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Introduction

In this unit you will see first how to convert vectors from geometric form, in terms of a magnitude and direction, to component form, and then how conversion in the opposite sense is accomplished. The ability to convert between these different forms of a vector is useful in certain problems involving displacement and velocity, as shown in Section 2, in which you will also work with bearings.

This unit is an adapted extract from the Open University course Using mathematics (MST121).
1: From geometric to component form, and back

1.1: Converting to component form

In some applications of vectors there is a need to move backwards and forwards between geometric form and component form; we deal here with how to achieve this.

To start with, we recall definitions of cosine and sine. If P is a point on the unit circle, and the line segment OP makes an angle θ measured anticlockwise from the positive x-axis, then cos θ is the x-coordinate of P and sin θ is the y-coordinate of P (see Figure 1(a)). In other words, P has coordinates (cosθ, sinθ).

[image: image1.jpg]Alraostrind





Figure 1 (a) Definition of cos θ and sin θ  (b) Coordinates of A 
Description

Figure 1

End of description

Now suppose that the unit circle is scaled by a factor r in both the x- and y-directions, to produce a circle of radius r, as illustrated in Figure 1(b). If P is moved to the point A by this scaling, then the line segment OA has length r, and the coordinates of A are (r cos θ, r sin θ).

The coordinates of the point A are the components of the position vector of A. Thus the vector 

[image: image2.jpg]



has magnitude

[image: image3.jpg]



and component form r cos θ i + r sin θ j.

The numbers r, θ are called the polar coordinates of A.

Suppose that a vector a is given in terms of its magnitude |a| and direction θ. Then there is a unique point A in the plane such that the position vector of A is equal to a, namely, the point which is distance |a| from O along a straight line that makes an angle θ with the positive x-axis (see Figure 2).

[image: image4.jpg]



Figure 2 The vector a defines a point A 
Description

Figure 2

End of description

But since 

[image: image5.jpg]



for this point A, the quantity |a| takes the place of r in the earlier discussion. We therefore have the following result.

From geometric to component form

Any vector a, with direction θ, has component form

[image: image6.jpg]a = |a|cosfi+ |a]sinb].




In other words, its i-component is:

a a = |a| cos θ and its j-component is: a b = |a| sin θ. 

Example 1 Finding the component form

The vector a has magnitude 4 and direction 120°. Calculate the component form of a, giving the components:

1. correct to four decimal places;

2. as exact values.

Answer

Solution

1. According to the formula in the box above, the component form is

[image: image7.jpg]os(120%)i + 4sin(120°j = —2i 4+ 3.4641j  (to 4 d.|





2. Exact values for the components can be obtained where one of the ‘special angles’ 30°, 45° or 60° is seen to be involved. Here the given direction is 120°, which is 180° − 60°. Using the trigonometric identities

[image: image8.jpg]cos(180° = ) = —cosf and  sin(180° = #) = sin 6,




we obtain

[image: image9.jpg]a = 4cos(120°)i + 4sin(1209]
= —4cos(60°)i + 4sin(60°)j
=—4x3gi+4x %\/S_j

2i + 2V/3j.





The outcome is illustrated in Figure 3. A diagram such as this could have been used, instead of the trigonometric identities above, to decide upon the sign and size of each component.

[image: image10.jpg]20°





Figure 3 The vector of Example 1
Description

Figure 3

End of description

End of answer

End of example.

A calculator was used to obtain the 4 d.p. result.

Activity 1 Finding the component form

1. For each case below, calculate the component form of the vector a whose magnitude |a| and direction θ are given, specifying the components correct to four decimal places.

1. [image: image11.jpg]la| =3, 0 =110°




2. [image: image12.jpg]—20°




2. For each case below, calculate the component form of the vector a whose magnitude |a| and direction θ are given, specifying the components as exact values.

1. [image: image13.jpg]la| = 1. 0 = 45°




2. [image: image14.jpg]



Answer

Solution

In each case, we apply the formula

[image: image15.jpg]a = |a|cosfi+ |a]sinb].




1. Here |a| = 3 and θ = 110°, so the component form is

[image: image16.jpg]a = 3cos(110%i + 3sin(110°)j
1i 4 2.8191j  (to 4 d.p.).





2. Here |a| = 2.5 and θ = −20°, so the component form is

[image: image17.jpg].5 cos(—20°)i + 2.5 sin(—20)j
3492 — 0.8551 (to 4 d.p.).





2. The results for part (b) are illustrated in Figure 4.

1. Here |a| = 1 and θ = 45°, so the component form is

[image: image18.jpg]Leos(45%)1 + 1sin(45°)




Here |a| = 5 and θ = −150°. Using in turn the trigonometric identities

[image: image19.jpg]



we obtain the component form

[image: image20.jpg]a = 5 cos(—150%i + 5 sin(—150%j
= 5cos(1509i — 5sin(150°)j
5 cos(30%i — 5 sin(30°)j

=5 x4VBi-5x1j





[image: image21.jpg]



Figure 4 
Description

Figure 4

End of description

End of answer

End of activity.

1.2: Converting to geometric form

You have seen how any vector given in geometric form, in terms of magnitude and direction, can be written in component form. You will now see how conversion in the opposite sense may be achieved, starting from component form. In other words, given a vector a = a 1 i + a 2 j, what are its magnitude |a| and direction θ?

The first part of this question is dealt with using Pythagoras’ Theorem: the magnitude of a vector a is given in terms of its components by

[image: image22.jpg]2
2 5.
\/ ai + a3




As regards finding the direction, we first deal with some special cases, which are illustrated in Figure 5.

[image: image23.jpg]



Figure 5 Four special cases for the direction of a vector
Description

Figure 5

End of description

These cases may be described as follows:

[image: image24.jpg]" N o 0. ifa, >0,
if a = a,i (that is, if ay = 0), then = { 1800 Gl




[image: image25.jpg]90° if ap > 0,

if a = asj (that is. if a; = 0), then 6 = { bt G
L ifay < 0.





Suppose now that none of these special cases applies. It follows from earlier in this subsection that the magnitude |a|, direction θ and components a 1, a 2 are related by the pair of equations

[image: image26.jpg]la|cosf =a; and |a|sind = a,.




Previously, these gave the components in terms of known magnitude and direction, but now the situation is reversed: a 1 and a 2 are known, and (with |a| already found as above) these equations must be solved for the remaining unknown, θ. The equations, taken together, have a unique solution for θ within the range −180° < θ ≤180°.

There are various ways of finding this solution. We shall use an approach that involves taking an inverse tangent. If the equation |a| sin θ = a 2 is divided by the equation |a| cos θ = a 1, then we obtain

[image: image27.jpg](19
tanf = —.
(11




Note that the possibility of division by zero is avoided here, because a 1 = 0 corresponds to one of the special cases dealt with above and now excluded.

This suggests that the direction θ is found by taking the arctan of both sides of the last equation. However, care is needed at this point, because the equation for tan θ has more than one solution within the desired range −180° < θ ≤ 180°. (For example, we have tan (45°) = 1, but also tan (−135°) = 1.) The following strategy shows how to choose between the possibilities on offer for θ.

The function arctan is the inverse function of the function f(x) = tan x with domain (−90°, 90°). So values of arctan lie in the range from −90° to 90°. In particular, since

|a 2/a 1| > 0,

we have

0 < arctan (|a 2/a 1|) < 90°.

· Evaluate φ  = arctan (|a 2/a 1|). This gives the angle (between 0 and 90° since |a 2/a 1| > 0) that the position vector

[image: image28.jpg]



makes with the positive or negative x-axis, where the point A has coordinates (a 1, a 2). There are then four possibilities, as detailed in Figure 6(a).

· The quadrant in which A lies is found from its coordinates, (a 1, a 2), and this determines which of the four possibilities applies. The corresponding value of θ is then found from that of φ as indicated in Figure 6(b).

[image: image29.jpg]0
TR

frpn—

=

e
Ep——

0e-e

st




Figure 6 (a) The point A lies in one of the four quadrants (b) Corresponding value of θ 
Description

Figure 6

End of description

The following box summarises how to find the geometric form of a vector from its component form.

From component to geometric form

A vector a = a 1 i + a 2 j has magnitude

[image: image30.jpg]al = :
la] = \/ai + a3.




If the vector is non-zero, then its direction θ is obtained as follows.

1. If a = a 1 i or a = a 2 j, then θ can be found directly, as shown in Figure 5.

2. For a case other than those above, find φ = arctan (|a 2/a 1|)

3. Find in which quadrant of the plane the point A (a 1, a 2) lies. The value of θ (in terms of φ) is then given according to Figure 6(b).

Example 2 Finding the geometric form

Find the magnitude and direction of each of the following vectors.

1. [image: image31.jpg]



2. [image: image32.jpg]



3. [image: image33.jpg]c=—i—V3j




4. [image: image34.jpg]V3i+j





Answer

Solution

The magnitude of all these vectors is the same, namely,

[image: image35.jpg]



It remains to find the direction θ in each case. Arrows to represent the four vectors are shown in Figure 7.

[image: image36.jpg]



Figure 7 The four vectors
Description

Figure 7

End of description

1. For 

[image: image37.jpg]a=V3i+]j




we have

[image: image38.jpg]a; = V3




and

[image: image39.jpg]wretan(1/v/3) = 30°




Also, 

[image: image40.jpg]



lies in the first quadrant, so the direction of a is θ = φ = 30°.

2. For

[image: image41.jpg]



we have

[image: image42.jpg]]),,

—\V 3




and

[image: image43.jpg]\ (/2 .
¢ = arctan( ) = arctan(v3 ) = 60°




Also, 

[image: image44.jpg][X)




lies in the fourth quadrant, so the direction of b is θ = −φ = −60°.

3. For 

[image: image45.jpg]c=—-1—+3j




we have 

[image: image46.jpg]e
o




and

[image: image47.jpg]& = arctan(|]—v3/(=1)|) = arctan(v3 ) = 60°.





Also, 

[image: image48.jpg]



lies in the third quadrant, so the direction of c is θ = −(180° −  φ) = −120°. 

4. For 

[image: image49.jpg]d=—V3i+]




we have 

[image: image50.jpg]



and

[image: image51.jpg]¢ =arctan(|1/(—v3)|) = arctan(1/v/3) = 30°




Also, 

[image: image52.jpg]



lies in the second quadrant, so the direction of d is θ = 180° −  φ  = 150°.

End of answer

All of these cases involved exact values for φ and θ. In general, this will not be so.

End of example.

Activity 2 Finding the geometric form

Find the magnitude and direction of each of the following vectors. Give answers as exact values where possible; otherwise, give the direction correct to one decimal place. (There is no need to reduce magnitudes to decimal form.)

1. e = −3i + 3j 

2. f = 4i − 2j 

3. g = −2i − 3j 

4. h = −3.5j 

Answer

Solution

Arrows to represent the four vectors are shown in Figure 8.

[image: image53.jpg]



Figure 8 
Description

Figure 8

End of description

1. The magnitude of the vector e = −3i + 3j is

[image: image54.jpg]le| = V32 + 32 = VIS =32




Since the components of e are e 1 = −3, e 2 = 3, we have

[image: image55.jpg]¢ = arctan |3/(—3)| = arctan 1 = 45°,




Also, (−3, 3) lies in the second quadrant, so the direction of e is θ = 180° −  φ = 135°.

2. The magnitude of the vector f = 4i − 2j is

[image: image56.jpg]]
(—
(—2)2
+ (-2 V20

[f] =




Since the components of f are f 1 = 4, f 2 = −2, we have

[image: image57.jpg]¢ = arctan |—2/4| = arctan § =~ 26.6°.




Also, (4, −2) lies in the fourth quadrant, so the direction of f is θ = − φ ≈ −26.6°.

3. The magnitude of the vector g = −2i − 3j is

[image: image58.jpg]



Since the components of g are g 1 = −2, g 2 = −3, we have

[image: image59.jpg]¢ = arctan |-3/(=2)| = arctan § ~




Also, (−2, −3) lies in the third quadrant, so the direction of g is θ = −(180° −  φ) ≈ −123.7°.

4. The magnitude of the vector h = −3.5j is

[image: image60.jpg]h —
h| =/(-3.5)2=3

S




This vector has the form h = h 2 j, so its direction can be found directly from Figure 5. Since h 2 = −3.5 < 0, the direction is θ = −90°.

Another approach is to apply the Triangle Rule, but estimates obtained from measurement will be imprecise.

End of answer

End of activity.

1.3: Summing vectors given in geometric form

The following activity illustrates how the conversion processes outlined in the preceding sections may come in useful. If two vectors are given in geometric form, and their sum is sought in the same form, one approach is to convert each of the vectors into component form, add their corresponding components, and then convert the sum back to geometric form.

Activity 3 Finding the sum in geometric form, via components

Find the magnitude and direction of the sum of the two vectors which were specified in Activity 1 giving your answers correct to two decimal places. (You will need to choose different labels for the two vectors.)

Answer

Solution

Adopting the labels p and q for the two given vectors, you found in Activity 1(a) that the component forms were (to 4 d.p.)

[image: image61.jpg]p = —1.0261i + 2.8191j,
q = 2.3492i — 0.8551j.





Their sum is

[image: image62.jpg]p+q=(—1.0261+2.3492)i + (2.8191 — 0.8551)j
1.3231i + 1.9640§.





The magnitude of the vector r = p + q is

[image: image63.jpg]= /(1.3231)2 + (1.9640)2 ~ 2.37.




Since the components of r are r 1 = 1.3231, r 2 = 1.9640, we have

[image: image64.jpg])

retan(1.9640/1.3231) ~ 56.03°,




Also, (1.3231, 1.9640) lies in the first quadrant, so the direction of r is θ =  φ ≈ 56.03°.

End of answer

End of activity.

1.4 Displacements and velocities

1.4.1 Bearings

In the following subsections, we apply the vector ideas introduced so far to displacements and velocities. The examples will feature directions referred to points of the compass, known as bearings.

The direction of Leeds relative to Bristol can be described as ‘15° to the East of due North’, or N 15° E. This is an instance of a bearing. Directions on the ground are typically given like this, in terms of the directions North (N), South (S), East (E) and West (W). For a direction other than N, S, E or W, the conventional notation for bearings involves starting from either North or South, and then specifying an angle (up to 90°) towards the East or West. The possibilities that arise are illustrated by specific examples in Figure 9.

[image: image65.jpg]N40°E
N60°W

S30°E




Figure 9 Examples of bearings
Description

Figure 9

End of description

Often N 45° E is replaced by NE (North-East), and similarly for N 45° W (North-West), S 45° E (South-East) and S 45° W (South-West).

1.4.2 Displacements and bearings

The displacement from a point P to a point Q is the change of position between the two points, as described by the displacement vector 

[image: image66.jpg]



If P and Q represent places on the ground, then it is natural to use a bearing to describe the direction of Q from P. It is straightforward to move between bearings and vector directions (relative to Cartesian axes), once the Cartesian unit vectors have been specified in terms of compass directions.

Activity 4 Converting to and from bearings

Suppose that i is 1 km East and j is 1 km North.

1. Find the direction θ that corresponds to each of the following bearings.

1. N 40° E

2. S 50° W

2. Find the bearing that corresponds to each of the following directions.

1. θ = −70°

2. θ = 120°

Answer

Solution

1. The directions are shown in Figure 10. 

1. The direction is θ = 90° − 40° = 50°.

2. The direction is θ = −(90° + 50°) = −140°.

2. The directions are shown in Figure 11. 

1. The bearing is S 20° E.

2. The bearing is N 30° W.

[image: image67.jpg]S50°W

(ii)





Figure 10 
Description

Figure 10

End of description

[image: image68.jpg]N30°W

(i)

30°

120°




Figure 11 
Description

Figure 11

End of description

End of answer

End of activity.

The next activity asks you to apply to displacements the strategies from Section 1 for converting between geometric and component form.

Activity 5 Displacements in geometric and component form

Suppose that i is 1 km East and j is 1 km North.

1. The displacement from Bristol to Leeds is given by the vector d = 77i + 286j. Verify that d may also be described by 296 km at N 15° E.

2. The displacement from Exeter to Belfast is 465 km at N 21° W.

1. How far East or West of Exeter is Belfast?

2. How far North or South of Exeter is Belfast?

3. Specify the displacement vector from Belfast to Exeter:

1. in component form;

2. in terms of direct distance and a bearing.

Answer

Solution

1. The strategy from Section 1.1 may be applied. The magnitude of the vector d = 77i + 286j is

[image: image69.jpg]|d| =

T+

[

1R

o
o




Since the components are d 1 = 77, d 2 = 286, we have

[image: image70.jpg]¢ = arctan(286/77) ~ 75°




Also, (77, 286) lies in the first quadrant, so the direction of d is θ =  φ ≈ 75°. This direction corresponds to the bearing N 15° E. Thus d describes the displacement 296 km at N 15° E, as claimed.

2. If e is the displacement vector from Exeter to Belfast, then |e| = 465. The direction of e is θ = 90° + 21° = 111°, Hence the component form

[image: image71.jpg]e = le[cosfi+ e|sinfj
= 465 cos(111°)i + 465 sin(111°)
—167i + 434j.





(Note that we have extended use of the ≈ symbol to an approximate vector equation.)

1. The i-component, −167, gives in kilometres the distance by which Belfast is East of Exeter. However, the minus sign indicates that Belfast is 167 km West of Exeter.

2. The j-component shows that Belfast is 434 km North of Exeter.

3. The displacement from Belfast to Exeter is the opposite of that from Exeter to Belfast. Hence it is described by the vector −e, where e was given in part (b).

1. In component form, the displacement vector from Belfast to Exeter is

[image: image72.jpg]—e ~ 1671 — 434j.




2. The bearing opposite to N 21° W is S 21° E. Hence, in terms of direct distance and a bearing, the displacement from Belfast to Exeter is 465 km at S 21° E.

End of answer

End of activity.

The approach outlined in Activity 5 can be applied to two or more displacements, in order to find their resultant. This is demonstrated in the following example.

Example 3 Finding the resultant displacement

A surveyor walks 200 metres due North. She then turns clockwise through 120° and walks 100 metres, after which she walks 300 metres due West. Find her resultant displacement, relative to her starting position, in terms of direct distance and a bearing. Give your answers correct to one decimal place.

Answer

Solution

Let i be 1 m East and let j be 1 m North. Suppose that the displacement vectors for the three phases of the walk are denoted by a, b and c. The path of the surveyor is sketched in Figure 12.

[image: image73.jpg]



Figure 12 The surveyor's path
Description

Figure 12

End of description

Note that, here and in subsequent vector diagrams, the Cartesian unit vectors i and j are not drawn to the scale indicated for other vectors.

The vector a has magnitude |a|  =  200 and direction 90°. The vector b has magnitude |b| = 100 and direction 90°− 120° =  −30°. The vector c has magnitude |c| = 300 and direction 180°. Hence the respective component forms are

[image: image74.jpg]a = 200 cos(90°)i 4 200 sin(90°)j = 200j,
b = 100 cos(—30%i + 100 sin(—30°)j = 50vV/3i — 50j,
¢ = 300 cos(180%)i + 300 sin(180°)j = —300i.




Since the magnitudes of i and j are each 1 m, the magnitudes of a, b and c are measured in metres. This convention is adopted in all similar problems in this chapter.

The resultant displacement is

[image: image75.jpg]a+b+c=(50v/3 = 300)i + (200 — 50)j = —213.30751 + 150j.





Note the convenient extension of the use of the symbol ≈ to vector contexts.

The strategy from Section 1.1 can now be applied. The vector d has magnitude

[image: image76.jpg]



Since the components of d are d 1 ≈ −213.3975, d 2 = 150, we have

[image: image77.jpg]¢ = arctan(|150/(—213.3975)|) = arctan(150/213.3975)




Also, (−213.3975, 150) lies in the second quadrant, so the direction of d is θ = 180° − φ ≈ 144.9°. This corresponds to the bearing N 54.9° W.

Thus the surveyor's resultant displacement, relative to her starting point, is 260.8 m at N 54.9° W. (An arrow representing the resultant vector d should have its tail at the tail of the arrow representing a and its tip at the tip of the arrow representing c. You might like to check the calculation of d by drawing, to scale, a suitable arrow.)

End of answer

End of example.

Activity 6 Finding the resultant displacement

The displacement from Exeter to Belfast is 465 km at N 21° W (as given in Activity 5(b)). The displacement from Belfast to Edinburgh is 230 km at N 48° E. Find, in terms of direct distance and a bearing, the displacement from Exeter to Edinburgh. Give your answers to the nearest kilometre or degree.

Answer

Solution

Let i be 1 km East and let j be 1 km North. Denote the displacement from Exeter to Belfast by the vector a, and the displacement from Belfast to Edinburgh by the vector b. These vectors are sketched in Figure 13.

[image: image78.jpg](
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Figure 13 
Description

Figure 13

End of description

You showed in Activity 5(b) that

[image: image79.jpg]a~ —167i + 434j.




Similarly, the vector b has magnitude |b| = 230 and direction 90° − 48° = 42°, so its component form is

[image: image80.jpg]b = 230 cos(42%)i + 230 sin(42)j
~ 171i + 154j.




The resultant is

[image: image81.jpg]c=a+b=~ (171 = 167)i + (434 + 154)j = 4i + 588j




The strategy from Section 1.1 may now be applied. The vector c has magnitude

[image: image82.jpg]



Since the components are c 1 ≈ 4, c 2 ≈ 588, we have

[image: image83.jpg]¢ =~ arctan(588/4) ~ 89.6°.




Also, (4, 588) lies in the first quadrant, so the direction of c is θ =  φ ≈ 89.6°, which is 90° to the nearest degree. This corresponds to the bearing due North.

Hence the displacement from Exeter to Edinburgh is 588 km due North.

End of answer

End of activity.

1.4.3 Velocity

Another vector quantity which crops up frequently in applied mathematics is velocity. In everyday English, the words ‘speed’ and ‘velocity’ mean much the same as each other, but in scientific parlance there is a significant difference between them.

Velocity and speed

· The velocity v of an object is its rate of change of position. This is a (vector) measure of how fast it is moving and of its direction of motion.

· The speed |v| of an object is a (scalar) measure of how fast it is moving, irrespective of its direction of motion. As the notation indicates, the speed is the magnitude of the velocity vector. The SI unit for speed is metres per second (ms−1).

Here we consider only constant velocities, which have both constant speed and fixed direction. The direction of a velocity can be expressed in several ways, but it is often given as a bearing, as for displacements. Indeed, constant velocities are closely related to displacements. If an object travels with constant velocity v ms−1 (metres per second) for t seconds, then its displacement d metres over that time is given by d = t v. So each constant velocity is a scalar multiple of a displacement (v = (1/t)d), and vice versa. Provided t > 0, the vectors v and d have the same direction.

One particular example is wind velocity. Note that when the direction of a wind is specified in English (as in ‘a westerly wind’), this describes the direction from which the wind blows, and not the direction to which it moves.

Activity 7 Velocity vector for wind

Let i be 1 ms−1 East and let j be 1 ms−1 North. Give in component form the velocity vector for a south-westerly wind of speed 2 ms−1.

Answer

Solution

The wind blows from the South-West, and hence moves towards the North-East. Hence the wind velocity vector v has direction θ = 45° (measured anticlockwise from the i-direction). Its component form is

[image: image84.jpg]



End of answer

End of activity.

The sorts of problems that arise for velocities are similar to those that you have met already for displacements, as the following example illustrates.

Example 4 Crossing the river

A river flows due East at a speed of 0.3 ms−1. A boy in a rowing boat, who can row at 0.5 ms−1 in still water, starts from a point on the South bank and steers at right-angles to the bank. The boat is also blown by a wind with speed 0.4 ms−1 from a N 20° E direction.

1. Find the resultant velocity of the boat, in terms of its speed (correct to two decimal places) and a bearing (to the nearest degree).

2. Suppose that the river has constant width 10 metres. How long does it take the boy to cross the river, and how far upstream or downstream has he then travelled?

Answer

Solution
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Figure 14 Three velocity vectors
Description

Figure 14

End of description

1. Let i be 1 ms−1 East and let j be 1 ms−1 North. Assume that the boy rows throughout at the maximum speed of which he is capable. Suppose that v b is the velocity of the boat in still water, v r is the velocity of the river and v w is the velocity of the wind. These vectors are shown in Figure 14.

From the information given, v b has magnitude |v b| = 0.5 and direction θ b = 90°, while v r has magnitude |v r| = 0.3 and direction θ r = 0.

The wind comes from N 20° E and hence blows towards S 20° W, for which the direction is −(90° + 20°). Hence the vector v w has magnitude |v w| = 0.4 and direction θ w = −110°.

The component forms of the vectors are therefore

[image: image86.jpg]v, = 0.31,
Vi = 0.4 cos(=110%i + 0.4 sin(—110%j = —0.1368i — 0.3759.




The first two component forms can in this case be written down directly from Figure 14. The resultant velocity is

[image: image87.jpg]V=Vt VitV
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The strategy from Section 1.1 can now be applied. The resultant speed of the boat is

[image: image88.jpg][v]
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Since the components of v are v 1 ≈ 0.1632, v 2 ≈ 0.1241, we have

[image: image89.jpg]¢ = arctan(0.1241/0.1632) = 37",




Also, (0.1632, 0.1241) lies in the first quadrant, so the direction of v is θ = φ ≈ 37°. This corresponds to the bearing N 53° E.

Thus the resultant velocity is 0.21 ms−1 at N 53° E.

2. The i-component of v indicates how fast the boat travels downstream (or upstream, if v 1 < 0), while the j-component, v 2, is the rate of progress across the river. Since v 2 ≈ 0.1241 (in ms−1), the 10-metre width of the river will be crossed in 10/0.1241 ≈ 81 seconds. (Here we ignore the length of the boat!)

In that time, the boat will have travelled 81 × 0.1632 ≈ 13 metres downstream.

End of answer

Comment

It is natural to draw the arrows for velocity vectors in Figure 14 with their tails at the same point, since the boat can be thought of as moving under the simultaneous effect of the three velocities. When adding displacements, on the other hand, it is natural to think of the vectors taking effect consecutively and hence to place the arrows nose to tail. This is simply a choice of visualisation, and does not affect the mathematics involved. However, placing the arrows nose to tail does give some indication of the magnitude and direction of the resultant vector, which provides a rough check on the calculation.

End of example.

Activity 8 Ship in a current

A ship has a speed in still water of 5 ms−1 and is pointed in the direction S 50° W, but there is a current of speed 2 ms−1 flowing towards the direction N 40° W. Find the resultant velocity of the ship, in terms of its speed (correct to one decimal place) and a bearing (to the nearest degree).

Answer

Solution

Let i be 1 ms−1 East and let j be 1 ms−1 North, Suppose that v s is the velocity of the ship in still water and v c is the velocity of the current. These vectors are shown in Figure 15.
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Figure 15 
Description

Figure 15

End of description

From the information given, v s has magnitude |v s| = 5 and direction θ s = −(90° + 50°) = −140°, while v c has magnitude |v c| = 2 and direction θ c = 90° + 40° = 130°.

The component forms of the vectors are therefore

[image: image91.jpg]—~140%i + 5sin(—
0i - 3.214j,

Ve = 2cos(130%)i + 2
—1.286i + 1.5





The resultant velocity is

[image: image92.jpg]5.1161 — 1.682j.




The strategy from Section 1.1 may now be applied. The resultant speed of the ship is

[image: image93.jpg](—5.116)% + (—1.682)2 ~ 5.4.





Since the components of v are v 1 ≈ −5.116, v 2 ≈ −1.682, we have

[image: image94.jpg]& ~ arctan(|—1.682/(—5.116)|)
= arctan(1.682/5.116)
~ 18°




Also, (−5.116, −1.682) lies in the third quadrant, so the direction of v is θ = −(180° −  φ) ≈ −162°. This corresponds to the bearing S 72° W.

Thus the resultant velocity of the ship is 5.4 ms−1 at S 72° W.

End of answer

End of activity.

1.5 Exercises

Exercise 1

A vector a has magnitude |a| = 7 and direction θ = −70°. Calculate the component form of a, giving the components correct to two decimal places.

Answer

Solution

Applying the equation a = |a| cos θi + |a| sin θj, where |a| = 7 and θ = −70°, we obtain the component form

[image: image95.jpg]= 7 cos(—70°)1 + Tsin(—70°%)]
=2301—-658 (to2dp.).





End of answer

End of activity.

Exercise 2

Find the magnitude and direction of each of the vectors a = −3i + 2j, b = 6i − j and of their sum a + b, giving your answers correct to one decimal place.

Answer

Solution

In each case, the strategy on page 22 may be applied. The magnitude of the vector a = −3i + 2j is

[image: image96.jpg]a] = +/(—3)2 +22 =413~ 3.6




Since the components are a1 = −3, a2 = 2, we have

[image: image97.jpg]¢ = arctan(|2/(—3)|) = arctan £ ~ 33.7°.




Also, (−3, 2) lies in the second quadrant, so the direction of a is θ = 180° − φ  ≈  146.3°.

The magnitude of the vector b = 6i − j is

[image: image98.jpg]b| = /62 + (—1)2 = /37 ~6.1.




Since the components are b1 = 6, b2 = −1, we have

[image: image99.jpg]1
$ = arctan(|—1/6|) = arctan z ~ 9.5°




Also, (6, −1) lies in the fourth quadrant, so the direction of b is θ = − φ  ≈  −9.5°.

The sum of the vectors a and b is

[image: image100.jpg]



The magnitude of this vector is

[image: image101.jpg]c| = /32 + 12 = /10 ~ 3.2,




Since the components are c1 = 3, c2 = 1, we have

[image: image102.jpg]b= arct.a.n ~18.4°




Also, (3, 1) lies in the first quadrant, so the direction of c is θ = φ  ≈  18.4°.

End of answer

End of activity.

Exercise 3

The displacement from Derby to Birmingham is 57 km at S 30° W. The displacement from Derby to Leicester is 32 km at S 45° E. In terms of direct distance and a bearing, find:

1. the displacement from Leicester to Derby;

2. the displacement from Leicester to Birmingham, giving your answers correct to one decimal place.

Answer

Solution

· (a) The displacement from Leicester to Derby is the opposite of the given displacement from Derby to Leicester, so it is 32 km at N 45°W.

· (b) Let i be 1 km East and let j be 1 km North. Denote the displacement from Leicester to Derby by the vector a, and the displacement from Derby to Birmingham by the vector b. Then the required displacement from Leicester to Birmingham is represented by the vector a + b. These vectors are sketched in Figure S.21.
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Figure S.21 
Description

Figure 16

End of description

The vector a has magnitude |a| = 32 and direction 90° + 45° = 135°, so its component form is

[image: image104.jpg]= 32¢0s(135°)1 +325in(135%)]
~ —922.631 + 22.63j.




The vector b has magnitude |b| = 57 and direction −(90° + 30°) = −120°, so its component form is

[image: image105.jpg]b = 57 cos(—120°)1 + 57 sin(—120°)]
o~ —28.501 — 49.36].




The resultant is

[image: image106.jpg]=a+b
o (—22.63 — 28.50)i + (22.63 — 4.36);
_51.131 — 26.73].





The strategy on page 22 may now be applied. The vector c has magnitude

[image: image107.jpg]| 2 /(-
| 2 +/(—51.13)2 + (—26.73)2 ~ 57.7.




Since the components are c1  ≈  −51.13, c2  ≈  −26.73, we have

[image: image108.jpg]¢ =~ arctan(|—26.73/(—51.13)|)
= arctan(26.73/51.13)
~ 97 §°




Also, (−51.13, −26.73) lies in the third quadrant, so the direction of c is θ = −(180° −φ)  ≈  −152.4°. This corresponds to the bearing S 62.4°W.

Hence the displacement from Leicester to Birmingham is 57.7 km at S 62.4°W.

End of answer

End of activity.

Exercise 4

An aeroplane has a speed in still air of 50 ms−1 and is pointed in the direction N 20° E, but it flies in a wind of speed 10 ms−1 blowing from N 70° W. Find the velocity of the aeroplane relative to the ground, in terms of its speed and a bearing. Give your answers correct to one decimal place.

Answer

Solution

Let i be 1 m s−1 East and let j be 1 ms−1 North. Suppose that va is the velocity of the aeroplane in still air and vw is the velocity of the wind. These vectors are shown in Figure S.22.
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Figure S.22 
Description

Figure 22

End of description

From the information given, va has magnitude |va| = 50 and direction θa = 70°.

The wind comes from N 70°W and hence blows towards S 70°E, for which the direction is −(90° −70°). Hence the vector vw has magnitude |vw| = 10 and direction θw = −20°.

The component forms of the vectors are therefore

[image: image110.jpg]va = 50 cos(70°)1 + 50sin(70%)]
o 17.101 + 46.08j,

vw = 10 cos(—20°)i + 10 sin(—20°)]
~ 0.40f — 3.49.




The resultant velocity is

[image: image111.jpg]V=VaT Vw
o (17.10 +0.40)i + (46.98 — 3.42);
= 96.501 + 43.565.




The strategy on page 22 may now be applied. The resultant speed of the aeroplane is

[image: image112.jpg]o~ ./(26.50)2 + (43.56)2 ~ 51.0.





Since the components of v are v1  ≈  26.50, v2  ≈  43.56, we have

[image: image113.jpg]¢ =~ arctan(43.56/26.50) ~ 58.7°.




Also, (26.50, 43.56) lies in the first quadrant, so the direction of v is θ = φ  ≈  58.7°. This corresponds to the bearing N 31.3°E.

Thus the velocity of the aeroplane relative to the ground is 51.0 m s−1 at N 31.3°E.

End of answer

End of activity.

Next steps

After completing this unit you may wish to study another OpenLearn Study Unit or find out more about this topic. Here are some suggestions:

· Modelling heat transfer (MSXR209_4)
· Modelling pollution in the Great Lakes (MSXR209_1)
· Science, Maths and Technology
If you wish to study formally at The Open University, you may wish to explore the courses we offer in this curriculum area:

· Using mathematics (MST121)
· Mathematics and Statistics 
Or find out about studying and developing your skills with The Open University:

· OU study explained
· Skills for study
Or you might like to:

· Post a mesage to the unit forum, to share your thoughts about the unit or talk to other OpenLearners

· Review or add to your Learning Journal
· Rate this unit
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