes with at least one element a in common. 

· Then, since [image: image501.png]


x[image: image502.png]


 and [image: image503.png]


y[image: image504.png]


 are not disjoint, we have to prove that they are equal. 

· First we show that [image: image505.png]


x[image: image506.png]


 [image: image507.png]


[image: image508.png]


y[image: image509.png]


. Suppose that b [image: image510.png]


[image: image511.png]


x[image: image512.png]


; we have to show that b [image: image513.png]


[image: image514.png]


y[image: image515.png]


. 

· Since a [image: image516.png]


[image: image517.png]


y[image: image518.png]


, a [image: image519.png]


[image: image520.png]


x[image: image521.png]


 and b [image: image522.png]


[image: image523.png]


x[image: image524.png]


, we have 

· Start of Figure
[image: image525.png]~a,
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End of Figure
· respectively. (By definition, a [image: image526.png]


[image: image527.png]


x[image: image528.png]


 implies that x [image: image529.png]


a, but since [image: image530.png]


 is symmetric, this means the same as a [image: image531.png]


x.) 

· Since [image: image532.png]


 is transitive, the first two statements of statements (4.1) together imply that y [image: image533.png]


x, and this, together with the third statement of statements (4.1), implies that y [image: image534.png]


b. Hence b [image: image535.png]


[image: image536.png]


y[image: image537.png]


. 

· This shows that [image: image538.png]


x[image: image539.png]


 [image: image540.png]


[image: image541.png]


y[image: image542.png]


. We can show similarly that [image: image543.png]


y[image: image544.png]


 [image: image545.png]


[image: image546.png]


x[image: image547.png]


 (we interchange the roles of x and y in the proof that [image: image548.png]


x[image: image549.png]


 [image: image550.png]


[image: image551.png]


y[image: image552.png]


). 

· Hence [image: image553.png]


x[image: image554.png]


 = [image: image555.png]


y[image: image556.png]


. 

As an illustration of Theorem 7, consider the equivalence relation in Example 18(b). We saw that the equivalence classes of this relation are of the form 

Start of Figure
[image: image557.png]zeC: 2|




End of Figure
where r [image: image558.png]


[image: image559.png]


. That is, this relation partitions the complex plane into concentric circles with centre the origin. 

(Here we think of the class containing the origin alone as a circle of radius 0.)

It follows from Theorem 7 that if two elements x and y are related by an equivalence relation, then [image: image560.png]


x[image: image561.png]


 = [image: image562.png]


y[image: image563.png]


. Thus, in general, there is more than one way to denote each equivalence class using the notation [image: image564.png]


[image: image565.png]


: a class can be denoted by [image: image566.png]


x[image: image567.png]


 where x is any one of its elements. It is sometimes useful to choose a particular element x in each equivalence class and denote the class by [image: image568.png]


x[image: image569.png]


. The element x that we choose is called a representative of the class. 

For example,

Start of Figure
[image: image570.png](zeC: |z| = 4]




End of Figure
is one of the equivalence classes of the equivalence relation in Example 18(b). This class contains 4, −4i and 2[image: image571.png]


 + 2[image: image572.png]


i, for example, so we could denote it by any of [image: image573.png]


4[image: image574.png]


, [image: image575.png]


−4i[image: image576.png]


 or [image: image577.png]


2[image: image578.png]


+2[image: image579.png]


i[image: image580.png]


. We might decide to choose the representative 4 and denote the class by [image: image581.png]


4[image: image582.png]


. In general, the equivalence class 

Start of Figure
[image: image583.png]zeC: 2|




End of Figure
Start of SAQ
Exercise 58

Start of Question
Determine the equivalence classes for the equivalence relations in Exercise 57(b), (c) and (d). 

End of Question
View answer - Exercise 58
End of SAQ
The solutions to Exercise 57(b) and Exercise 58 show that the relation on [image: image584.png]


 given by 

Start of Figure
[image: image585.png]¥ ~ v ifx -y iseven




End of Figure
is an equivalence relation, with equivalence classes

Start of Figure
[image: image586.png]



End of Figure
and

Start of Figure
[image: image587.png]



End of Figure
that is, the even integers form one class and the odd integers the other. You have already met this idea in Section 3: the relation ‘x [image: image588.png]


y if x − y is even’ is congruence modulo 2. 

For any n, congruence modulo n on [image: image589.png]


, given by 

Start of Figure
[image: image590.png]3 ~bifa=zbimodn),




End of Figure
is an equivalence relation; the first three properties given in Theorem 5 are the reflexive, symmetric and transitive properties. The equivalence classes for this relation are the sets 

Start of Figure
[image: image591.png][0]={...-2n,-n,0,n,2n,..},
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End of Figure
The representatives that we have used to denote the classes are 0, 1, 2, …, n − 1, which are the elements of [image: image592.png]


n. Thus [image: image593.png]


n is a set of representatives of the equivalence classes of congruence modulo n; that is, each equivalence class has exactly one representative in the set [image: image594.png]


n. The definitions of the modular operations +n and ×n can be rephrased using the idea of equivalence classes as follows: for all a, b [image: image595.png]


[image: image596.png]


n, 

Start of Figure
[image: image597.png]2+, b is the integer in £, that lies in the class [a+ 5],
2% b is the integer in @, that lies in the class [ax5]




End of Figure
For example, in [image: image598.png]


5, 

Start of Figure
[image: image599.png]3+c 4





End of Figure
because 3 + 4 = 7 and the equivalence class [image: image600.png]


7[image: image601.png]


 of congruence modulo 5 contains the element 2 of [image: image602.png]


5. 

So far, we have taken congruences only on [image: image603.png]


, but it is possible to take congruences also on [image: image604.png]


, and the modulus does not need to be an integer. 

Start of Activity
Example 19

Start of Question
Show that the relation defined on [image: image605.png]


 by 

Start of Figure
[image: image606.png]o~y ifx -y

wn, where n is an integer,




End of Figure
is an equivalence relation, and describe the equivalence classes.

End of Question
View answer - Example 19
End of Activity
The equivalence relation in Example 19 is congruence modulo 2[image: image607.png]


. For example, 

Start of Figure
[image: image608.png]S .1
w~
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End of Figure
and we write

Start of Figure
[image: image609.png]



End of Figure
because

Start of Figure
[image: image610.png]1
x-Lr=2x2m
5




End of Figure
We have seen that congruence modulo n on [image: image611.png]


 corresponds to modular arithmetic on [image: image612.png]


n, which is a set of representatives of the equivalence classes of congruence modulo n. In a similar way, congruence modulo 2[image: image613.png]


 on [image: image614.png]


 corresponds to modular arithmetic on a set of representatives of the equivalence classes of congruence modulo 2[image: image615.png]


. A suitable set of representatives is the interval (−[image: image616.png]


, [image: image617.png]


], since every equivalence class has exactly one representative in this interval. (Other intervals can be used, for example [0, 2[image: image618.png]


), but (−[image: image619.png]


, [image: image620.png]


] is useful as it corresponds to our definition of the principal argument of a complex number.) We define modular operations [image: image621.png]oy



 and [image: image622.png]oy



 on the interval (−[image: image623.png]


, [image: image624.png]


] as follows: for all x, y [image: image625.png]


 (−[image: image626.png]


, [image: image627.png]


], 

Start of Figure
[image: image628.png]% +2ny is the real number in (-, 7] that lies in the class [x +y],

¥ %oq v is the real number in {-m, 7] that lies in the class [xy]




End of Figure
For example,

Start of Figure
[image: image629.png].
B
Ton s z




End of Figure
( [image: image630.png]


 and [image: image631.png]


 contains [image: image632.png]


) . 

This is effectively what we do when we take the principal argument of a complex number arising from some calculation. 

Arithmetic modulo 2[image: image633.png]


 on the interval (−[image: image634.png]


, [image: image635.png]


] gives us a concise way to express some results about complex numbers. For example, we saw earlier that, if z1 and z2 are any two complex numbers, then Arg z1 + Arg z2 is an argument of z1z2, but is not necessarily the principal argument. The principal argument is Arg z1[image: image636.png]oy



 Arg z2, so we can now state that 

Start of Figure
[image: image637.png]brg(zy 2z,

ArQzy +op Argz,.




End of Figure
(Recall that Arg z denotes the principal argument of z.) 

4.3 Further exercises

Start of SAQ
Exercise 59

Start of Question
Let [image: image638.png]


 be the relation defined on [image: image639.png]


 by 

Start of Figure
[image: image640.png]¥ ~ v if 2x -y is divisible by 7.




End of Figure
Give counter-examples to show that [image: image641.png]


 is not reflexive, symmetric or transitive. 

End of Question
View answer - Exercise 59
End of SAQ
Start of SAQ
Exercise 60

Start of Question
Let A be the set of all functions with domain and codomain [image: image642.png]


, and let [image: image643.png]


 be the relation defined on A by 

Start of Figure
[image: image644.png]f~g iff(0)=g(0)




End of Figure
Show that this is an equivalence relation and describe the equivalence classes.

End of Question
View answer - Exercise 60
End of SAQ
Start of SAQ
Exercise 61

Start of Question
Let [image: image645.png]


 be the relation defined on [image: image646.png]


 by 

Start of Figure
[image: image647.png]z) ~ Zy  ifxy - xg




End of Figure
where

Start of Figure
[image: image648.png]= X5+,
Zy T Xy *IVWy, Zo T X5




End of Figure
Show that this is an equivalence relation and describe the equivalence classes.

End of Question
View answer - Exercise 61
End of SAQ
Conclusion

This free course provided an introduction to studying Mathematics. It took you through a series of exercises designed to develop your approach to study and learning at a distance and helped to improve your confidence as an independent learner. 
Keep on learning

Start of Figure
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End of Figure
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Exercise 1

Answer

Solution

Suppose that there exists a rational number x such that x3 = 2. We can write x = p/q, where p and q are positive integers whose greatest common factor is 1. Then the equation x3 = 2 becomes 
Start of Figure
[image: image650.png]



End of Figure
Now the cube of an odd number is odd because

Start of Figure
[image: image651.png]1
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End of Figure
so p must be even. If we write p = 2r, then our equation becomes 

Start of Figure
[image: image652.png]2r)® = 263





End of Figure
so we have

Start of Figure
[image: image653.png]



End of Figure
Hence q is also even, so 2 is a common factor of p and q. This contradiction shows that such a number x cannot exist. 

Back to - Exercise 1
Exercise 2

Answer

Solution

· (a)  There is no integer 2−1 such that 2 × 2−1 = 2−1 × 2 = 1, for example. 
· (b)  The numbers 1 and − 1 both have a multiplicative inverse in [image: image654.png]


. In each case the number is its own inverse; such a number is sometimes described as being self-inverse. 

Back to - Exercise 2
Exercise 3

Answer

Solution

· (a)  This equation has two solutions in [image: image655.png]


. 
· Start of Figure
[image: image656.png]



End of Figure
· (b)  This equation has one solution in [image: image657.png]


. 

· Start of Figure
[image: image658.png]x? +6x 49

o (xr3f=





End of Figure
· (c)  This equation has two solutions in [image: image659.png]


. 

· Start of Figure
[image: image660.png]2x% +5x =30
o (2x-1)(x+ 3= 0

1
sx=lorx=-3
5




End of Figure
· (d)  This equation has two solutions in [image: image661.png]


. 

· Start of Figure
[image: image662.png]



End of Figure
· (e)  Since 4 − 20 = −16, which is negative, this equation has no solutions in [image: image663.png]


. 

· Start of Figure
[image: image664.png]



End of Figure
Back to - Exercise 3
Exercise 4

Answer

Solution

· (a)  x = −2, which belongs to [image: image665.png]


 (and hence to [image: image666.png]


 and [image: image667.png]


). 
· (b)   [image: image668.png]


, which belongs to [image: image669.png]


. 

· (c)  x = 3, which belongs to [image: image670.png]


 (and hence to [image: image671.png]


, [image: image672.png]


 and [image: image673.png]


). 

· (d)   [image: image674.png]


, which belongs to [image: image675.png]


 (and hence to [image: image676.png]


). 

Remark Each linear equation with coefficients in [image: image677.png]


 has a solution in [image: image678.png]


 (because the equation ax + b = 0 where a, b [image: image679.png]


[image: image680.png]


 and a ≠ 0 has solution x = − b/a, which involves only additive inverses and division of rational numbers). Similarly each linear equation with coefficients in [image: image681.png]


 has a solution in [image: image682.png]


. The same is not true of [image: image683.png]


, as part (d) illustrates. 

Back to - Exercise 4
Exercise 5

Answer

Solution

Suppose there is a rational number x such that x2 = 3. Then we can write x = p/q, where p and q are positive integers whose greatest common factor is 1. 
Then the equation x2 = 3 becomes 

Start of Figure
[image: image684.png]



End of Figure
Now p is either divisible by 3 or has remainder 1 or 2 on division by 3; 

that is, p = 3k or 3k + 1 or 3k + 2 for some integer k. 

But if p = 3k + 1, then p2 = 9k2 + 6k + 1 is not divisible by 3, and if p = 3k + 2, then 

Start of Figure
[image: image685.png]Z = ok? + 12k + 4=3[3k7 + 4k + 1]+ 1





End of Figure
is not divisible by 3. So, since 3q2 is divisible by 3, we conclude that p = 3k. 

Hence (3k)2 = 3q2, so q2 = 3k2. 

But then the same argument applies to q to show that q must also be divisible by 3. 

Hence 3 is a common factor of p and q. 

This is a contradiction, so we conclude that the assumption must have been false. Hence there is no rational number x such that x2 = 3. 

Back to - Exercise 5
Exercise 6

Answer

Solution

· (a)  The equation z2 − 4z + 7 = 0 has solutions 
· Start of Figure
[image: image686.png]



End of Figure
· that is, z = 2 + i[image: image687.png]


and z = 2 − ii[image: image688.png]


. 

· (b)  The equation z2− iz + 2 = 0 has solutions 

· Start of Figure
[image: image689.png]



End of Figure
· that is, z = 2i and z = − i. 

· (c)  We can factorise the equation

· Start of Figure
[image: image690.png]



End of Figure
· as

· Start of Figure
[image: image691.png](z-1)(z%-2z+2]=0




End of Figure
· Hence z = 1 or [image: image692.png]


, 

· so the solutions are z = 1, z = 1 + i and z = 1 − i. 

· (d)  z4− 16 = 0 can be factorised as 

· Start of Figure
[image: image693.png]



End of Figure
· giving z2 = 4 or z2 = −4. 

· Hence z = 2 or z = −2 or z =2i or z = −2i. 

Back to - Exercise 6
Exercise 7

Answer

Solution

[image: image694.jpg]



Back to - Exercise 7
Example 1

Answer

Solution

Using the usual rules of arithmetic, with the additional property that i2 = −1, we obtain the following. 
· (a)  z1 + z2 = (1 + 2i) + (3 − 4i) = (1 + 3) + (2 − 4)i = 4 − 2i
· (b)  z1 − z2 = (1 + 2i) − (3 − 4i) = (1 − 3) + (2 + 4)i = − 2 + 6i
· (c)  z1z2 = (1 + 2i)(3 − 4i) = 3 + 6i − 4i − 8i2 = 3 + 2i + 8 = 11+ 2i
· (d)   [image: image695.png]wh

1+2)(1+2

2/ +2i + 4%
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Back to - Example 1
Exercise 8

Answer

Solution

· (a)  (3 − 5i) + (2 + 4i) = 5 − i
· (b)  (2 − 3i)(−3 + 2i) = −6 + 9i + 4i − 6i2 = 13i
· (c)  

· Start of Figure
[image: image696.png](5+3i) = (5 +30)(5 +3i)
25+ 15 + 15/ + 9i°
Y6 e an




End of Figure
· (d)  We find

· Start of Figure
[image: image697.png](1+0)(7+2])=7+7 +2i +2i% =5 +9j,





End of Figure
· so

· Start of Figure
[image: image698.png][L+i)(7+2)(4-0) = (S+9)(4-7)
=20 + 36/ - 5 - 9/
om0 a1i




End of Figure
Back to - Exercise 8
Exercise 9

Answer

Solution

[image: image699.png]7, = -2 -3 and z, = 3 +/




[image: image700.jpg]1
1
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Back to - Exercise 9
Exercise 10

Answer

Solution

Property 2
Let z1 = x1 + iy1 and z2 = x2 + iy2. Then 

Start of Figure
[image: image701.png]7177

[*1 +iy1)(x2 +iy2)
vz * Xy ixz Y
(1% = Y1¥2) * i (X2¥1 * X1¥2),





End of Figure
so

Start of Figure
[image: image702.png]2,7,

(X955 = Ya¥o) =i (Xpyy + X1¥0)




End of Figure
Also,

Start of Figure
[image: image703.png]2122 = (1~ iya) (2 - iv2)
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End of Figure
Therefore

Start of Figure
[image: image704.png]7170 = Zq+Zo.
Z4Z5 = Zy*Z5.




End of Figure
Property 3
Let z = x + iy. Then 

Start of Figure
[image: image705.png]Z4Z =X 4ly + X -y
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End of Figure
Property 4
Let z = x + iy. Then 

Start of Figure
[image: image706.png]



End of Figure
Back to - Exercise 10
Exercise 11

Answer

Solution

· (a)   [image: image707.png]5 +12i] = 5% + 122 = J160 = 13




· (b)   [image: image708.png]Vize1?
2

14





· (c)   [image: image709.png]



Back to - Exercise 11
Exercise 12

Answer

Solution

· (a)  
· [image: image710.jpg]



· Here

· Start of Figure
[image: image711.png]Z) - Z, = (3+0) -1+ 21)=2 -1,




End of Figure
· so

· Start of Figure
[image: image712.png]7, - 25| = of22 + (-1)% =4




End of Figure
· (b)  

· [image: image713.jpg]



· Here

· Start of Figure
[image: image714.png]7y = Zp =1 -1,




End of Figure
· so

· Start of Figure
[image: image715.png]2, - 25| = 12+ (-1) = 4B




End of Figure
· (c)  

· [image: image716.jpg]



· Here

· Start of Figure
[image: image717.png]



End of Figure
· so

· Start of Figure
[image: image718.png]2, - 25| = of(-7)7 + 42 = BE.




End of Figure
Back to - Exercise 12
Example 2

Answer

Solution

· (a)  We want to find the complex number which represents [image: image719.png]



· We multiply the numerator and denominator by 2 + 5i, the complex conjugate of 2 − 5i, to give 

· Start of Figure
[image: image720.png]1

25
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End of Figure
· (b)  We multiply the numerator and denominator by 1 −2i, the complex conjugate of 1 + 2i, to give 

· Start of Figure
[image: image721.png]3-i _ (3-)(1-2i) _3-i-si+2® _1-7
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End of Figure
Back to - Example 2
Exercise 13

Answer

Solution

In each case we multiply both the numerator and the denominator by the complex conjugate of the denominator.
· (a)

· Start of Figure
[image: image722.png]3+i
55 (@30

ERY)





End of Figure
· (b)

· Start of Figure
[image: image723.png]



End of Figure
Back to - Exercise 13
Exercise 14

Answer

Solution

In each case we multiply the numerator and denominator by the complex conjugate of the denominator.
· (a)

· Start of Figure
[image: image724.png]5x(2+1)

21 @nxee
e
2
P





End of Figure
· (b)

· Start of Figure
[image: image725.png]2+3i
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End of Figure
Back to - Exercise 14
Example 3

Answer

Solution

· (a)  Here r = 3 and θ = [image: image726.png]


/3. Thus the required form is x + iy, where 
· Start of Figure
[image: image727.png]x = 3cos(n/3) =ax




End of Figure
· and

· Start of Figure
[image: image728.png]y =3sin(n/3) =3x8 =245




End of Figure
· The Cartesian form is therefore

· [image: image729.png]


. 

· (b)  Here r = 1 and θ = −[image: image730.png]


/6. Thus the required form is x + iy, where 

· Start of Figure
[image: image731.png]X = cos(-n/6) = cos(n/6) = Z 3




End of Figure
· and

· Start of Figure
[image: image732.png]y = sin(-x/6) = - sin (£/6) = -~




End of Figure
· The Cartesian form is therefore

· [image: image733.png]


. 

Back to - Example 3
Exercise 15

Answer

Solution

· (a)  The required form is x + iy, where 
· Start of Figure
[image: image734.png]x = 2cos(w/2)




End of Figure
· and

· Start of Figure
[image: image735.png]y = 2sin(w/2°





End of Figure
· The Cartesian form is therefore 2i. 

· (b)  The required form is x + iy, where 

· Start of Figure
[image: image736.png]x = 4cos(-2x/3) = 4cos(27/3)
4cos(n/3) = -2





End of Figure
· and

· Start of Figure
[image: image737.png]y = 4sin(-2x/3) = -4sin(2r/3)

243.

4sin(r/3





· End of Figure
· The Cartesian form is therefore − 2 − 2[image: image738.png]


i. 

Back to - Exercise 15
Example 4

Answer

Solution

· (a)  Let z = x + iy = 2 + 2i, so x = 2 and y = 2. 
· Then z = r(cos θ + i sin θ), where 

· Start of Figure
[image: image739.png]N SR - N





End of Figure
· To find θ, we calculate 

· Start of Figure
[image: image740.png]



End of Figure
· So φ = [image: image741.png]


/4, and z lies in the first quadrant so θ = φ = [image: image742.png]


/4. 

· [image: image743.jpg]



· The polar form of 2 + 2i in terms of the principal argument is therefore 

· Start of Figure
[image: image744.png]22 (cos(w/4) +isin(m/4))




End of Figure
· (b)  Let [image: image745.png]


, so [image: image746.png]


 and [image: image747.png]


. 

· Then z = r(cos θ + i sin θ), where 

· Start of Figure
[image: image748.png]



End of Figure
· To find θ, we calculate 

· Start of Figure
[image: image749.png]



End of Figure
· So φ = [image: image750.png]


/3, and z lies in the third quadrant so θ = −([image: image751.png]


 − φ) = −2[image: image752.png]


/3. 

· [image: image753.jpg]



· The polar form of [image: image754.png]


 in terms of the principal argument is therefore 

· Start of Figure
[image: image755.png]cos(-2m/3) +isin(-2T/3)




End of Figure
Back to - Example 4
Exercise 16

Answer

Solution

· (a)  Let z = x + iy = −1 + i, so x = −1 and y = 1. Then z = r(cos θ + i sin θ), where 
· Start of Figure
[image: image756.png]JrEe? =





End of Figure
· Also

· Start of Figure
[image: image757.png]



End of Figure
· So φ = [image: image758.png]


/4, and z lies in the second quadrant, so θ = [image: image759.png]


 − φ = 3[image: image760.png]


/4. 

· [image: image761.jpg]AS





· Thus the polar form of −1 + i in terms of the principal argument is 

· Start of Figure
[image: image762.png]V2 [cos (3m/4) +isin(3m/4))




End of Figure
· (b)  Let z = x + iy = 1 − [image: image763.png]


i, so x = 1 and y = − [image: image764.png]


. Then z = r(cos θ + i sin θ), where 

· Start of Figure
[image: image765.png]



End of Figure
· Also

· Start of Figure
[image: image766.png]



End of Figure
· So φ = [image: image767.png]


/3, and z lies in the fourth quadrant, so θ = − φ = − [image: image768.png]


/3. 

· [image: image769.jpg]



· Thus the polar form of 1 − √3i in terms of the principal argument is 

· Start of Figure
[image: image770.png]2(cos(—m/3) +isin{-m/3))




End of Figure
· (c)  Let z = x + iy = −5, so x = −5 and y = 0. Then z = r(cos θ + i sin θ), where 

· Start of Figure
[image: image771.png]



End of Figure
· Also z lies on the negative half of the real axis, so θ = [image: image772.png]


. 

· [image: image773.jpg]o




· Thus the polar form of −5 in terms of the principal argument is

· Start of Figure
[image: image774.png]S{cosm+isinm)




End of Figure
Back to - Exercise 16
Exercise 17

Answer

Solution

· (a)  The modulus of the product is
· Start of Figure
[image: image775.png]4xl




End of Figure
· An argument is

· Start of Figure
[image: image776.png]



End of Figure
· Since this argument lies in (− [image: image777.png]


, [image: image778.png]


], it follows that it is the principal argument. The required product is therefore 

· Start of Figure
[image: image779.png]



End of Figure
· (b)  The modulus of the product is

· Start of Figure
[image: image780.png]3x 1




End of Figure
· An argument is

· Start of Figure
[image: image781.png]



End of Figure
· The principal argument is therefore

· Start of Figure
[image: image782.png]



End of Figure
· The required product is therefore

· Start of Figure
[image: image783.png]



End of Figure
· (c)  The modulus of the quotient is

· Start of Figure
[image: image784.png]



End of Figure
· An argument is

· Start of Figure
[image: image785.png]



End of Figure
· The principal argument is therefore

· Start of Figure
[image: image786.png]



End of Figure
· The required quotient is therefore

· Start of Figure
[image: image787.png]



End of Figure
· (d)  The modulus of the quotient is

· Start of Figure
[image: image788.png]



End of Figure
· An argument is

· Start of Figure
[image: image789.png]



End of Figure
· Since this argument lies in (− [image: image790.png]


, [image: image791.png]


], it follows that it is the principal argument. The required quotient is therefore 

· Start of Figure
[image: image792.png]



End of Figure
Back to - Exercise 17
Exercise 18

Answer

Solution

From the solution to Exercise 16, 
Start of Figure
[image: image793.png]3 3
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End of Figure
Hence

Start of Figure
[image: image794.png]Z
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End of Figure
using the principal argument.

Also

Start of Figure
[image: image795.png]3
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End of Figure
Back to - Exercise 18
Example 5

Answer

Solution

Start of Figure
[image: image796.png]



End of Figure
So z4 = −4. 

Back to - Example 5
Exercise 19

Answer

Solution

· (a)  1 = 1(cos 0 + i sin 0) 
· (b)  

· Start of Figure
[image: image797.png]1(cos0+isin0), then

13 (cos 0 +isin) =
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End of Figure
· (c)  In Cartesian form,

· Start of Figure
[image: image798.png]



End of Figure
Back to - Exercise 19
Example 6

Answer

Solution

· (a)  In polar form, −27 = 27(cos [image: image799.png]


 + i sin [image: image800.png]


). If z = r(cos θ + i sin θ), then the equation z3= −27 can be written as 
· Start of Figure
[image: image801.png]r3{cos38 +isin38) = 27(cos w+isinT) (25)




End of Figure
· (b)  From equation (2.5), r3 = 27, so r = 3. 

· Also from equation (2.5), cos 3θ = cos [image: image802.png]


 and sin 3θ = sin [image: image803.png]


, so one solution for θ is obtained by taking 3θ = [image: image804.png]


, so 

· [image: image805.png]


. 

· However, we could also take 3[image: image806.png]


, 5[image: image807.png]


, 7[image: image808.png]


, … as arguments of −27, so 3θ = 3[image: image809.png]


, 3θ = 5[image: image810.png]


, 3θ = 7[image: image811.png]


, … also give solutions. Hence we can have 

· [image: image812.png]


.... 

· But [image: image813.png]


, so taking [image: image814.png]


 gives the same complex number as [image: image815.png]


. 

· Similarly, increasing the value of the argument of −27 by any further multiple of 2[image: image816.png]


 repeats solutions we already have. 

· So the three different solutions of z3 = −27 are given by 

· Start of Figure
[image: image817.png]



End of Figure
· These solutions can also be written in Cartesian form as

· Start of Figure
[image: image818.png]



End of Figure
· They are shown in the diagram below.

The solution z3 could be rewritten in terms of its principal argument as 3(cos(−[image: image819.png]


/3) + i sin(−[image: image820.png]


/3)). 

[image: image821.jpg]el





Back to - Example 6
Exercise 20

Answer

Solution

· (a)  Let z = r(cos θ + i sin θ). Then, since 
· Start of Figure
[image: image822.png](cos0 +isin0j,




End of Figure
· we have

· Start of Figure
[image: image823.png]z® = r® (cos(68) + isin(68)) = 1(cos0 +/sin0)




End of Figure
· (b)  Hence r = 11/6 = 1 and 

· Start of Figure
[image: image824.png]80

L, HT




End of Figure
· for k = 0, 1, … 5, and the six solutions of z6 = 1 are given by 

· Start of Figure
[image: image825.png]: 1[%%] fork=0,1,





End of Figure
· Hence the solutions are

· Start of Figure
[image: image826.png]



End of Figure
· (c)  

· [image: image827.jpg]



· (d)  

· Start of Figure
[image: image828.png]



End of Figure
Back to - Exercise 20
Exercise 21

Answer

Solution

Let z = r(cos θ + i sin θ). Then, since 
Start of Figure
[image: image829.png]{cosw+isinm),




End of Figure
we have

Start of Figure
[image: image830.png]z* = r* (cos(48) +isin(48)) = 4 (cos w+isinm)




End of Figure
Hence r = 41/4 = [image: image831.png]


 and [image: image832.png]


 for k = 0, 1, 2, 3. 

So the solutions are

Start of Figure
[image: image833.png]



End of Figure
[image: image834.jpg]22

23

2

AN

Z4




Back to - Exercise 21
Exercise 22

Answer

Solution

Let z = r(cos θ + i sin θ). 
Since [image: image835.png]1 1
si = Beos S weising
5 5



, we have 

Start of Figure
[image: image836.png]r?(cos38 +isin38)

1 1
8|cosZwrisinsw
z z




End of Figure
Hence r = 81/3 = 2 and [image: image837.png]


 for k = 0, 1, 2. 

So the solutions are

Start of Figure
[image: image838.png]1l
2 z[msgn.,smgn]:ﬁw
RN

s s
22 =2[cos2weisinZn

- :z[mszn.,smzn]: 2
: :




End of Figure
[image: image839.jpg]22

23

=Y




Back to - Exercise 22
Example 7

Answer

Solution

· (a)  [image: image840.png]



· so i is a root of p(z). 

· (b)  Since p has real coefficients, z = −i is also a root of p(z), so (z −i)(z + i) = z2 + 1 is a factor of p(z). By equating coefficients, we obtain 

· Start of Figure
[image: image841.png]7% -32% + 277 -3z + 1= (22 +1)(2% -3z + 1)




· End of Figure
· So the remaining two roots of p(z) are given by the solutions of the equation z2 − 3z + 1 = 0. 

· Using the quadratic formula, we have

· Start of Figure
[image: image842.png]



End of Figure
· Hence the four roots of p(z) are i, −i, 

· [image: image843.png]



· and

· [image: image844.png]


. 

Back to - Example 7
Exercise 23

Answer

Solution

A suitable polynomial is
Start of Figure
[image: image845.png]-1z +2)(z -3z + 30,




End of Figure
that is,

Start of Figure
[image: image846.png]2 ez-2)

JIESEL)




End of Figure
or

Start of Figure
[image: image847.png]-4 453 4922 yg--1a




End of Figure
Back to - Exercise 23
Exercise 24

Answer

Solution

· (a)  
· Start of Figure
[image: image848.png](cos@+ising)’
- (c0s 8)° +3(cos &) (i sin8)
+3(cos 8) (i sin8)” + (i sin8)°
- c0s? 6+ 3/ cos? §5in 8 - 3c0s Fsin? 8 - sin® 6

cos® 8- 3cos Fsin? §) + (3 cos? Fsind - sin® )





End of Figure
· (b)  

· By part (a),

· Start of Figure
[image: image849.png]0536 + i 5in 36 = (cos” 8 - 3 cos Fsin” &)

+i[3c0s? Gsind - sin® &),




End of Figure
· so

· Start of Figure
[image: image850.png]~0c 28 = cos & - 2 cos deine 8




End of Figure
· and

· Start of Figure
[image: image851.png]cinad = 2enct Geind - cins 8




End of Figure
· (c)  Since sin2 θ = 1 − cos2 θ and cos2 θ = 1 − sin2 θ, we have 

· Start of Figure
[image: image852.png]c0538 = cos® 8- 3 cos 8(1 - cos? 8,




End of Figure
· so

· Start of Figure
[image: image853.png]c0s38 = 4cos® & -3cos &




End of Figure
· and

· Start of Figure
[image: image854.png]sin38 = 31 - sin” 8] sin & - sin® &,




End of Figure
· so

· Start of Figure
[image: image855.png]cinad = 2cind - dcins 8




End of Figure
Back to - Exercise 24
Exercise 25

Answer

Solution

· (a)  
· Start of Figure
[image: image856.png]cos58 + 1 sinsd
(cos 8+ ising)®

057 8+ Sicos? Fsin @ - 10 cos® Fsir? 6
-10i cos? Gsin® & + Scos Osin 8+ sind &

(c0s® 8- 10 cos? §5in? & + 5 cos Fsin® 6)

+i[5cos? Gsind - 10 cos? Fsin® 8 + sin® 8)




End of Figure
· Equating real and imaginary parts gives

· Start of Figure
[image: image857.png]~0cES = coc” & - 10c0sS Bcin 8 + € o Jeind 8




End of Figure
· and

· Start of Figure
[image: image858.png]cinEd = ot Gcind - 10 cose S<irnc 8 + in° &




End of Figure
· (b)  

· Since sin2 θ = 1 − cos2 θ and sin4 θ = (sin2 θ)2 =(1 − cos2 θ)2, on substituting into the formula for cos 5θ found in part (b) we obtain 

· Start of Figure
[image: image859.png]05 56 = cos® & - 10cos® (1 - cos” )
+5c0s6(1- cos? 6

= cos® 8- 10005 6 + 10 cos® &
Y - 1003 & - Concs &




End of Figure
· so

· Start of Figure
[image: image860.png]0 B8 = 160052 & - 20 mss & + Eens





End of Figure
· Similarly,

· Start of Figure
[image: image861.png]sinS6 = 51 - sin’ s)z sind
-10{1 - sin” 6] sin® 6 + sir 8

=5sind-10sin® 8+ 5sin® &
-10sin38+10sin% 8 + sin® &




End of Figure
· so

· Start of Figure
[image: image862.png]CinED = Ceind -o0cin° &+ 16 sin® &




End of Figure
Back to - Exercise 25
Example 8

Answer

Solution

We use Strategy 1. 
Suppose that z1 = x1 + iy1 and z2 = x2 + iy2. Then 

Start of Figure
[image: image863.png]A2 =™ (cosyy +isiny;)e’2 (cosy, +isiny,)
=eX1e¥2 (cosyy +isinyy)(cosy, +isiny)
=172 (cas(yy + ) +isin(yy + )

_ il z)
_ iy P i)

242





End of Figure
We assume that if x1, x2 are real numbers, then 

Start of Figure
[image: image864.png]a¥1aX2 = gX1+X2




End of Figure
Back to - Example 8
Exercise 26

Answer

Solution

· (a)  Let z = x + iy; then 
· Start of Figure
[image: image865.png]1__1

e

s 1 (by definition

& (cosy +i5iny)
= e (cosy +isiny)

=™ (cos(-y) +isin(-y))




End of Figure
· (by de Moivre's Theorem with n = − 1) 

· Start of Figure
[image: image866.png]oy

(by definition).




End of Figure
· (b)  

· Start of Figure
[image: image867.png]o

72 &%
=oe™2 (oy part(3)
=e?{%2) by Example 2.8)

.




End of Figure
Back to - Exercise 26
Example 9

Answer

Solution

· (a)  2cos θ = eiθ + e−iθ, so (2 cos θ)4 = (eiθ + eiθ)4. 
· Hence

· [image: image868.png]cost 9= L[ o e
L




. 

· (b)  

· Start of Figure
[image: image869.png]



End of Figure
· Hence

· Start of Figure
[image: image870.png]05 0= (6 + 46 + 6+ 4072 + 74F)

[[649 +0740) 4]0 + 7)o )




End of Figure
· Using Equation 2.8 first with 4θ in place of θ and then with 2θ in place of θ, we have 

· Start of Figure
[image: image871.png];7(25D545oﬁm525o6) =

cos* 6 = (cos 48 + 4c0s28 + 3),




End of Figure
· as required.

Back to - Example 9
Exercise 27

Answer

Solution

· (a)  2i sin θ = eiθ − e− iθ, so (2i sin θ)5 =(ei θ − e−i θ)5. 
· Hence

· Start of Figure
[image: image872.png]



End of Figure
· (b)  

· Start of Figure
[image: image873.png]



End of Figure
· Hence

· Start of Figure
[image: image874.png]i 8 = [ - 5% + 106/ - 10079
=

5o 756

- L[ o) s )
“10[ef o))

= ﬁ(z, Sinsé - § (21 5in36) + 10 (2 sin &)

SinS6 - 55in3¢ + 10sin8)





End of Figure
Back to - Exercise 27
Exercise 28

Answer

Solution

[image: image875.png]2t zp =243 (1-4)=3
2 -2, = (20 3) - (1-4) =147
2,2, = (2+ %) (1- 4) =2 + 3/ - Bi - 12/
14-5i

ne2-a
e 1ed
5 2ey_ @rI)@Eed) 01y

1-4i (1-4i)(1+4) 1+16





Back to - Exercise 28
Exercise 29

Answer

Solution

[image: image876.jpg]



· (a)  Let z = x + iy =[image: image877.png]


 − i, so x = [image: image878.png]


 and y = − 1. Then z = r(cos θ + i sin θ), where 

· Start of Figure
[image: image879.png]



End of Figure
· Also [image: image880.png]


. So [image: image881.png]


, and z lies in the fourth quadrant, so [image: image882.png]


. 

· Hence the polar form of [image: image883.png]


 − i in terms of the principal argument is 

· Start of Figure
[image: image884.png]



End of Figure
· (b)  Let z = x + iy = −5i, so x = 0 and y = −5. Then z = r(cos θ + i sin θ), where 

· Start of Figure
[image: image885.png]



End of Figure
· Also z lies on the negative half of the imaginary axis, so [image: image886.png]


. 

· Hence the polar form of −5i in terms of the principal argument is 

· Start of Figure
[image: image887.png]



End of Figure
· (c)  Let z = x + iy = −2 − 2[image: image888.png]


i, so x = −2 and y = −2[image: image889.png]


. Then z = r(cos θ + i sin θ), where 

· Start of Figure
[image: image890.png]2+ [28)





End of Figure
· Also [image: image891.png]


. So [image: image892.png]


, and z lies in the third quadrant, so 

· [image: image893.png]


. 

· Hence the polar form of −2 − 2[image: image894.png]


i in terms of the principal argument is 

· Start of Figure
[image: image895.png]



End of Figure
Back to - Exercise 29
Exercise 30

Answer

Solution

· (a)  The required form is x + iy, where 
· Start of Figure
[image: image896.png]x =28 cosinw=242
B





End of Figure
· and

· Start of Figure
[image: image897.png]y =242 sinm= 248 x 2
B





End of Figure
· so the Cartesian form is 2 + 2i. 

· (b)  The required form is x + iy, where 

· Start of Figure
[image: image898.png]1 1
x=3cos>m=0 and y=3sinr=3




End of Figure
· so the Cartesian form is 3i. 

· (c)  The required form is x + iy, where 

· Start of Figure
[image: image899.png]



End of Figure
· and

· Start of Figure
[image: image900.png]5 1
in2w=sinT
- "




End of Figure
· so the Cartesian form is

· [image: image901.png]



Back to - Exercise 30
Exercise 31

Answer

Solution

From the solution to Exercise 29, we have 
Start of Figure
[image: image902.png]



End of Figure
· (a)  Hence 

· Start of Figure
[image: image903.png]27 = zxsx‘.[ms[,

m[ms[,

:





End of Figure
· using the principal argument.

· (b)   

· Start of Figure
[image: image904.png]



End of Figure
Back to - Exercise 31
Exercise 32

Answer

Solution

Let z = r(cos θ + i sin θ). 
Then, since −32 = 32(cos [image: image905.png]


 + i sin [image: image906.png]


), we have 

Start of Figure
[image: image907.png]r° (cos 58 + i sin5&) = 32 (cosx + i sin @)




End of Figure
Hence r = 2 and [image: image908.png]


 for any integer k, and the five solutions of z5 = −32 are given by 

Start of Figure
[image: image909.png]z





End of Figure
for k = 0, 1, 2, 3, 4. 

Hence the solutions are

Start of Figure
[image: image910.png]



End of Figure
Back to - Exercise 32
Exercise 33

Answer

Solution

The integer solution must be a factor of the constant term 15,
so it must be one of ± 1, ± 3, ± 5, ± 15.

Testing these, we find z = −3 is a root, since 

Start of Figure
[image: image911.png](-3)% + (-3)% - (-3) + 15 = 0.




End of Figure
Hence z + 3 is a factor, and we find that 

Start of Figure
[image: image912.png]2% -z+15

z+3)(z7 -2z +5)




End of Figure
The solutions of z2 −2z + 5 = 0 are given by 

Start of Figure
[image: image913.png]



End of Figure
Hence the solutions of z3 + z2 − z + 15 = 0 are z = −3, z =1 + 2i and z = 1 − 2i. 

Back to - Exercise 33
Exercise 34

Answer

Solution

A suitable polynomial is
Start of Figure
[image: image914.png]3fz+2)(z-(2-0){z-[2+]),




End of Figure
that is,

Start of Figure
[image: image915.png]2




End of Figure
or

Start of Figure
[image: image916.png]—C>3 4 272 4107 - 20




End of Figure
Back to - Exercise 34
Exercise 35

Answer

Solution

Start of Figure
[image: image917.png]o568+ 5in6d = (cos &+ 5in8)°

- c0s® 8 + 6/ s Fsin @ + 15i% cos? Fsin? &
+20i% cos® @sin® 8 + 15/ cos? Fsin® &
+6i%cos@sin® & +° sirf &

- cos® 8 - 15c05% Fsin? & + 150052 Fsin® 6 - sin® &
+i[6cos® @sind - 20cos® Fsin® 8 + 6cos I sin® 8)




End of Figure
Hence

Start of Figure
[image: image918.png]00568 = cos® 8 - 15 cos? sin® &
c1Cml Geind G- cinb g




End of Figure
and

Start of Figure
[image: image919.png]sin68 = 6 cos® Psind - 20cos” Fsin” &
Emedein® g




End of Figure
Back to - Exercise 35
Exercise 36

Answer

Solution

· (a)  
· Start of Figure
[image: image920.png]L2 L OHRIZ L




End of Figure
· (b)  

· Start of Figure
[image: image921.png]3n/4 o eﬂ[ms[l W] . sm[l 7:]]
a a
]

]

L2

m





End of Figure
· (c)   [image: image922.png]Sl



= e−1(cos[image: image923.png]


 + isin[image: image924.png]


) = −e−1. 

Back to - Exercise 36
Exercise 37

Answer

Solution

· (a)  65 = 9 ×7 + 2, so the quotient is 9 and the remainder is 2.
· (b)  −256 = −20 × 13 + 4, so the quotient is −20 and the remainder is 4.

Back to - Exercise 37
Exercise 38

Answer

Solution

· (a)  The possible remainders are 0, 1, 2, 3, 4, 5 and 6.
· (b)  There are many possible answers here; for example, 3, 10, −4 and −11.

Back to - Exercise 38
Example 10

Answer

Solution

· (a)  27 − 5 = 22, which is a multiple of 11, so this congruence is true.
· Alternatively, we could note that 27 = 2 ×11 + 5 and 5 = 0 ×11 + 5, so 27 and 5 both have remainder 5 on division by 11.

· (b)  14 − (−6) = 20, which is not a multiple of 3, so this congruence is false.

· Alternatively, 14 = 4 × 3 + 2 and −6 = (−2) × 3 + 0, so 14 has remainder 2 on division by 3, but −6 has remainder 0.

· (c)  343 − 207 = 136 = 2 × 68, so this congruence is true.

· Alternatively, 343 = 5 × 68 + 3 and 207 = 3 ×68 + 3, so 343 and 207 both have remainder 3 on division by 68.

· (d)  1 − (−1) = 2, so this congruence is true.

· Both 1 and −1 have remainder 1 on division by 2.

It is often simplest to check a congruence a ≡ b (mod n) by considering the difference a − b. 

Back to - Example 10
Exercise 39

Answer

Solution

We have
Start of Figure
[image: image925.png]8(mod 17),

)
15 = 2 (mod 17)
3(mod 17)
mod 17),

127 =8




End of Figure
so the remainders are 8, 2, 2, 3 and 8, respectively. So 25 ≡ 127 (mod 17) and 53 ≡ −15 (mod 17).

Back to - Exercise 39
Exercise 40

Answer

Solution

· (a)  Suppose that a ≡ b (mod n) and c ≡ d (mod n). Then a = b + kn and c = d + ln for some integers k and l. 
· Hence

· Start of Figure
[image: image926.png]b+ kn)(d +in)
= bd + bin + knd + kin®
o+ n(bl+ kd+ ki),





End of Figure
· so ac − bd = (bl + kd + kln)n, so ac ≡ bd (mod n). 

· (b)  Suppose that a ≡ b (mod n) and let P(k) be the statement ak ≡ bk (mod n). 

· Then P(1) is true, since we know that a ≡ b (mod n). Suppose that r ≥ 1 and P(r) is true, that is, ar ≡ br (mod n). Then, by property (e), since ar ≡ br and a ≡ b (mod n), we have ar × a ≡ br × b (mod n), that is, 

· Start of Figure
[image: image927.png]



End of Figure
· Hence P(r) true [image: image928.png]


P(r + 1) true, so by mathematical induction P(k) is true for all positive integers k. 

Back to - Exercise 40
Example 11

Answer

Solution

· (a)  Using property (c), we can add or subtract any convenient multiples of 22, and make a list of congruences. We have
· Start of Figure
[image: image929.png]237!

175=65=-1=21(mod 22)




End of Figure
· (here we have subtracted 2200, then 110, then 66; then added 22)

· and

· Start of Figure
[image: image930.png]5421 =1021= 141

1=9(mod 22,




End of Figure
· (here we have subtracted 4400, then 880, then 110, then 22)

· so 2375 has remainder 21 on division by 22, and 5421 has remainder 9 on division by 22.

· (b)  Using property (e), we obtain

· Start of Figure
[image: image931.png]2375% 5421 =21%x9=-1x9 = -9

3(mod 22,




End of Figure
· so 2375 × 5421 has remainder 13 on division by 22.

· (c)  Using property (f), we obtain

· Start of Figure
[image: image932.png]21(mod 22),




End of Figure
· so (2375)15 has remainder 21 on division by 22. 

Back to - Example 11
Exercise 41

Answer

Solution

· (a)  3 +5 7 = 0,     4 +17 5 = 9,     8 +16 12 = 4. 
· (b)  3 ×5 7 = 1,     4 ×17 5 = 3,     8 ×16 12 = 0. 

Back to - Exercise 41
Exercise 42

Answer

Solution

· (a)  
· (i)  3 +4 3 = 2, so x = 3. 

· (ii)  4 +7 5 = 2, so x = 4. 

· (iii)  2 +4 2 = 0, so x = 2. 

· (iv)  2 +7 5 = 0, so x = 2. 

· (b)  You may have noticed that:

0. each element appears exactly once in each row and exactly once in each column;

1. there is a pattern of diagonal stripes running down from right to left.

Back to - Exercise 42
Exercise 43

Answer

Solution

· (a)  
· [image: image933.jpg]



· (b)  x +6 1 = 5 has solution x = 4. 

· x +6 5 = 1 has solution x = 2. 

Back to - Exercise 43
Exercise 44

Answer

Solution

By definition, a +n b and b +n a are the remainders of a + b and b + a, respectively, on division by n. But a + b = b + a, so a +n b = b+n a. 
Back to - Exercise 44
Exercise 45

Answer

Solution

· (a)  
· [image: image934.jpg]al0 6 5432

23456




· (b)  

· [image: image935.jpg]—na

0 w1 H=2 ...




· The additive inverse of 0 is always 0, since 0 +n 0 = 0. For any integer r > 0 in [image: image936.png]


n, n− r [image: image937.png]


[image: image938.png]


n and r + (n − r) = n, so r +n (n − r) = 0. 

Back to - Exercise 45
Exercise 46

Answer

Solution

· (a)  
· (i)  1 and 3 have multiplicative inverses in [image: image939.png]


4, since 1 ×4 1 = 1 and 3 ×4 3 = 1. 

· (ii)  The multiplicative inverses in [image: image940.png]


7 are given by the following table, where b is the multiplicative inverse of a. 

[image: image941.jpg]all 2 3 45 6
b1 4 5 2 3 6




· (b)  

· [image: image942.jpg]oloommsoomn=
slomcomon o





· The integers 1, 3, 7 and 9 have multiplicative inverses in [image: image943.png]


10. 

Back to - Exercise 46
Example 12

Answer

Solution

We apply the Division Algorithm repeatedly, starting by dividing the modulus 27 by the integer 10, whose multiplicative inverse we seek: 
Start of Figure
[image: image944.png]27 =2x10+7

10=1x7+3

(3.1)




End of Figure
Note: The first part of the method, consisting of repeated application of the Division Algorithm, is the procedure known as Euclid's Algorithm. When it is applied to any two positive integers a and b, the last but one remainder is the greatest common factor of a and b. The second part of the method, which involves starting with the last but one equation from the first part, is often described as working backwards through Euclid's Algorithm. 

At each step we divide the divisor in the row above by the remainder in the row above, repeating the process until we reach a remainder of 0 (which must occur because the remainders decrease by at least 1 at each step). 

Now we use Equations 3.1 to find the required multiplicative inverse. Starting with the last but one equation, and working upwards, we have 

Start of Figure
[image: image945.png]7-2x3
3210-1x7 (32)
2 257-9%10.





End of Figure
(We rearrange each equation so that only the remainder is on the left-hand side.)

We write down the first of Equations 3.2, and use the other two equations to eliminate multiples of 3 and 7 by successive substitutions. 

Start of Figure
[image: image946.png]=7-2x3
7-2(10-1%7)
2x10+3%7
-2x10+3(27 - 2% 10)
ko7 -ax1n





End of Figure
(The multiples may be negative; for example, −8 × 10 is a multiple of 10.)

After each substitution, 1 is expressed as a multiple of one integer plus a multiple of another integer, where the two integers are a neighbouring pair from the list 27, 10, 7, 3 of left-hand sides of Equations 3.1. The last equation expresses 1 in terms of multiples of the two integers that we started with, 10 and 27. Rearranging this equation gives 

Start of Figure
[image: image947.png](-8) %10 = (-3]%27 + 1,




End of Figure
so

Start of Figure
[image: image948.png](-8)=%10 = 1{mod 27)




End of Figure
Now the integer −8 does not belong to [image: image949.png]


27, but, since −8 ≡ 19 (mod 27), we have 

Start of Figure
[image: image950.png]19 %10

(mod 27)




End of Figure
and hence

Start of Figure
[image: image951.png]19 x,-10

1.




End of Figure
Hence 19 is the multiplicative inverse of 10 in [image: image952.png]


27 and we can write 10−1 = 19 (mod 27). 

As a check:

Start of Figure
[image: image953.png]19>10 =190
2x97 41




End of Figure
Back to - Example 12
Exercise 47

Answer

Solution

· (a)  
· Start of Figure
[image: image954.png]o1




End of Figure
· Starting with the last equation, we have

· Start of Figure
[image: image955.png]7-3x2

2 xT7 -ax1f




End of Figure
· Hence 7 × 7 = 3 × 16 + 1, so 7 ×16 7 = 1 and the multiplicative inverse of 7 in [image: image956.png]


16 is 7. 

· (b)  

· Start of Figure
[image: image957.png]Bx8+3
8=2x3+2
woeq





End of Figure
· Starting with the last equation, we have

· Start of Figure
[image: image958.png]=3-2
3-(a-2x3)
8+3x3
-8+3%(51-6x8)
xE1-10x8





· End of Figure
· Hence (−19) × 8 ≡ 1 (mod 51), so

· Start of Figure
[image: image959.png](51-19)x%8 =1(mod 51)




End of Figure
· Hence 32 ×51 8 = 1 and the multiplicative inverse of 8 in [image: image960.png]


51 is 32. 

Back to - Exercise 47
Example 13

Answer

Solution

In Example 12 we found that the multiplicative inverse of 10 in [image: image961.png]


27 is 19. Hence we have 
Start of Figure
[image: image962.png]1057 X = 14 & 10 1 xy7 (10557 x) = 107 x5 14

(10 g7 10) gy = 195 14

o x =23




End of Figure
so the given equation has the unique solution x = 23. 

Back to - Example 13
Exercise 48

Answer

Solution

· (a)  Since the multiplicative inverse of 7 in [image: image963.png]


16 is 7 (see the solution to Exercise 47(a)), we have 
· Start of Figure
[image: image964.png]7% X

& T X T Xge X
o x=C




End of Figure
· (b)  Since the multiplicative inverse of 8 in [image: image965.png]


51 is 32 (see the solution to Exercise 47(b)), we have 

· Start of Figure
[image: image966.png]x50 X =19 & 32 %51 Bxgq X

- x =47





End of Figure
Back to - Exercise 48
Example 14

Answer

Solution

Observe that 7 ≡ −5 (mod 12), so we have
Start of Figure
[image: image967.png]



End of Figure
The integer −1 is not an element of [image: image968.png]


12, but −1 ≡ 11 (mod 12), so 

Start of Figure
[image: image969.png]5x11=7 (mod 12); thatis 5=y, 11




End of Figure
Hence the solution of the given equation is x = 11. 

Back to - Example 14
Example 15

Answer

Solution

· (a)  This equation has no solutions, since 4 is a factor of both 4 and 12 but is not a factor of 6.
· (b)  One solution of this equation is x = 2. Also n/d = 12/4 = 3, so the other solutions are x = 2 + 3 = 5 and x = 2 + 2 × 3 = 8. 

Back to - Example 15
Exercise 49

Answer

Solution

· (a)  One solution of the equation 3 ×12 x = 6 is x = 2. Also n/d = 12/3 = 4, so the other solutions are x = 2 + 4 = 6 and x = 2 + 2 × 4 = 10. 
· The equation 8 ×12 x = 7 has no solutions because 8 and 12 have common factor 4 but 7 does not. 

· Because 5 and 12 are coprime, the equation 5 ×12 x = 2 has a unique solution. The solution, x = 10, can be found in various ways: for example, by calculating x = 5−1 ×12 2, or by testing possible values for x, or by spotting that 2 ≡ −10 (mod 12) and using the fact that the congruence 5 × (−2) ≡ −10 (mod 12) implies 5 × 10 ≡ 2 (mod 12) giving 5 ×12 10 = 2. 

· (b)  One solution of the equation 4 ×16 x =12 is x = 3. Also n/d = 16/4 = 4, so the other solutions are x = 3 + 4 = 7, x =3 + 8 = 11 and x = 3 + 12 = 15. 

· Because 3 and 16 are coprime, the equation 3 ×16 x = 13 has a unique solution. The solution, x = 15, can be found in various ways: for example, by calculating x = 3−1 ×16 13, or by testing possible values for x, or by spotting that 13 ≡ −3 (mod 16) and using the fact that the congruence 3 × (−1) ≡ −3 (mod 16) implies 3 × 15 ≡ 13 (mod 16) giving 3 ×16 15 = 13. 

· The equation 8 ×16 x = 2 has no solutions because 8 and 16 have common factor 4 but 2 does not. 

Back to - Exercise 49
Example 16

Answer

Solution

We solve this problem by exhaustion, by writing down the squares of all the elements of [image: image970.png]


9. 
[image: image971.jpg]



We can see from this table that there is no element of [image: image972.png]


9 whose square is 2. In fact, we can go further and say that the remainder of a square modulo 9 can be only 0, 1, 4 or 7. That is, 0, 1, 4 and 7 are the only elements of [image: image973.png]


9 that are squares of other elements. 

Back to - Example 16
Exercise 50

Answer

Solution

We find all the values of x ×8 x. 
[image: image974.jpg]



· (a)  The solutions of x ×8 x = 4 are x = 2 and x = 6. 

· (b)  The equation x ×8 x = c can be solved for c = 0, 1, 4. 

Back to - Exercise 50
Exercise 51

Answer

Solution

· (a)  21 +26 15 = 10,     21 ×26 15 = 3. 
· (b)  19 +33 14 = 0,     19 ×33 14 = 2. 

Back to - Exercise 51
Exercise 52

Answer

Solution

· (a)  
· Start of Figure
[image: image975.png]



End of Figure
· Hence

· Start of Figure
[image: image976.png]3-1x2
3-(5-3)
-5+2x3
-5+2x(8-5)
2x8-3x5
2x5-3x(21-2x8)
Caxo1+8xa





End of Figure
· Hence 8 × 8 = 3 × 21 + 1, so

· Start of Figure
[image: image977.png]



End of Figure
· so the multiplicative inverse of 8 in [image: image978.png]


21 is 8. 

· (b)  

· Start of Figure
[image: image979.png]*19+14
x14+5
14z2x5+4
xd4+1





End of Figure
· Hence

· Start of Figure
[image: image980.png]14+ 3%(19-14)
3x19-4x14
=3x19-4x(33-19)
dxam s Tx1a





End of Figure
· Hence

· Start of Figure
[image: image981.png]



End of Figure
· so

· Start of Figure
[image: image982.png]7 %3219





End of Figure
· so the multiplicative inverse of 19 in [image: image983.png]


33 is 7. 

Back to - Exercise 52
Exercise 53

Answer

Solution

[image: image984.jpg]10

0

00 0 0 00

0

10
9

8

3

10

8

10(0 10 9




Hence we have the following multiplicative inverses in [image: image985.png]


11. 

[image: image986.jpg]56789
92875 10





Back to - Exercise 53
Exercise 54

Answer

Solution

· (a)  We have 8 ×21 x = 13. Multiplying by 8, which is the multiplicative inverse of 8 mod 21 (see the solution to Exercise 52(a)), we have 
· Start of Figure
[image: image987.png]5 %oy (B %5y &) = Bxyy 13,




End of Figure
· so

· Start of Figure
[image: image988.png]X

20




End of Figure
· (b)  We have 19 ×33 x = 15. Multiplying by 7, which is the multiplicative inverse of 19 mod 33 (see the solution to Exercise 52(b)), we have 

· Start of Figure
[image: image989.png]7 ¥gg (19 %5 X'

7 %4 15,




End of Figure
· so

· Start of Figure
[image: image990.png]¥ =7 %32 15 = 6,




End of Figure
Back to - Exercise 54
Exercise 55

Answer

Solution

· (a)  Because 3 and 8 are coprime, the equation 3 ×8 x = 7 has a unique solution. The solution, x = 5, can be found in various ways: for example, by calculating x = 3−1 ×8 7, or by testing possible values for x, or by spotting that 7 ≡ 15 (mod 8) and using the fact that the congruence 3 × 5 ≡ 15 (mod 8) implies 3 × 5 ≡ 7 (mod 8) giving 3 ×8 5 = 7. 
· The equation 4 ×8 x = 7 has no solutions because 4 and 8 have common factor 4 but 7 does not. 

· One solution of the equation 4 ×8 x = 4 is x = 1. Also n/d = 8/4 = 2, so the other solutions are x = 1 + 2 = 3, x = 1 + 4 = 5 and x = 1 + 6 = 7. 

· (b)  One solution of the equation 3 ×15 x = 6 is x = 2. Also n/d = 15/3 = 5, so the other solutions are x = 2 + 5 = 7 and x = 2 + 10 = 12. 

· Because 4 and 15 are coprime, the equation 4 ×15 x = 3 has a unique solution. The solution, x = 12, can be found in various ways: for example, by calculating x = 4−1 ×15 3, or by testing possible values for x, or by spotting that 3 ≡ −12 (mod 15) and using the fact that the congruence 4 × (−3) ≡ −12 (mod 15) implies 4 × 12 ≡ 3 (mod 15) giving 4 ×15 12 = 3. 

· The equation 5 ×15 x = 2 has no solutions because 5 and 15 have common factor 5 but 2 does not. 

Back to - Exercise 55
Exercise 56

Answer

Solution

We find all the values of x ×12 x. 
[image: image991.jpg]



· (a)  Hence there is no integer x [image: image992.png]


[image: image993.png]


12 such that x ×12 x = 7. 

· (b)  The solutions of x ×12 x = 4 are x = 2, 4, 8, 10. 

Back to - Exercise 56
Example 17

Answer

Solution

We show that properties E1, E2 and E3 hold.
Start of Figure
[image: image994.png]E1 REFLEXIVE

E2 SYMETRIC

E3 TRANSITIVE

Letz e C. Then
is reflexive.
Let z;,2, < C, and suppose that z, ~ z;. Then

|z1] =|zz|- Hence |z;] =z, so z; ~ z. Thus the
relation is symetric.

S0 Z ~ Z. Thus the relation

Let 2y, 2;, 25 < C, and suppose that z, ~ z, and
2, ~ 3. Then |zy| = |z.| and |2,| = |z3]. It follows that
11| =|23|, 0 2, ~ 5. Thus the relation is transitive.





End of Figure
Hence this relation is an equivalence relation.

Back to - Example 17
Exercise 57

Answer

Solution

· (a)  This relation is not reflexive; for example, 2 [image: image995.png]


 2 since 2 − 2 = 0 which is not odd. 
· The relation is symmetric; if x [image: image996.png]


y then x − y is odd, so y − x = − (x − y) is also odd, so y [image: image997.png]


x. 

· The relation is not transitive; for example, 5 [image: image998.png]


 2 since 5 − 2 is odd, 2 [image: image999.png]


 1 since 2 − 1 is odd, but 5 [image: image1000.png]


 1 since 5 − 1 is even. 

· The relation is not an equivalence relation.

· (b)  This relation is reflexive, since x − x = 0, which is even, for all x [image: image1001.png]


[image: image1002.png]


. 

· It is symmetric, since if x [image: image1003.png]


y, then x − y is even, so y − x = − (x − y) is even, so y [image: image1004.png]


x. 

· It is transitive, since if x [image: image1005.png]


y and y [image: image1006.png]


z, then x − y is even and y − z is even, so x − z = x − y + y − z is the sum of two even numbers, so is even, so x [image: image1007.png]


z. 

· The relation is an equivalence relation.

· (c)  Any line ℓ is parallel to itself, so this relation is reflexive.

· It is symmetric, since if ℓ1 is parallel to ℓ2, then ℓ2 is parallel to ℓ1. 

· It is transitive, since if ℓ1 is parallel to ℓ2 and ℓ2 is parallel to ℓ3, then ℓ1 is parallel to ℓ3. 

· The relation is an equivalence relation.

· (d)  This relation is reflexive, since for all z [image: image1008.png]


[image: image1009.png]


 we have z − z = 0, which is real, so z [image: image1010.png]


z. 

· It is symmetric, since if z1 − z2 is real, then z2 − z1 = − (z1 − z2) is also real. 

· It is transitive because, if z1 − z2 is real and z2 − z3 is real, then z1 − z3 = z1 − z2 + z2 − z3 is the sum of two real numbers and so is real. 

· The relation is an equivalence relation.

Back to - Exercise 57
Example 18

Answer

Solution

· (a)  Since x = y only if y is the same real number as x, the equivalence class of the real number x contains only the number x itself. So here each element lies in a single-element equivalence class. 
· (b)  The equivalence class of a particular complex number z0, say, is [image: image1011.png]


z0[image: image1012.png]


 = {z [image: image1013.png]


[image: image1014.png]


: z [image: image1015.png]


z0}. Now z [image: image1016.png]


z0 means that |z| = |z0|, so [image: image1017.png]


z0[image: image1018.png]


 = {z [image: image1019.png]


[image: image1020.png]


: |z| = |z0|}. Hence the equivalence class of z0 is the set of all complex numbers with the same modulus as z0. If |z0| = r, say, then [image: image1021.png]


z0[image: image1022.png]


 = {z [image: image1023.png]


[image: image1024.png]


: |z| = r}; this set forms the circle with centre 0 and radius r in the complex plane. Hence the equivalence classes for this relation are circles with centre 0. (The origin is an equivalence class containing just the complex number 0 + 0i; it can be thought of as a circle of radius 0.) 

Back to - Example 18
Exercise 58

Answer

Solution

For the equivalence relation in Exercise 57(b), the equivalence class [image: image1025.png]


m[image: image1026.png]


 of a particular integer m [image: image1027.png]


[image: image1028.png]


 is the set of integers that differ from m by an even integer. That is, 
Start of Figure
[image: image1029.png]



End of Figure
In particular,

Start of Figure
[image: image1030.png]



End of Figure
These are the only equivalence classes (since the equivalence class of any other integer is equal to one of these two). So the equivalence classes are the even integers and the odd integers. 

For the equivalence relation in Exercise 57(c), the equivalence class of a particular line is the set of all lines that are parallel to that line. So each equivalence class consists of all lines with a particular gradient. For example, all vertical lines form one equivalence class, and all lines with gradient 3 form another. 

For the equivalence relation in Exercise 57(d), the equivalence class of a particular complex number z0 [image: image1031.png]


[image: image1032.png]


 is 

Start of Figure
[image: image1033.png][z,]={zeC: z, - z isreal}




End of Figure
If z0 = x0 + iy0 and z = x + iy, then 

Start of Figure
[image: image1034.png]R~ X+ (v - v,




End of Figure
which is a real number if and only if y = y0. Thus [image: image1035.png]


z0[image: image1036.png]


 consists of all complex numbers with the same imaginary part as z0. So each equivalence class consists of all complex numbers with a particular imaginary part. For example, all complex numbers of the form x + 3i, where x [image: image1037.png]


[image: image1038.png]


, form one equivalence class, and all complex numbers of the form x − [image: image1039.png]


i, where x [image: image1040.png]


[image: image1041.png]


, form another. The equivalence classes thus form horizontal lines in the complex plane. 

Remark These solutions are quite detailed, but you may find that you can determine equivalence classes with less working as you become more familiar with them. 

Back to - Exercise 58
Example 19

Answer

Solution

We show that properties E1, E2 and E3 hold.
Start of Figure
[image: image1042.png]7T X 0, S0 X ~ X

E)SYMETRIC Letx,y <&, and suppose that x ~ y. Then
7n, where n is an integer. It follows that
X~y =27(-n), 50 y ~ x. Thus the relation is
symetric.

E3 TRANSITIVE Let x,y,z <& , and suppose that x ~ y and y ~ z.
Then x ~y =27n, and y - z = 27m, where m and n
are integers. It follows that

X-z=X-y+y-z=
<0 x ~ 7 and thus the relation is transitive.

7(n+m)




End of Figure
The equivalence class [image: image1043.png]


r[image: image1044.png]


 of any real number r is the set of all real numbers related to r by [image: image1045.png]


; that is, [image: image1046.png]


r[image: image1047.png]


 is the set of all real numbers that differ from r by a multiple of 2[image: image1048.png]


. So 

Start of Figure
[image: image1049.png]G AT -2W, 22T+ 4w,




End of Figure
Back to - Example 19
Exercise 59

Answer

Solution

[image: image1050.png]


is not reflexive because, for example, 1 [image: image1051.png]


 1 since 2 × 1 − 1 = 1 is not divisible by 7. 
[image: image1052.png]


is not symmetric because, for example, 5 [image: image1053.png]


 3 since 2 × 5 − 3 = 7 which is divisible by 7, but 3 [image: image1054.png]


 5 since 2 × 3 − 5 = 1 which is not divisible by 7. 

[image: image1055.png]


is not transitive because, for example, 5 [image: image1056.png]


 3 and 3 [image: image1057.png]


 6 since 2 × 5 − 3 = 7 and 2 × 3 − 6 = 0 which are both divisible by 7, but 5 [image: image1058.png]


 6 since 2 × 5 − 6 = 4 which is not divisible by 7. 

Back to - Exercise 59
Exercise 60

Answer

Solution

We show that properties E1, E2 and E3 hold.
· E1  For any function f : [image: image1059.png]


 → [image: image1060.png]


, f(0) = f(0), so f [image: image1061.png]


f and hence the relation is reflexive. 

· E2  If f [image: image1062.png]


g so that f(0) = g(0), then g(0) = f(0), so g [image: image1063.png]


f and hence the relation is symmetric. 

· E3  If f [image: image1064.png]


g and g [image: image1065.png]


h so that f(0) = g(0) and g(0) = h(0), then f(0) = h(0), so f [image: image1066.png]


h and hence the relation is transitive. 

Therefore this is an equivalence relation.

Each equivalence class consists of all functions in A that take a particular value at 0; that is, each equivalence class is of the form 

Start of Figure
[image: image1067.png]



End of Figure
for some r [image: image1068.png]


[image: image1069.png]


. 

Back to - Exercise 60
Exercise 61

Answer

Solution

We show that properties E1, E2 and E3 hold.
· E1  Let z = x + iy [image: image1070.png]


[image: image1071.png]


. Then 

· Start of Figure
[image: image1072.png]



End of Figure
· so z [image: image1073.png]


z. Hence the relation is reflexive. 

· E2  Let z1 = x1 + iy1 and z2 = x2 + iy2 be elements of [image: image1074.png]


. 

· Suppose that z1 [image: image1075.png]


z2 so that x1 − x2 = 5(y1 − y2). Then 

· Start of Figure
[image: image1076.png]o
- ( 1Yz
R

=5(yz - y1),




End of Figure
· so z2 [image: image1077.png]


z1. Hence the relation is symmetric. 

· E3  Let z3 = x3 + iy3, and suppose that z1 [image: image1078.png]


z2 and z2 [image: image1079.png]


z3 so that 

· Start of Figure
[image: image1080.png]Xy =X = 5[y -




End of Figure
· and

· Start of Figure
[image: image1081.png]No

- X3 = 5[y, -




End of Figure
· Then

· Start of Figure
[image: image1082.png]X1~ X3 =Xy~ Xp*tXp m X3
=5(ve-v2)*5(r2 ~ya)
=5(yy -3,




End of Figure
· so z1 [image: image1083.png]


z3. Hence the relation is transitive. 

Therefore this is an equivalence relation.

Two complex numbers x1 + iy1 and x2 + iy2 are related by this relation if 

Start of Figure
[image: image1084.png]



End of Figure
that is, if

Start of Figure
[image: image1085.png]= 5y,
Ko




End of Figure
Hence the equivalence classes are the lines x − 5y = r, for each real number r; that is, the lines with gradient [image: image1086.png]1



. 

Back to - Exercise 61
Page 2 of 2

19th December 2019

https://www.open.edu/openlearn/science-maths-technology/mathematics-statistics/number-systems/content-section-0

[image: image1087.jpg]