
Chapter 6 

Point estimation 

This chapter deals with one of the central problems of statistics, that of using a 
sample of data to estimate the parameters for a hypothesized population model from 
which the data are assumed to arise. There are many approaches to estimation, 
and several of these are mentioned; but one method has very wide acceptance, the 
method of maximum likelihood. 

So far in the course, a major distinction has been drawn between sample quan- 
tities on the one hand-values calculated from data, such as the sample mean 
and the sample standard deviation-and corresponding population quantities 
on the other. The latter arise when a statistical model is assumed to be an ad- 
equate representation of the underlying variation in the population. Usually 
the model family is specified (binomial, Poisson, normal, . . . ) but the index- 
ing parameters (the binomial probability p, the Poisson mean p, the normal 
variance u2, . . . ) might be unknown-indeed, they usually will be unknown. 
Often one of the main reasons for collecting data is to estimate, from a sample, 
the value of the model parameter or parameters. 

Here are two examples. 

Example 6.1 Counts of females in queues 
In a paper about graphical methods for testing model quality, an experiment Jinkinson, R.A. and Slater, M. 
is described to count the number of females in each of 100 queues, all of length (1981) Critical discussion of a 
ten, at a London underground train station. graphical method for identifying 

discrete distributions. The 
The number of females in each queue could theoretically take any value be- Statistician, 30, 239-248. 
tween 0 and 10 inclusive (though, in fact, no queue from the 100 observed 
was constituted entirely of females). Table 6.1 shows the frequencies for the 
different counts. 

Table 6.1 Numbers of females in 100 queues of 
length ten 

Count 0 1 2  3 4 5 6 7 8 9 1 0  
Frequency 1 3 4 23 25 19 18 5 1 1 0 

A possible model for the observed variation is that the probability distribution 
of the number of females in a queue is binomial B(lO,p), where the par- 
ameter p (not known) is the underlying proportion of female passengers using 
the London underground transport system during the time of the experiment. 
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The parameter p may be estimated from this sample in an intuitive way by Parameter estimates are not always 
calculatinn 'obvious' or 'intuitive', as we shall 

see. Then you have to use 
total number of females mathematics as a guide; otherwise, 

total number of passengers mathematics can be used to 
confirm your intuition. 

- 1 ~ 0 + 3 ~  1 + 4 ~ 2 + . . . + 1 ~ 9 + 0 ~  10 - - -- 435 - 0.435, 
10 X 100 1000 

or just under i. 
In this case, as it happens, the binomial model fits the data very well; but it 
could have turned out that the binomial model provided a less than adequate 
representation of the situation. One of the assumptions underlying the model 
is that of independence. In this case that means that the gender of any person 
in a queue does not affect, and is not affected by, the gender of others. If, for 
instance, there had been too many Male-Female couples standing together, 
then the observed frequency of 4s, 5s and 6s in the counts would have been 
too high. H 

Example 6.2 Counts of the leech Helobdella 
An experiment is described in Jeffers (1978) in which 103 water samples were Jeffers, J.N.R. (1978) An 
collected and the number of specimens of the leech Helobdella contained in introduction to systems analysis 

each sample was counted. More than half of the samples collected (58 of with ecological 
Edward Arnold, London. them) were free of this contamination, but all the other samples contained at 

least one leech-three contained five or more. Table 6.2 gives the frequencies 
of the different counts for the 103 samples. 

Table 6.2 Counts of the leech Helobdella in 103 
water samples 

Count 0 1 2 3 4 5 6 7 8 2 9  
Freauencv 58 25 13 2 2 1 1 0 1 0 

One model that might be thought to be at least reasonable for the observed 
variation in the counts is that they follow a Poisson distribution. The Poisson 
distribution is indexed by one parameter, its mean p. You saw in Chapter 4 ,  
Section 4.2 that the sample mean has some 'good' properties as an estimator 
for a population mean p. (For instance, it has expectation p: this was shown 
in (4.8) in Chapter 4.) In this case, the sample mean is 

This constitutes an estimate, based on this sample, for the unknown Poisson 
mean p. 

(In fact, it turns out that the observed variation here is not very well ex- 
pressed by a Poisson model. The reason is that the leeches tend to cluster 
together within the water mass from which they were drawn: that is, they 
are not independently located. Model testing is examined in Chapter 9 of the 
course.) H 

There are many questions that might be asked about model parameters, and 
in this course Chapters 6 to 8 are devoted to answering such questions. One 
question is of the general form: is it reasonable to believe that the value of a 
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particular parameter is . . . ? (zero, or one-half, or positive, or whatever). Ap- 
propriate sampling procedures, followed by an analysis of the data collected, 
permit informative tests of such hypotheses. For example, is it reasonable to 
believe the proposition that at least half the passengers using London under- 
ground trains are female, given this moderate evidence to the contrary? The 

subject of hypothesis testing is examined in Chapter 8. 

Another, related, matter of interest is this: on the basis of these data, and 
assuming an underlying model for the variation observed, what single value, 
or what range of values, is plausible for the indexing parameter? 

Here, there are two questions posed. The first asks for the single best guess, 
or estimate, of the value of the parameter. To find this, we shall apply an 
estimating formula, or estimator, to the data available. This is a question 
about point estimation and it is the subject of the present chapter. The 
second question asks for a range of credible values for an unknown model 
parameter, based on a sample of data. Such a range is called a confidence 
interval: the idea of interval estimation is discussed in Chapter 7. 

In Sections 6.1 and 6.2 we look at  a number of different situations in which 
data have been collected on a random variable, and where there is a clear 
problem of parameter estimation. A number of possible approaches to the 
problem is described (there are many others). 

Often, a somewhat involved mathematical procedure leads to an estimator 
which after all is the obvious common-sense estimator to choose, though this 
is not always the case. In Section 6.3 we explore one particular approach 
which has common acceptance, leading to estimators with good properties, 
and that does not usually conflict badly with the dictates of common sense. 
This is known as the method of maximum likelihood. 

In Section 6.4 we examine a number of particular examples. As well as re- 
visiting earlier examples, we briefly explore estimation problems where one 
method or another fails (for whatever reason) but where the method of maxi- 
mum likelihood proves to be useful and informative. (Nevertheless, similar 
examples could be found to embarrass almost any estimating procedure, in- 
cluding maximum likelihood.) Most of the exercises in this section require the 
use of a computer for the numerical procedures involved. 

Section 6.5 is very reliant on computer simulation. A new continuous prob- 
ability distribution, the chi-squared distribution, is introduced. The distri- 
bution is relevant to the problem of estimating the variance of a normal dis- 
tribution. 

6.1 Principles of point estimation 

Point estimation is the process of using the data available to estimate the 
unknown value of a parameter, when some representative statistical model has 
been proposed for the variation observed in some chance phenomenon. The 
point estimate obtained from the data will be a single number. Here are some 

examples. All the examples illustrate important features of point estimation. 
These essential features are summarized after Example 6.5 and restated at 
the end of the section. 
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Example 6.2 continued 
The Helobdella experiment resulted in a data list comprising 103 observations 
on a discrete random variable (58 OS, 25 Is, and so on). For the purposes of 
drawing useful inferences from the experiment, these data were assumed to be 
i ndependen t  observations on the same random variable, a Poisson variate with 
unknown mean p. One obvious estimate for the parameter p is the sample 
mean 

- 0 ~ 5 8 + 1  ~ 2 5 + 2  X 1 3 + . . . + 8 ~  1 84 
X = - 

103 
- 0.816. 

5 8 + 2 5 + 1 3 + . . . + 1  
In this case our data set comprised a particular collection of 103 independent 
observations XI ,  X2,  . . . , XlO3 on the random variable X Poisson(p); our 
estimate of p was the corresponding particular observation on the sample 
mean, the random variable 
- X1 + X2 + ' ' ' + X103 
X(1) = 103 

Suppose a similar study was carried out under similar circumstances, but on 
that occasion only 48 water samples were collected; as before, the number of 
leeches in each sample was counted. Assuming the same Poisson model, then 
the new estimate of the unknown parameter p would be 

- x l + ~ 2 + " ' + ~ 4 , 8  
X(2) = 48 

This is an observation on the random variable 
- Xl-kX2-k  " '+X48.  
X(2) = 48 

Exercise 6.1 
The first experiment (the one actually carried out) resulted in an estimate for 
p of ?F(1) = 0.816, an observation on the random variable The second 
(notional) experiment resulted in an estimate ?F(2) which was an observation 
on the random variable W(2). 

Write down in terms of the unknown parameter p the mean and variance of 
the random variable X(1) and of the random variable X(2). 

In this example we had a procedure or estimating formula which may be 
expressed thus: collect a total of n water samples and count the number 
of leeches XI, X 2 , .  . . , Xn in each sample; find the total number of leeches 
X I  + Xz + . . . + X n  and divide this number by n to obtain the average number 
of leeches in a sample of water. In other words, the random variable 
- 
X =  

X l + X 2 + . . . + X ,  
n 

is the estimating formula for p. It is called an estimator for p. With different 
data sets, different values of the estimator will be obtained (for example, 
841103 or perhaps 30148). These are estimates for p. 

Exam~le 6.3 Alveolar-bronchiolar adenomas in mice 
Tamura, R.N. and Young, S.S. 
(1987) A stabilized moment 
&tim&or for the beta-binomial 

In a research experiment into the incidence of alveolar-bronchiolar adenomas distribution. Biometrics, 43, 
in mice, several groups of mice were examined. One of the groups contained 54 813-824. An adenoma is a benign 
mice: after examination, six of the 54 mice were found to have adenomas. tumour originating in a gland. 



Chapter 6 Section 6.1 

Assuming independence from subject to subject, the experiment consists of 
observing an outcome r on a binomial random variable R 7 B(n,p) .  In this 
case the number observed was r = 6 and the sample size was n = 54; the 
obvious estimate of the proportion p is $ = i, or about 11%. 

A different experiment might have involved a different number, n, of subjects; 
assuming the experimental design to be the same, and making the same as- 
sumptions, then the number of affected mice is a binomial random variable 
R N B(n,p), and the experiment will result in the estimate r l n .  Here, our 

procedure or estimating formula is: observe the value of the random variable 
R and divide this observed value by n. So R l n  is the estimating formula, 
or estimator, for p. In different experiments, different values of the estimator 
will be obtained. These are estimates r l /n l ,  r2 /n2 , .  . . . 

Indeed, the experiment involved altogether 23 groups of mice. Examination of 
the other 22 groups resulted in several different estimates for the proportion 
of affected mice in the wider population, from as low as 5 through 6 to 
estimates as high as $ = i .  H 

Example 6.4 Sand flies 

An experiment was performed in which sand flies were caught in two different Christiensen, H.A., Herrer, A. and 
light traps; then the numbers of male and female flies were counted in each Telford, S R .  (1972) Enzootic 
trap. cutaneous leishmaniasis in Eastern 

Panama. 11: Entomological 
The first trap was set three feet above the ground: when the traps were lifted investigations. Annals of Tropical 
it contained 173 male sand flies and 150 females-an observed proportion of Medicine and 66, 

1731323 males, or about 54% (just over one-half). The second trap was set 55-66. 

35 feet above the ground: on inspection it was found to contain 125 males and 
73 females. 

Thus we have twd rather different estimates of the proportion of male sand 
flies in the population: whether or not the difference is a 'real' difference (fewer 
females venturing far above the ground) or due simply to random variation 
is the sort of question that is the subject of Chapter 8. At first sight, we 
have here one estimate r l /n l  = 1731323 = 0.54 for the proportion p1 of males 
in the sand flies to be found 3feet above ground level, and another estimate 
r2/na = 1251198 = 0.63 for the proportion p2 of males in the sand fly popu- 
lation at 35 feet above ground. H 

Example 6.5 Epileptic seizures 
A number of patients with intractable epilepsy controlled by anticonvulsant Albert, (1991) A two-state 
drugs was observed for times between three months and five years, and in- mixture for a time 

series of epileptic seizure counts. formation about the number of daily seizures suffered by each patient was Biometrics, 47, 1371-1381. 
recorded. One of the patients was observed for 422 consecutive days. Table 6.3 
gives the frequencies for the daily seizure counts. 

Table 6.3 Counts of epileptic seizures, 
daily over 422 days 

Count 0 1 2  3 4 5 6  
Frequency 263 90 32 23 9 3 2 
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Assuming a Poisson model for the variation in the daily counts, a reasonable 
estimator for the indexing parameter (the mean p) is given by the sample 
mean X .  In this case, for this particular data set, the corresponding estimate 

The preceding examples illustrate the following essential features of a point 
estimation problem: 

(a) some data-if we have no data then we cannot make an estimate; 

(b) a probability model for the way the data were generated-in the above The probability model adopted . ,  - 

examples, X Poisson(p) or R B(n,p); may or may not be quite adequate 
to explain the variation observed: 

(c) the model involves a parameter whose value is unknown-this is the value but this is a problem of of 
we wish to estimate; 

- 
fit, not primarily one of estimation, 

(d) an estimating formula or estimator for the parameter, irrespective of any and it is addressed later in the 
course. 

particular data values obtained, depending only on the model; 

(e) the value of the estimator given by the data, that is, the estimate for the 
parameter. 

Notation 

It is useful to introduce some notation here. In statistical work, it is often 
convenient to denote an estimate of a parameter by adding a circumflex or 
'hat' symbol thus: we might write that the water experiment resulted in 
the estimated mean incidence of leeches E = 0.816. Similarly, the estimated 
proportion of males in the sand fly population at  35feet above ground level 
was j& = 0.63. Most statisticians (in speaking, or reading to themselves) 
conventionally use the phrase ' p  hat' or 'p hat' for simplicity. 

The same notation is also used for an estimator-the estimator of p in It would be unwieldy to develop a 
the above examples is j? = Rln ;  similarly, the estimator of p is c = X = separate notation t; distinguish 

(X1 + X2 + . . . + X,)/n. Notice the essential difference here. The estimate estimates and you 
find in practice that there is little 

p̂  is a number obtained from data while the estimator p̂  is a random variable scope for confusion, 
expressing an estimating formula. The estimate jZ = ?f is a number obtained 
from a data sample by adding together all the items in the sample and div- 
iding by the sample size. The estimator jZ = X is a random variable. As a 
random variable, an estimator will itself follow some probability distribution, 
and this is called the sampling distribution of the estimator. 

By looking in particular at  summary measures of the sampling distribution 
of an estimator, particularly its mean and variance, we can get a good idea 
of how well the estimator in question can be expected to perform (that is, 
how 'accurate', or inaccurate, the estimates obtained from data might turn 
out to be). For instance, it would be useful if the estimator turns out to have 
expected value equal to the parameter we are interested in estimating. (In the 
case of a Poisson mean, for instance, we have used the fact that E(X) = p as 
the basis for our notion of a 'good' estimator. Also, if the random variable R 
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has a binomial distribution B(n,p), then E(R) = np and so E(R/n) = p.) It 
will be useful too if the estimator has a small variance: then we can expect 
estimates resulting from statistical experiments to be close to the parameter 
we are trying to estimate. In any given estimation problem, there is not always 
one clear estimator to use: there may be several possible formulas that could 
be applied. The question that naturally arises is: which formula -is likely to 
lead to 'better' estimates? The next example illustrates this. 

Example 6.6 Divorces in England and Wales, 1975- 1980 

The next data set is about the annual numbers of divorces in England and 

Wales for the six years between 1975 and 1980. The data are listed in 
Table 6.4. They appear to show some sort of linear upward trend, though 
there is not an exactly constant increase (and perhaps one would be rather 
surprised if there was). The aim of this example is to demonstrate that there 
are at least three sensible estimates that could be proposed for the underlying 
trend. The idea of estimating slopes through scattered data points is one that 
will be discussed in detail in Chapter 10. All you need to do for the moment is 
appreciate that in any context there may be more than one way of obtaining 
from data a 'sensible7 estimate for an unknown parameter, and that there are 
simple methods for choosing from these estimates one that might be better 
than the others. 

Table 6.4 Annual numbers of divorces in England and Wales, 1975-1980 

Year 1975 1976 1977 1978 1979 1980 
Number of divorces (thousands) 120.5 126.7 129.1 143.7 138.7 148.3 

Let us denote the number of divorces (thousands) in any particular year by y, 
and the year, reckoned from 1900 for convenience, by X. We can then plot the 
data as six points (xi, yi) (i = 1,2, . . . ,6) on a scatter diagram as in Figure 6.1; 
so, for example, xl  = 75, yl = 120.5; 2 6  = 80, y~ = 148.3. The six points are 
labelled PI, P2, P3, P4, P5, P6 going from left to right, i.e. Pl is (XI ,  yl), and 
SO on. 

Divorces (thousands) 

100 1 I I l l l 

75 76 77 78 79 80 

Year 

Data from Marriage and Divorce 
Statistics, Office of Population 
Censuses and Surveys, HMSO. For 
the purposes of this example, it is 
important that the data exhibit 
some sort of trend. More recent 
data than these (1985-1990) do 
not: there appears to be a levelling 
off. 

Figure 6.1 Divorces in England and Wales, 1975-1980 (thousands) 
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The pattern of the six points appears roughly linear, with positive slope; in 
other words, there appears to have been, over the six years covered by the 
data, an underlying upwards trend in the annual number of divorces. Our 
assumption will be that there is a trend line which truly underlies the six 
points; it has a slope P, say, which can be interpreted as the annual r te of 
increase of divorces. The number /3 is a parameter whose value we d not 
know; but we wish to estimate it. 

3 
In previous examples there was a unique 'obvious' way of estimating p, namely 

= X, and of estimating p, namely p^= Rln. Here, this is not the case; one 
can think of several apparently sensible ways of estimating 0. Three estimators 
of /3 we might consider are: 

(1) 3, = the slope of the line joining the first and last points PI and P6; 

(2) B2 = the slope of the line joining the midpoint of PIP2 to the midpoint 
of P5 P 6  ; 

(3) = the slope of the line joining the 'centre of gravity' of the first three The technical term for 'centre of 
points PI ,  P2, P3 to  the centre of gravity of the last three points Pq, P5, gravity' is centroid. The centroid of 

PS. the points PI, Pz, P3 has 
coordinates $(PI + P2 + P3). 

Other estimators are possible (you can probably think of some) and different 
ones are, in fact, usually preferred; but these three will suffice to make the 
important points. The three lines with slopes P,, and 3, are shown in 

A - -  

Figure 6.2; these are labelled 11, 12, 13. 

Divorces (thousands) - 

100 f I 4 1 1 , 
75 76 77 78 79 80 

Year 

Figwe 6.2 Divorces in England and Wales, 1975-1980: trend lines 

With this data set, these three estimating procedures give the following three 
estimates (each to one decimal place): 
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Which one of these three estimates should we use? Is one of them better than 
the others? For that matter, what does 'better' mean? The word 'better' 
does not refer to a specific value, like 5.6 or 5.0, but to the est imat ing formula 
which produces such a value. So we shall need to compare the properties of 
the various estimators: that is, we shall need to compare the properties of the 
sampling distributions of the estimators. 

In order to make these comparisons we must first decide on a sensible prob- 
ability model for the data: in other words, we must decide where randomness 
enters the situation, and how to model that randomness. 

This is not quite obvious: there are certainly deviations in the data to be 
observed from a straight line, so the observed points (xi, yi) must be scattered 
above and below the trend line, wherever it may be. On the other hand, there 
is no real sense in which the data observed constitute part of a statistical 
experiment, an experiment that could be repeated on a similar occasion when 
different results would be recorded. There was only one year 1975, and during 
that year there were 120.5 thousands of divorces in England and Wales; and 
in a sense that is all that need, or can, be said. 

Nevertheless, it is very common that deviations about a perceived trend are 
observed, and equally common to model those deviations as though they were 
evidence of random variation. This is what we shall do here. 

We are assuming that there is an underlying linear trend in the number of 
divorces y year by year (that is, with increasing X). In other words, our 
assumption is that the underlying trend may be modelled as a straight line 
with equation 

where the parameter p is the slope we are trying to estimate. 

Now, take any particular year, x l  = 75, say. The observed number of divorces 
(in thousands) is yl = 120.5. On the other hand, the trend model, if it was 
accurate, predicts a total of a + pxl = a + 75P thousands of divorces in 1975. 
The difference 

between the observed value and that predicted by the model is a single ob- 
servation on a random variable W, say. The scatter of the observed points 
Pi = (xi, yi) above and below the trend line is measured by the fluctuations 
or deviations 

these six observations on the random variable W are illustrated in Figure 6.3. 
(For the purposes of illustration, a choice was made in this diagram for sensible 
values of a and P-but you need to realize that no calculations have in fact 
yet been performed.) 
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Divorces (thousands) 

100 1 I I I I 

75 76 77 78 79 80 

Year 

Figure 6.3 Six observations on the random variable W 

We shall assume that the observations wl, w2,. . . , w6 may be treated as 
though they were independent observations on the same random variable W ;  
further, that the random variable W has mean 0 (observations occur above 
and below the trend line model); finally, that the random variable W has 
non-zero variance a2 (the problem is that there is evidence of deviation from 
the trend line). 

So our model for the data set in Table 6.4 is 

There are three parameters for the model, a, P and a2, the values of which 
are all unknown. 

Now, having constructed this model for the data, we can discuss relevant 
aspects of the sampling distributions of each of p,, p, and &, treating the 
estimate 

say, exactly as though it was an observation on the random variable (the 
estimator) , 

A 

We can work out the mean and the variance of the estimator ,B1: this will give 
us some idea of its usefulness as an estimator for the trend slope p (the only 
one of the three unknown model parameters in which, for the present, we are 

interested). To do this, we need first to find out the mean and variance of the 
random variable Y ,  = a + ,Bxi + Wi. B 

Exercise 6.2 

Remembering that a, ,l3 and xi are just constants, and that Wi has mean 0 
and variance o2 for all i = 1 , 2 , .  . . ,6 ,  calculate the mean and variance of the 
random variable Y,. 

Notice that here is a good example 
of the sittation where we use the 
notation p, to refer not just to the 
estimate of p,, a number 
calculated from data, but also to 
the estimating formula, which we 
call the estimator. 
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Example 6.6 continued 
From the solution to Exercise 6.2, we have the results 

E@) = a + Pxi, V(K) = g2. (6.1) 

The expected value of the estimator p, is given by 

(Here, the result that has been used is that for any random variable N and 
for any constant c, the expectation E(cN) is equal to cE(N)) .  Using (6.1) Chapter 4, (4.11). 
this reduces to 

In other words, the expected value of the estimator p, is simply the unknown 
parameter p. This is encouraging, for our purpose in constructing the esti- 

A 

mator p,, was to provide a useful estimate of p. D 

Exercise 6.3 
(a) Write down the estimators p2 and p3 in terms of Yl, Y2,. . . , Y6 and 

xl,X2,.. . ,x6. 

Hint  Look at how their numerical values, the estimates and p3, were 
obtained. 

A A 

(b) Find the expected values of the estimators P2 and P3. 

So all of the three suggested estimators, p,, p2 and p,, have the desirable 
property that they have expectation P. Each of the estimators is said to be 
unbiased for P. 

A 

An estimator 6 for an unknown model parameter 6 is said to be un- 
biased for 8 (or, simply, unbiased) if it has expectation 

E(@ = 6. 

Example 6.6 continued 
There is therefore, so far, nothing to choose between the three estimators pl, 
3, and p3, and in that sense there is no clue which is the 'better' estimator, 
and therefore no indication about how much reliance could be placed on the 
three estimates 

A A A 

PI = 5:6, P, = 5.0, p, = 6.0 

for the slope of the underlying trend line. 
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What about the variances of the three estimators? As they all have the same 
mean, it seems particularly sensible to choose as the best of these estimators 
the one with the least amount of variability about that mean, as measured by 
the variance. In Chapter 4, you were shown how to calculate the variance of 
a constant multiple of a sum of independent random variables: if Yl and Y2 
are independent, then 

V(c(Y1 + Y2)) = c"(~1 + Y2) = c2(V(Y1) + V(Y2)). 

Since the random variables Wl, W2, . . . , W6 are independent by assumption, 
it follows that the random variables Yl, Y2,. . . , Y6 which just add constants 
(albeit unknown ones) to these random variables must be independent as well. 
Therefore, we can apply the variance formula to work out the variances of the 
estimators. Here is the first one: 

Using the particular values for x l  and 2 6  given in Table 6.4, we have the final 
result 

Exercise 6.4 
Find in terms of a2 the variances and for the other two estimators H 
of slope that have been suggested. 

Notice that here we have used the 
result 

V(-Yl) = ( - 1 ) ~ v ( ~ 1 )  = V(Y1). 

Example 6.6 continued 
From the solution to Exercise 6.4, it follows that the variances of the three 
estimators are ordered from least to greatest as 

so by this reckoning the estimator p2, having the smallest variance, is the best 

of the three estimators of p. I 
h, 

Let us briefly summarize the main points made so far. 
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In a scenario involving point estimation we have 

data; 

a model for the data; 

an unknown parameter (or more than one) in the model, which we 
wish to estimate; 

irrespective of the particular values in our data set, an estimating 
formula or estimator; 

an estimate of the parameter; this will be different for different data 
sets: thus, an estimator is a random variable, an estimate is just a 
number; 

the sampling distribution of the estimator which will tell us how 
useful our estimator, and hence our estimate, is. 

Moreover, we can say what the word 'useful' means here. It is useful if an 
estimator is unbiased and it is also useful if it has a small variance. 

6.2 Methods of estimation 

Where do we get our estimators from? In all the preceding examples, we have 
simply used a bit of common sense. But in Example 6.6, we devised three 
different estimators for the model parameter P; without much difficulty, others 
could have been invented. When estimating the binomial parameter p, the 
estimator p̂  = R l n  is a very natural one to use, but what about the estimator 
(R + l ) / (n + 2), for instance, which possesses some attractive properties? Or 
(R + !j)/(n + l ) ?  

Given several competing estimators for some parameter, it has been indicated 
that we might be able to choose between them on the basis of properties of 
their respective sampling distributions. But we may well be able to continue 
inventing estimators ad injinitum. Or, in more complicated modelling situ- 
ations than these basic ones, we might be lost for ideas for obtaining any 
reasonable estimators at all. What is needed is a more systematic method 
for deriving sensible estimators in the first place. Just as an estimate is the 
numerical value resulting from applying an estimator to a particular set of 
data, so it would be helpful if an estimator were to be the result of applying 
some general estimation technique to the problem at  hand. 

Once again, however, there is no single estimation technique which is uni- 
versally 'best', or even always appropriate! What follows in this section are 
very brief outlines of two of the more popular estimation techniques-there 
are many others-after which we shall concentrate on just one for the rest 
of the chapter. This third technique is known as the method of maximum 
likelihood, an approach to the problem which has many useful properties. 

One quite desirable property of 
both these rival estimators for the 
binomial parameter p is that if in a 
sequence of n Bernoulli trials the 
number of successes observed is 
either r = 0 or r = n, it does not 
follow that the estimate p  ̂ is 
respectively 0 or 1, suggesting in a 
rather absolute way 'impossibility' 
or 'certainty'. 

While it might be discouraging that there are several different estimation tech- 
niques that could be applied in any given sampling context, however, it often 
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turns out that many estimation techniques, relying on different principles, re- 
sult in exactly the same estimating formula for an unknown parameter. This 
is an encouraging finding. 

For simplicity, we shall let 8, say, be the single parameter of interest here. 

6.2.1 The method of least squares 
Suppose XI ,  X 2 , .  . . , X, is our random sample, and that the parameter 8 we 
wish to estimate is the mean of the distribution from which the random sample 
was drawn. 

Now, each Xi should, loosely speaking, be 'somewhere near' 8 (although there 
must be some variability about 8: quite how much there is depends on the 
amount of dispersion in the population). Then each difference Xi - 8 should 
be 'fairly small'. A reasonable estimate of 8 might then be chosen to try to 
make all the differences as small as possible simultaneously or, at least, to 
make the sum of the squares of all these differences, 

as small as we can. Squaring the differences makes them all positive so that 
(possibly large) positive and negative differences do not cancel each other out. 

The approach exemplified here, minimizing sums of squared differences be- 
tween observed data and what might have been expected, is known as the 
principle of least squares. An alternative approach might be to choose In Chapter 10, this principle is 
our estimate of 8 to minimize the sum of the absolute differences, adopted when fitting straight lines 

to data, just as we tried to do in 

In general this approach leads to intractable algebra, and of the two, the least 
squares approach is not only easier, but results in estimators whose general 
properties are more easily discerned. 

For arithmetic ease, the data in the next example are artificial. 

Example 6.7 An artificial data set-the method of least squares 
Suppose that observations XI = 3, 22 = 4, x3 = 8 were collected in a random 
sample of size 3 from a population with unknown mean, 8. The observed sum 
of squared differences is given by 
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This expression is a function of 0, and takes different values as 0 takes different 
values as shown in the following table: we want to identify the value of 0 for 
which this sum of squares is minimized. 

From this table, it looks as though the sum of squares is high for low values of 
0 around 0, 1 and 2, attains a minimum at  or around 0 = 5, and then climbs 
again. This makes sense: based on observations x l  = 3, 2 2  = 4 and x3 = 8, a 
guess at an underlying mean of, say, 0 = 1 is not a very sensible guess, nor is 
a guess of 0 = 8. 

You can see from the graph of the function 89 - 300 + 302 in Figure 6.4 that 
a minimum is indeed attained at the point 0 = 5. You may also have ob- 
served already that in this case the sample mean is f = 5, the 'common sense' 
estimate, based on this sample, of the unknown population mean. 

Figure 6.4 Graph of the function 89 - 300 + 38' 

In fact, for a general random sample of size n from a population with unknown 
mean 0, the expression for the sum of squared differences may be written 

This is a quadratic function of 0: the expression is minimized at  the point 

the sample mean. 

That is, the sample mean fT of a random sample XI ,  X2,  . . . , Xn from a popu- 
lation with unknown mean 0 is the least squares estimator 2 of 0. From the 
sampling properties of X, conclusions may be drawn about the usefulness of - 
X as an estimator of 0. In this case, applying a formal principle has resulted 
in the same estimator as that suggested by common sense. H 

This result may be obtained either 
by completing the square or by 
applying the calculus technique of 
differentiation. You need not worry 
about the algebraic details here. 
You will see in Sections 6.3 and 6.4 
that there are 'standard estimators7 
for common models which do not 
need to be derived from first 
principles every time they are used. 

Let us now move on to a.discussion of a second approach to estimation, the 
method of moments. 

237 
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6.2.2 The method of moments 
The method of moments is a very intuitive approach to the problem of 
parameter estimation: the argument is as follows. 

On the one hand, we have seen defined in the course summary population 
moments as expressions of the variability in a population; on the other hand, 
for random samples drawn from such populations, we have calculated sample 
moments to summarize the data. Population moments involve unknown par- 
ameters; sample moments are numbers. The method of moments matches 
analogous moments to obtain estimates for the unknown parameters. 

For instance, in a sample from the normal distribution N(p, u2) with unknown 
mean and variance, this approach would involve matching the unknown par- 
ameters p and a2 precisely to their sample analogues : and s2; so the par- 
ameter estimates are 

-2 2 F = : ,  U = S .  

Alternatively, for the geometric distribution with unknown parameter p, we 
know that the distribution mean is p = l l p .  Matching the first population 
moment with the first sample moment to obtain an estimator for p, we would 
have 5 = l/p ;̂ so 

The method of moments raises a number of questions, of which perhaps the 
most immediate is: ,which moment do we match? For instance, the variance 
of the geometric distribution is (1 - p)/p2; matching the population variance 
with the sample variance, we would obtain 

which may be written as a quadratic equation for +p  ̂ as 

this has solution 

g' JW- 1 
2s2 

This is also a moment estimator for p, but for any particular random sample 
it will not usually be equal to our first guess, p^= 11:. Which estimator may 
be better to use depends on a comparison of their sampling distributions, 
properties of which are not necessarily obvious. 

For the Poisson distribution with parameter p,  both the population mean and 
the population variance are equal to p-should we use the sample mean or 
the sample variance s2 as an estimator 6 for p? 

Answers to these questions can always be obtained by reference to the sam- 
pling distribution of the proposed estimator. In general, a rule which works 
well in practice is: use as many sample moments as there are parameters re- 
quiring estimation, starting with the sample mean (first), the sample variance 
(second) and the sample skewness (third), and so on. (In fact, in this course 
we shall not be dealing with three-parameter distributions, and so we shall 
never need to use the sample skewness in a point estimation problem.) 

See (3.19) in Chapter 3. 

Similkly, a population median is 
not strictly a 'moment' in the sense 
that the word has been used in this 
course-it is a quantile-but it 
conveys a useful numerical 
summary measure of a probability 
distribution. The median of the 
normal distribution is also 
p-would the median of a normal 
sample be a 'better' estimator for p 
than the sample mean? 
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Exercise 6.5 
Using this rule, write down moment estimators for 

the Poisson parameter p, given a random sample X1, X2 , .  . . , X n  from a 
Poisson distribution; 

the geometric parameter p, given a random sample XI ,  X2, . . . , Xn from 
a geometric distribution; 

the normal parameters p and a2, given a random sample XI ,  X2, . . . , X, 
from a normal distribution with unknown mean and variance; 

the exponential parameter X, given a random sample XI ,  X 2 , .  . . , X, from 
an exponential distribution; 

the binomial parameter p, given a random sample X1, X2,  . . . , X, from a 
binomial distribution B(m,p).  (Notice the binomial parameter m here; 
the number n refers to the sample size. Assume m is known.) 

Of course, practical estimates corresponding to these estimators but based 
on data samples, will not usually be equal to the population parameter they 
purport to estimate. For instance, here is a random sample of size 8 generated 
by computer from a Poisson distribution with mean 3: 

The moment estimate for the Poisson mean p is the sample mean E: 

A second random sample of the same size from the same distribution resulted 
in the estimate 

The first overestimates the true (though usually unknown) population par- 
ameter; the second underestimates it. However, we do know that for any 
random sample of size n drawn from a population with mean p and standard 
deviation a, the sample mean has mean and standard deviation given by 

E ( X ) = ~ ,  S D ( X ) = ~ .  

So, samples of size 8 drawn from a Poisson distribution with mean 3 (and, 
therefore, variance 3) have mean and standard deviation 

and the variation observed is not very surprising. 

In the geometric case (Exercise 6.5(b)) you obtained the parameter estimator 

and for the exponential case (Exercise 6.5(d)) the parameter estimator was 
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Each estimator is the reciprocal of the sample mean. Now, we know for 
samples from a population with mean p that the sample mean. X is un- 
biased for p : E(X) = p. Unfortunately, it does not follow from this that See Chapter 4 ,  (4.8). 
the reciprocal of the sample mean has expectation l/p-if this were true, we 
would have the useful and desirable result in the geometric case that E@) 
was 1/p = l / ( l /p)  = p. In fact, the estimator p̂  = 1/X is not unbiased for The exact value of E ( 9  turns out 
p: the expectation E(p^) is only approximately equal to p; however, for large to be very complicated indeed; it 

samples the approximation is good. would not be useful to write it 
down here. 

Similarly, for a random sample of size n from a population where the variation 
is assumed to follow an exponential distribution, it can be shown that the 

A 

moment estimator X = 1/X for X has expectation 

which is not equal to X: the estimator is biased. For large samples (that is, 
large n) the bias becomes negligible, but for small samples it is considerable. 
For example, for samples XI ,  X2 of size 2 from an exponential distribution, 
the moment estimator of X is 

- 1 A = = =  
X X l + X 2 '  

The estimator has expectation 

in this case the bias is very considerable since has expectation twice the 
value of the ,parameter for which it is the estimating formula. 

Exercise 6.6 
(a) Use a computer to simulate 1000 random samples of size 2 from an expo- 

nential distribution with parameter X = 5 (that is, with mean + = 0.2), 
and hence obtain 1000 independent estimates of the (usually unknown) 
parameter X. 

(b) What is the mean of your 1000 estimates? 

Exercise 6.7 
What would be the moment estimator jl for p from a random sample 
XI, X2, . . . , Xn from an exponential distribution with unknown mean p: 
that is, with p.d.f. 

What is the expected value of jl? 

Use a computer to simulate 1000 random samples of size 2 from an expo- 
nential distribution with mean p = 0.2, and hence obtain 1000 indepen- 
dent estimates of the (usually unknown) mean p. 

What is the mean of the 1000 estimates? 
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The following two exercises summarize the work of this section. You will find 
that apart from keying in the individual data points to your calculator, or 
to your computer, very little extra work is required to obtain the estimates 
requested. 

Exercise 6.8 
The ecologist E.C. Pielou was interested in the pattern of healthy and diseased 
trees-the disease that was the subject of her research was 'Armillaria root 
rot'-in a plantation of Douglas firs. Several thin lines of trees through the 
plantation (called 'transects') were examined. The lengths of unbroken runs 
of healthy and diseased trees were recorded. The observations made on a total 
of 109 runs of diseased trees are given in Table 6.5. 

Table 6.5 Run lengths of diseased 
trees in an infected plantation 

Run length 1 2 3 4 5 6  
Number of runs 71 28 5 2 2 1 

Pielou proposed that the geometric distribution might be a good model for 
these data, and showed that this was so. The geometric distribution has 
probability mass function 

where the parameter p is, in this context, unknown. (Here, p is the proportion 
of healthy trees in the plantation.) Figure 6.5(a) shows a bar chart of the data 
in Table 6.5. Figure 6.5(b) gives a sketch of the probability mass function of a 
particular choice of geometric distribution (that is, one with a particular choice 
of p) to confirm that a geometric fit is a reasonable modelling assumption. 

Frequency 

75 -1 

Pielou, E.C. (1963) Runs of 
healthy and diseased trees in 
transects through an infected 
forest. Biometrics, 19, 603-614. 

Figure 6.5 (a) (b) 

Using these data obtain a moment estimate p  ̂ for the geometric parameter p. 
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Exercise 6.9 
Chapter 4, Table 4.7 lists the 62 time intervals (in days) between successive 
earthquakes world-wide. There is a histogram of the data in Figure 4.3 and in 
Figure 4.5 the results of fitting an exponential model to the data are shown. 
(The exponential fit looks very good.) 

A 

(a) Using the data obtain a moment estimate X for the exponential parameter 
X, and quantify any bias there may be in the estimate. What are the units 
of the estimate X? 

(b) Using the data obtain a moment estimate c for the underlying exponential 
mean p, and say whether or not the corresponding estimator is biased. 
What are the units of the estimate c? 

As you can see, the method of moments has many attractive properties as a 
principle on which to base an approach'to estimation. It  is an intuitive and 
straightforward approach to follow. However, there are some occasions (that 
is, particular sampling contexts) where the method fails and others where it 
cannot be applied at  all. 

6.3 The method of maximum likelihood 

The following data set illustrates a situation that would not occur very often 
in practice: the data are artificial and are designed to illustrate a point. 

Example 6.8 An artificial data set-the method of moments 
Three observations were collected on a continuous uniform random variable 
X U(O,8), where the parameter 6 is unknown-the aim of the sample was 
to estimate 6. The data recorded were 

XI = 3.2, x2 = 2.9, x3 = 13.1. 

The sample mean is 2 = i(3.2 + 2.9 + 13.1) = 6.4. The mean of the uniform 
distribution U(0,O) is i8.  Matching the two to obtain a moment estimate for 
6 gives 

- A 

X = 16 
2 

The trouble with this estimate is that it is so obviously wrong-a probability 
model defined to take values only over the range [O, 12.81 would not permit an 
observation as high as 13.1, and yet that was the third value obtained in the 
sample. W 

Example 6.9 Vehicle occupancy 
In this course we shall consider quite a number of statistical models for vari- 
ation: new models are being developed all the time as researchers attempt to 
refine the quality of the fit of models to data. One context where modelling 
is very important for forecasting purposes is in traffic research: data are col- 
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lected on traffic flow (private and public transport, and freight volumes) and 
vehicle occupancy, amongst other things. Tripathi and Gupta (1985) were Tripathi, R.C. and Gupta, R.C. 
interested in fitting a  articular two-~arameter model to data on the numbers (1985) A generalization of the - 
of passengers (including the driver) in private cars. The model they attempted distribution. 

Communications in Statistics 
to fit is a discrete probability distribution defined over the positive integers and Methods), 14, 
1 ,2 , .  . . . (It is a versatile model, fitting even very skewed data moderately 1779-1799. The log-series 
well.) The data Tripathi and Gupta had to work on is given in Table 6.6. It  distribution is quite a sophisticated 
gives the numbers of occupants of 1469 cars (including the driver). discrete probability distribution, 

and details of it (or of 

Table 6.6 Counts of occupants of 1469 private cars 

Count 1 2 3 4 5 2 6  
Frequencv 902 403 106 38 16 4 

generalizations of it) are not 
included here. 

The problem here is that the data are censored: for whatever reason, the 
actual number of occupants of any of the cars that contained six persons or 
more was not precisely recorded: all that is known is that in the sample there 
were four vehicles as full as that (or fuller). 

A consequence of this is that the method of moments cannot be applied to 
estimate the two parameters of the log-series distribution, for the sample mean 
and the sample standard deviation are unknown. 

Example 6.10 Soil organisms 
This is a second example of the same phenomenon: censored data. An area of Jones, P.C.T., Mollison, J.E. and 
soil was divided into 240 regions of equal area (called 'quadrats') and in each Quenouille, M.H. (1948) A 

quadrat the number of colonies of bacteria found was counted. The data are technique for the quantitative 

given in Table 6.7. estimation of soil micro-organisms. 
J. Gen. Microbiology, 2, 54-69. 

Table 6.7 Colonies of bacteria in 240 quadrats 

Count 0 1 2 3 4 5 2 6  
Frequency 11 37 64 55 37 24 12 

Again, for whatever reason, precise records for those quadrats supporting 
more than five colonies were not kept. It is not possible to calculate sample 
moments for this data set. 

In cases where a statistical method fails, it does not necessarily follow that the For the two examples cited of 
method is 'wrong1-we have seen in Section 6.2 that the method of moments ~ermmd data, it ~ o u l d  not be very 
can provide extremely useful estimators for population parameters with very to obtain very good 

estimates of the sample moments, 
good properties. It is simply that the method is not entirely reliable. In other and these could be used in the 
cases, there may be insufficient information to apply it. In fact, it can be estimation procedure for the model 
shown in the case of uniform parameter estimation described in Example 6.8 parameters. 
that the alternative estimator 

(where the random variable X,, is the largest observation in a sample of 
size n) has good variance properties and is unbiased for 0. Furthermore, it is 
an estimator that will not lead to a logical contradiction! Indeed, it makes 
rather good sense: it says 'take the largest observation, and add a bit'. 
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Exercise 6.10 
For the data in Example 6.8, write down the estimate for the unknown 
uniform parameter 8, based on this alternative estimator. 

The point here is that it is possible in the context of any estimation procedure 
to invent sampling scenarios that result in estimates which are nonsensical, 
or which do not permit the estimation procedure to be followed. There is 
one method, the method of maximum likelihood, which has pleasing intuitive 
properties (like the method of moments) but which is also applicable in many 
sampling contexts. 

6.3.1 Discrete probability models 
For ease, let us consider in general a case where data are collected on a discrete 
random variable X .  Suppose that the variation in observations on X is to 
be modelled by a probability distribution indexed by a single unknown par- 
ameter, 8. The random variable X therefore has a probability mass function 
which may be written 

Notice that here it is emphasized that there is a parameter 8 involved in the 
probability mass function, by explicitly including it in the expression p(x; 6 )  
on the right-hand side. 

Suppose that, for the purposes of estimating the value of 8, a random sample 
of size n is collected. 

The probability that X1 takes the value XI ,  say, is p(x1; 8); the probability 
that X2 equals x2 is p(x2; 8); and so on. The random variables X1 and X2 
are independent (by implication of the phrase 'random sample') so it follows 
that the probability that X1 = xl and X2 = 2 2  is 

Indeed, the whole sample arises as a realization of the collection of n mutually 
independent random variables XI ,  X2,  . . . , X,, and hence the probability of 
obtaining the observed collection X I ,  x2,. . . , X, of sample values is 

Now this expression tells us the probability that our actual sample arose, given 
the true, but unknown, value of 8. As we do not know 8, we cannot be sure 
what the true value of (6.2) is. What we can try to do, however, is to work 
out the probability given by (6.2) for various guessed values of 8, and see what 
it turns out to be. Taking this to the limit of considering all possible values 
of 8, we can think of (6.2) as a function of 8. What this function tells us is 
how likely we are to obtain our particular sample for each particular value of 
8. So, it seems reasonable to estimate 8 to be the value that gives maximum 
probability to the sample that actually arose: that is, we should choose to 
maximize (6.2). 

The product (6.2) is called the likelihood of 8 for the sample XI,  22 , .  . . ,X, 
--or, usually, simply the likelihood of 8. An approach that asks 'What value 
of 6 maximizes the chance of observing the random sample that was, in fact, 

244 
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obtained?' is intuitively a very appealing one. This approach is known as the 
method of maximum likelihood. 

The method of maximum likelihood 

If several independent observations X1, X2 , .  . . , X n  are collected on the 
discrete random variable X with probability mass function 

PX(X) = p(x; 81, 

then the product 

p(Xi ,Xz, .  . . ,Xn;e)  = P ( X I ; ~ )  X p(X2;o) X . . . X P(-L;~) 
is known as the likelihood of 8 for the random sample XI, Xa ,  . . . , 
X,. 

The value 5 of 8 at which the likelihood is maximized is known as the 
maximum likelihood estimator for 8. 

The estimator 5 is itself a random variable and has a sampling distribution: 
the mean and variance of this distribution yield useful information about the 
precision of the estimating procedure. 

Here is an example. 

Example 6.11 Estimating the parameter of a geometric distribution 
For ease, let us consider the very small artificial data set first introduced in 
Example 6.7. Here, there were three observations xl = 3, x2 = 4 and 2 3  = 8. 
Let us suppose that these are observations from a geometric distribution 
with unknown parameter 8. The moment estimator for the geometric par- For consistency with the current 

A 

ameter 8 is 8 = 1/X, so for these data the corresponding moment estimate is we 
A refer to the parameter indexing the e = i/a: = 11.5 = 0.2. geometric distribution as 0 
The probability mass function for the geometric distribution (using the more (conventionallyi we refer to 

it as p). 
developed notation) is 

It follows that the likelihood for this particular random sample of size 3 is 
given by 

We now have, for the particular sample observed, a function of the unknown 
parameter 8. For different values of 8, the function will itself take differ- 
ent values: what we need to find is the value of 6 at which the function is 
maximized. 
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We could start by drawing up a table of values as we did when estimating the 
mean of the sample using the method of least squares (see Example 6.7). In 
this case, we would obtain the following. 

These calculations suggest that the likelihood is maximized somewhere be- 
tween 0 = 0 and 0 = 0.4-possibly at 0 = 0.2 itself. A graph of the likelihood 
is shown in Figure 6.6. As you can see from the graph, the likelihood is maxi- o 0.5 1.0 (3 

mized at  the value 0 = 0.2. In this case, the maximum likelihood estimate of Figure 6.6 The likelihood 
6' is the same as the moment estimate. 1 (1 - 8)1283, for o 5 e _< 1 

A note about finding maximum likelihood estimators 

In order to obtain from first principles estimating formulas (that is, esti- 
mators) for model parameters using the method of maximum likelihood, it is 
(generally speaking) essential to have a working knowledge of the algebraic 
technique of differentiation. 

For instance, suppose a random sample XI ,  x2,. . . ,X, of size n was collected 
from a Poisson population with unknown mean 0. Then the likelihood of 0 
for the sample is given by 

- (e-0 X e-6' X . . . X e-O) X (0"' X Ox2 X . . X OXn) 
- 

x1!x2!. . . X,! 

= constant X eneOCxi. 

In this case the constant term does not involve the parameter 0, and so the 
value of 0 that maximizes the likelihood is simply the value of 0 that maximizes 
the expression 

Here, the algebra of differentiation can be employed to deduce that the maxi- 
A 

mum likelihood estimate 0 of 0, for a Poisson sample XI, 22,. . . , X, is, in fact, 
the sample mean 

In general, this is an observation on a random variable: the maximum likeli- 
hood estimator of a Poisson mean, based on a random sample XI ,  X2, . . . , X,, 
is the sample mean X. 
(So, in this case, the maximum likelihood estimator is the same as the mini- 
mum least squares estimator and the moment estimator, and they all appeal 
to common sense.) 
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However, when obtaining maximum likelihood estimates (that is, numbers 
based on a sample of data, as in Example 6.11) differentiation is not required, 
for there is an armoury of numerical, computational or graphical approaches 
available. In this course, maximum likelihood estimators for the parameters 
of the more common probability models will be stated as standard results 
(although you should understand the principle underlying the way in which 
they are obtained) and it will be assumed in the data-oriented exercises in the 
rest of the chapter that you have software capable of the numerical procedures 
necessary to obtain maximum likelihood estimates. 

Here is another example. 

Example 6.3 continued 
In the example abou,t adenomas in mice, there was one group of 54 mice, six 
of which had adenomas. Assuming an underlying proportion 8 (unknown) of 
afflicted mice in the wider population, and independence within the group, 
the probability of this event is 

This is the likelihood of 8 for the data observed; and it is maximized at 
A 

8 = 6 = 1 .  . 
54 9 

The following example is of a rather different type from the previous two, in 
that the probability model being applied (and which is indexed by a single 
unknown parameter) is not one of the standard families. However, the prin- 
ciple is exactly the same: we seek to find the value of the parameter that 
maximizes the likelihood for the sample that was actually observed. 

Example 6.12 The leaves of Indian creeper plants 
In Chapter S, Example 3.12 a genetics experiment was referred to in which 
the leaf characteristics of Indian creeper plants Pharbitis nil were observed. 
Altogether four different combinations of leaf-type were possible. According 
to one theory, the different combinations should have been observed according 
to the relative frequencies 

9 3 3 . l .  
~ : i i ? : i i ? . l 6 '  

in one experiment the observed frequencies were 

and on the basis of these data that theory was rejected. In Chapter 9 you will read about a 
procedure for comparing observed 

An alternative theory allows for the phenomenon known as genetic linkage frequencies with those expected if 
and assumes that the observations might have arisen from a probability dis- some theory were true. 
tribution indexed by a parameter 8 as-follows: 

So for the Indian .creeper data we know that leaf characteristics assigned a 
probability of & + 8 were observed 187 times; characteristics assigned a prob- 
ability of & - 8 were observed a total of 35 + 37 = 72 times; and character- 
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istics assigned a probability of h + 0 were observed 31 times. The likelihood 
of 0 for the sample observed is therefore given by writing down the probability 
of this conjunction of events: it is 

Again, if you are familiar with the technique of differentiation you will be 
able to locate the value 5 of 0 at which the likelihood is maximized. Without 
it, graphical or other computational methods can be implemented-it turns 
out that the likelihood is maximized at 0 = 0.0584. So the new estimated 
probabilities for the four leaf characteristics, on the basis of this experiment, 
are 

You can see that this model would appear to provide a much better fit to the 
observed data. H 

So far the three estimation procedures we have explored necessarily involve 
some quite high-level algebraic (or, a t  the very least, numerical) skills. Most of 
the time, however, the resulting estimators have an intuitive basis supported 
by common sense. 

In Section 6.4 you will be encouraged to explore the facilities available on 
your computer for the calculation of maximum likelihood estimates when you 
do not always have an estimating formula. Table 6.8 shows a list of standard 
results for maximum likelihood estimators for the parameters of the more 
well-known discrete probability models. ~ h e s e  estimators assume a random 
sample XI, X2, . . . ,X, with sample mean X (and, for the uniform distri- 

bution, sample maximum X,,,). 

Table 6.8 Standard results for discrete probability models: 
maximum likelihood estimators 

Probability distribution Estimator Properties 
h - Poisson(p) p = X E(;) = P 

Bernoulli(p) p^= X = P 

B(m, P) p  ̂= X/m = P 
G(P) p^= l /X p  ̂ is biased 
Uniform(l,2,. . . , m) G = Xmax is biased 

In both cases where the estimator is biased (p^ for the geometric distribution 
G(p) ,  and 6 for the uniform model) the exact value of the mean of the esti- 
mator is known; but it would not be particularly useful or helpful to write it 
down. 

The table raises the following question: if different estimating procedures re- 
sult in the same estimator, and if the estimator is (by and large) the common- 
sense estimator that one might have guessed without any supporting theory 
at all, what is the point of a formal theoretical development? 

The answer is that maximum likelihood estimators (as distinct from other es- 
timators based on different procedures) have particular statistical properties. 
If these estimators happen to be the same as those obtained by other means 
(such as the method of moments; or just guessing) then so much the better. 
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But it is only for maximum likelihood estimators that these properties have 
a sound theoretical basis. A statement of these important properties follows 
(their derivation is not important here). 

6.3.2 Properties of maximum likelihood estimators 
With one exception (the estimator of the normal variance, which you found 
in Exercise 6.5 and to which we shall turn again at the start of Section 6.5), 
every estimator obtained in Exercise 6.5 by the method of moments is the 
same as that which would have been obtained using the method of maximum 
likelihood. Statistical theory (quite difficult theory, mathematically, and we 
shall not go into the details of it) tells us that maximum likelihood estimators 
possess 'good' properties, including the following. 

(a) Maximum likelihood estimators are often unbiased (i.e. E(@ = 0); if not, 
then they are asymptotically unbiased. That is, 

E($) + 6 as n + m ,  Read the symbol '4' as 'tends to'. 

where n is the sample size. From this we may deduce that maximum 
likelihood estimators are approximately unbiased for large sample sizes. 

(b) Maximum likelihood estimators are consistent. Roughly speaking (things 
get rather technical here) this means that their variance V@) tends to 0 
with increasing sample size: 

So maximum likelihood estimators (that is, estimators obtained by applying 
the method of maximum likelihood) possess the sort of useful properties we 
identified in Section 6.1: for instance, if they are not unbiased for B, (and they 
often are) then for large samples they are at least approximately unbiased. 

(It is possible to state useful conclusions not just about the mean and vari- 
ance of maximum likelihood estimators, but their sampling distribution as 
well. Maximum likelihood estimators are asymptotically normally distributed. 
A reasonable assumption is that, for large samples, they are approximately 
normally distributed. However, this kind of result requires a certain amount 
of supporting theory before it can be confidently applied, and it will not be 
pursued further in this course.) 

6.4 More about maximum likelihood 
estimation 

For a large part of this section, you will be encouraged to obtain maximum 
likelihood estimates for particular sampling scenarios using your computer. 
However, we have so far restricted attention to discrete probability models; 
before embarking on the exercises, first it is necessary to develop the maximum 
likelihood approach for continuous random variables. 
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6.4.1 Continuous probability models 
In the following example the Pareto probability model is introduced. 

Example 6.13 Annual wages (USA) 
The data in Table 6.9 give the annual wages (in multiples of 100 US dollars) of Dyer, D. (1981) Structural 
a random sample of 30 production line workers in a large American industrial probability bounds for the strong 

firm. Pareto law. Canadian Journal of 
Statistics, 9, p. 71. 

Table 6.9 Annual wages (hundreds of US dollars) 

Frequency 

108 105 158 104 119 111 101 157 112 115 6 
5 
4 A histogram of these data is shown in Figure 6.7. A fairly standard probability 

model for variation in income is the Pareto probability distribution. This 
is a two-parameter continuous probability distribution with probability den- 1 

sity function given by o 
100 110 120 130 140 150 160 

Annual wage 

Fioure 6.7 Annual wage data 
where the two parameters are 0 > 1 and K > 0. The parameter K represents . (hindreds of US dollars)- 
some minimum value that the random variable X can take, and in any given 
context the value of K is usually known (hence the range X 2 K). The par- 
ameter 8 is not usually known, and needs to be estimated from a sample of 
data. The densities shown in Figure 6.8 all have K set equal to 1, and show 
Pareto densities for 0 = 2 , 3  and 10. Notice that the smaller the value of 8, 
the more dispersed the distribution. 

Figure 6.8 Three different Pareto densities 

The cumulative distribution function for the Pareto random variable is ob- 
tained using integration: 

It  is represented by the area of the shaded region shown in Figure 6.9. The 
mean of the Pareto distribution is given by 

This description may be summarized as follows. 

Figure 6.9 The probability 
1 - ( K ~ X ) '  

Again, if you are unfamiliar with 
integration, do not worry: these 
results for F(. )  and p are standard, 
and will not generally require 
proof. 
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The Pareto distribution 

The continuous random variable X with probability density function 

where 8 > 1 and K > 0, is said to follow a Pareto distribution with 
parameters K and 8; this may be written 

The c.d.f. of X is given by 

and the mean of X is 

An appropriate model for the variation in the US annual wage data is the However, notice the peak in the 
Pareto probability distribution Pareto(100,O) where K = 100 (i.e. US$10 000) histogram for values above 150. We 
is an assumed minimum annual wage. That leaves 8 as the single parameter return to this data set in 

Chapter 9. 
requiring estimation. H 

Exercise 6.1 1 m 

(a) Write down the mean of the Pareto probability distribution with par- 
ameters K = 100, 8 unknown. 

(b) Use the method of moments and the data of Table 6.9 to estimate the 
parameter 8 for an assumed Pareto model. 

You should have found for the Pareto model that a moment estimator for the 
parameter 8 when K is known is 

What can we say about properties of this estimator? Since these depend - - 
on the sampling distribution of the random variable 5 = X / ( X  - K), the 
answer is 'rather little'. At a glance, it is not even obvious whether or not the 
estimator is unbiased. 

One possible option is to perform a simulation exercise: use the computer to 
generate a very large number of random samples from known Pareto densities, 
and try to deduce what we can from the observed sampling variation in 5. 
An alternative is to obtain the maximum likelihood estimator of 8. We know 
that this estimator is unbiased, or approximately unbiased for large samples, 
and that it is consistent. If it turns out to be the same as our moment 
estimator, then we can deduce those properties for the moment estimator 
too. 
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We have not so far tried to determine the likelihood of the unknown parameter 
0 for a random sample xl,  22,. . . ,X, from a continuous distribution. In the 
discrete case we were able to say 

= P(XI ; ~ ) P ( x z ;  8) . . . ~ ( x n ;  8) Remember the notation p(x ;  8) for 
the probability mass function, 

and work from there. which emphasizes that it also 
features the unknown parameter 8. From a simple limiting argument, it turns out that the likelihood of an un- 

known parameter 8 for a random sample x l ,  x2, . . . , X, from a continuous 
distribution may be written as the product 

where the function f(.) is the probability density function of the random 
variable X ,  and the notation again expresses the dependence of the p.d.f. on 
the parameter 8. The method of maximum likelihood involves finding the 
value of 8 that maximizes this product. 

Example 6.14 Estimating the exponential parameter 
For a random sample xl ,  x2, . . . , X, from an exponential distribution with 
unknown parameter 8, the corresponding probability density function is 

f (X; 8) = ~ e - ~ " ,  X > 0, 

and so the likelihood of 8 for the sample is 

Viewed as a function of 8, the likelihood attains a maximum at  the value The point 8 at which the likelihood 

n 1 attains its maximum may be found 
0 = -  - - - using differentiation. It is not 

E x i  5' important that you should be able 

A to confirm this result yourself. 
In other words, the maximum likelihood estimator 13 of the exponential par- 
ameter 8 based on a random sample, is the reciprocal of the sample mean: 

This is the same as the moment estimator. H 

Example 6.13 continued 
For a random sample XI, x2, . . . , X, from a Pareto distribution, the likelihood 
of 8 is given by 
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This is maximized at  the point 

n 
8 =  The point B at which the likelihood c := 1 log (xi / K )  ' attains its maximum may be found 

using differentiation. 
So the maximum likelihood estimator of 6 for a random sample of size n from 
a Pareto(K, 6 )  distribution, assuming K is known, is 

This is quite different from the moment estimator 
- 

A X 
BMM = =-- 

X - K  

Notice the convenient use of 
subscripts to distinguish the two 

h 

estimators: 0h .1~  for the m_aximum 
likelihood estimator, and O M M  for 
that obtained using the method of 
moments. 

that we found earlier. 

So unfortunately, in this case, we are no nearer deducing sampling properties 
of the moment estimator. However, with a computer, the maximum likelihood 
estimate of 8  in any given sampling context is not more difficult to obtain 
than the moment estimator, and is the one to use in order to find numerical 
estimates, since its properties are known. 

Exercise 6.12 
Compare the moment estimate gMM and the maximum likelihood estimate 
A 

~ M L  for the US annual wage data in Table 6.9. 

Standard results for continuous probability models 

Table 6.10 lists some standard results for maximum likelihood estimators of 
the parameters of the more common continuous probability models. 

Table 6.10 Standard results for continuous probability 
models: maximum likelihood estimators 

Probability distribution Estimator Properties 
A A 

M(X) X = 1/X X is biased 
N(P, u2) 

h - 
p = X 

A 

E ( 2  = P 
Uniform(0,B) 0 = X,,, g is biased 

A n A 

Pareto(K, B) 8 = B is biased 
C log(Xi /K) 

It is possible to prove that for the 
Pareto distribution the maximum 
likelihood estimator is biased: in 
fact, ~(11;) = 110. 

6.4.2 Computer exercises 
Generally speaking, in a problem involving maximum likelihood estimation, 
you should use standard results whenever they can be applied. Otherwise, you 
will need to explore the facilities available on your computer. Many statisti- 
cal packages include as standard functions probability mass functions, density 
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functions and cumulative distribution functions. To identify maximum likeli- 
hood estimates, you might need to use your machine's plotting facilities; but 
it may be equipped with procedures for identifying maximum and minimum 
points on curves. Finally, a small amount of programming might be necessary. 

All the exercises are about finding estimates (numbers based on samples of 
data) rather than deriving estimators (formulas), which requires different skills 
not developed in this course. 

The first exercise is about estimating the underlying proportion in a sampled 
population, which possesses some attribute of interest. 

Exercise 6.13 
It is algebraically quite involved to prove that in independent experiments to 
estimate the binomial parameter p, where the j th  experiment resulted in r j  
successes from mj trials ( j  = 1,2, . . . , n), the maximum likelihood estimate of 
p is given by 

but this intuitive result (where p is estimated by the total number of successes 
divided by the total number of trials performed) is true and you can take it 
on trust. 

(a) For the 23 different groups of mice referred to in Example 6.3, the results 
for all the groups were as follows. 

Use these data to calculate a maximum likelihood estimate for the under- 
lying proportion of mice afflicted with alveolar-bronchiolar adenomas. - 

(b) In a famous experiment (though it took place a long time ago) the number The data are cited in'Haldane, 
of normal Drosophila melanogaster and the number of vestigial Drosophila JJ3.S. (1955) 7% rapid calculation 
rnelanogaster were counted in each of eleven bottles. The numbers (nor- of x2 a test Of homogeneity from 

a 2 X n table. Biometrika, 42, mal : vestigial) observed were as follows. 519-520. 

Use these data to estimate the proportion of normal Drosophila in the 
population from which the bottles were drawn. 

Exercise 6.14 is about the results of a genetics experiment. 

Exercise 6.14 

In 1918, T. Bregger crossed a pure-breeding variety of maize, having coloured 
starchy seeds, with another, having colourless waxy seeds. All the resulting 
first-generation seeds were coloured and starchy. Plants grown from these 
seeds were crossed with colourless waxy pure-breeders. The resulting seeds 
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were counted. There were 147 coloured starchy seeds (CS), 65 coloured waxy 
seeds (CW), 58 colourless starchy seeds (NS) and 133 colourless waxy seeds 
(NW). According to genetic theory, the seeds should have been produced in 
the ratios 

CS : CW : NS : NW = $(l - r) : i r :  i r  : $(l - r) ,  

where the number r is called the recombinant fraction. 

Find the maximum likelihood estimate F for these data. 

Exercises 6.15 and 6.16 are about censored data. 

Exercise 6.15 
Although there are probability models available that would provide a better fit 
to the vehicle occupancy data of Example 6.9 than the geometric distribution, 
the geometric model is not altogether valueless. Find the maximum likelihood 
estimate p̂  for p, assuming a geometric fit. 

Hint If X is G(p), then 

Exercise 6.16 
Assume that the Poisson distribution provides a useful model for the soil or- 
ganism data of Example 6.10 (that is, that the Poisson distribution provides a 
good model'for the variation observed in the numbers of colonies per quadrat). 
Obtain the maximum likelihood estimate of the Poisson parameter p. 

Note Remember that for the Poisson distribution there is no convenient 
formula for the tail probability P ( X  2 X). You will only be able to answer 
this question if you are very competent at algebra, or if your computer knows 
about Poisson tail probabilities. 

Exercises 6.17 and 6.18 only require you to use the tables of standard results 
for maximum likelihood estimators, Tables 6.8 and 6.10. 

Exercise 6.17 
In Chapter 4, Table 4.10 data are given for 200 waiting times between con- 
secutive nerve pulses. Use these data to estimate the pulse rate (per second). 

Exercise 6.18 

Bregger, T. (1918) Linkage in 
maize: the C-aleurone factor and 
wax endosperm. American 
Naturalist, 52, 57-61. 

Assuming a normal model for the variation in height, obtain a maximum 
likelihood estimate for the mean height of the population of women from 
which the sample in Chapter 2, Table 2.15 was drawn. 



Elements of Statistics 

Since discovering in Exercise 6.5(c) the moment estimator for the variance 
parameter a2 of a normal distribution, nothing niore has been said about 
this. The moment estimator is 

1 s2 = - C(xi - XI2, Recall that we write the estimator 
n-l as S', using an upper-case S,  to 

based on a random sample XI ,  X2, . . . , X, from a normal distribution with emphasize that the estimator is a 
unknown mean p and unknown variance a2. random variable. 

(A certain amount of statistical theory exists about how to estimate the par- 
ameter a2 when the value of p is known. However, the sampling context in 
which one normal parameter is known but the other is not is very rare, and in 
this course only the case where neither parameter is known will be described.) 

So far, nothing has been said about the sampling distribution of the estimator 
S2.  We do not even know whether the estimator is unbiased, and we know 
nothing of its sampling variation. Nor do we know the maximum likelihood 
estimator of the variance of a normal distribution. 

6.5 Estimating a normal variance 

The main points of this section are illustrated using computer simulation, 
so you should try to find the time to do the exercises as you work through 
it. First, we shall investigate the properties of the sample variance S2 for 
samples from a normal population. Then a new continuous distribution is 
introduced and explored. This probability distribution enables us to complete 
our description of the sampling distribution of S2.  

6.5.1 The sample variance for a normal distribution 
This subsection begins with a statement of the maximum likelihood estimator 
for the normal variance. This result may be deduced algebraically, but here 
it is presented without proof. 

The maximum likelihood estimator for the normal variance a2, based on a 
random sample XI, X2, . . . , X,, is given by 

You can see that there is a small difference here between the maximum likeli- 
hood estimator ii2 and the moment estimator S2.  (In fact, for large samples, 
there is very little to choose between the two estimators.) Each estimator has 
different properties (and hence the provision on many statistical calculators of 
two different buttons for calculating the sample standard deviation according 
to two different definitions). The main distinction, as we shall see, is 'that 
the moment estimator S2 is unbiased for the normal variance; the maximum 
likelihood estimator possesses a small amount of bias. In some elementary 
approaches to statistics, the estimator S2 is not mentioned at all. 

The exercises in this section generally require the use of a computer. 
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Exercise 6.19 
(a) Obtain 3 observations X I ,  x2,x3 on the random variable X N(100,25), 

and calculate the sample variance s2. 

Your computed value of s2 in part (a) might or might not have provided a 
useful estimate for the normal variance, known in this case to be 25. On 
the basis of one observation, it is not very sensible to try to comment on the 
usefulness of S2 as an estimator of u2. 

(b) Now obtain 100 random samples all of size three from the normal dis- 
tribution N(100,25), and for each of the samples calculate the sample 
variance s2. This means that you now have 100 observations on the ran- 
dom variable S2 .  

(i) Calculate the mean of your sample of 100. 

(ii) Plot a histogram of your sample of 100. 

(iii) Find the variance of your sample. 

You should have found in your experiment in Exercise 6.19 that the distri- 
bution of the estimator S2 is highly skewed and that there was considerable 
variation in the different values of s2 yielded by your different samples. Never- 
theless, the mean of your sample of 100 should not have been too far from 25, 
the value of u2 for which S2 is our suggested estimator. 

It would be interesting to see whether larger samples lead to a more accurate 
estimation procedure. Try the next exercise. 

Exercise 6.20 
Obtain 100 random samples of size 10 from the normal distribution N(100,25), 
and for each of the samples calculate the sample variance s2. This means that 
you now have 100 observations on the random variable S2.  

(a) Calculate the mean of your sample of 100. 

(b) Plot a histogram of your sample of 100. 

(c) Calculate the variance of your sample of 100. 

In Exercise 6.20 you should have noticed that in a vef-y important sense S2 
has become a better estimator as a consequence of increasing from three to 
ten the size of the sample drawn. For the estimator has become considerably 
less dispersed around the central value of about 25. 

Did you also notice from your histogram that the distribution of S2 appears 
to be very much less skewed than it was before? 

It appears as though the sample variance S2 as an estimator of the normal 
variance u2 possesses two useful properties. First, the estimator may be un- 
biased; and second, it has a variance that is reduced if larger samples are 
collected. In fact, this is true: the estimator is unbiased and consistent. One 
can go further and state the distribution of the sample variance S2, from 
which it is possible to quantify its usefulness as an estimator for u2. 
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Before doing so, it is necessary to introduce another continuous probability 
distribution, the chi-squared distribution. Its properties will now be ex- The word chi is pronounced 'kye', 
plored. referring to a Greek letter to be 

introduced shortly. 

6.5.2 The chi-squared distribution 
Next, we investigate what happens when observations on the standard normal 
random variable Z are squared, and added. 

Exercise 6.21 
If Z is N(0, l), use your computer to obtain the probabilities 

(i) P ( - l  5 Z 5 l); 

(ii) P(-JZ 5 Z 5 JZ); 
(iii) P(-& 5 Z 5 a); 
(iv) P(-2 5 Z 5 2). 

Now define the random variable 

W = z 2 .  

That is, to obtain an observation on the random variable W, first obtain 
an observation on 2,- and then square it. Since it is the result of a squaring 
operation, W ,cannot be negative, whatever the sign of Z. Use your 
answers to part (a) to write down the probabilities 

(i) P ( W  5 1); 
(ii) P ( W  5 2); 

(iii) P ( W  5 3); 

(iv) P ( W  5 4). 

Now use your computer to obtain 1000 independent observations on Z,  
and then square them, so that you have 1000 independent observations 
on W. Find the proportion of 

(i) observations less than 1; 

(ii) observations less than 2;- 

(iii) observations less than 3; 

(iv) observations less than 4. 

Obtain a histogram of your sample of observations. 

The random variable W has mean and variance 

E(W)  = pw, V(W) = &. 
The values of these two moments are at this stage unknown, although 
they could be deduced algebraically. Instead, use your sample of 1000 
observations on W to obtain moment estimates for pw and U&. 

Your solution to parts (c), (d) and (e) of Exercise 6.21 will have been different 
to that obtained in the printed solutions, because your computer will have 
drawn a different random sample of observations on Z initially. ~owever ,  you 
should have noticed that your histogram is very skewed; and you may have 
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obtained summary sample moments d not too far from 1, and sh not too 
far from 2. As you saw, when the exercise was run to obtain a solution for 
printing, the summary statistics 

W = Fw = 1.032, S& = 2.203 

were obtained. 

Actually, the theoretical mean pw is quite easy to obtain. We know W is 
defined to be Z2,  SO 

pw = E(W)  = E(Z2)  . 

Since, by definition, V(Z) = ~ ( 2 ' )  - (E(Z))', it follows that 

pw = V(Z) + (~ (2 ) ) '  = U; + p;. 
But Z is N(0, l), so pz = 0 and a% = 1; therefore 

It  is not quite so easy to obtain the variance ak of W and you are spared the 
details. In fact, 

Exercise 6.22 
Write down the mean and variance of the random ,variable 

w=z;+z;+-+z;, 
where Zi, i = 1 , 2 , .  . . , r ,  are independent observations on the standard normal 
variate Z.  

By the theory of sums of independent random variables, the random variable 
W = 2; + 2; + . . . + 2; has mean r and variance 2r. 

The chi-squared distribution 

The continuous random variable W given by 

obtained as the sum of r independent squared observations on the stan- 
dard normal variate Z,  is said to follow a chi-squared distribution with 
parameter r, written 

S W N X2(r) .  

The mean of W is pw = r and the variance of W is g& = 2r; and W is 
strictly positive. For historical reasons, the parameter r is usually given 
the label 'degrees of freedom'. So W is said to follow a chi-squared 
distribution with r degrees of freedom. 

You will notice that the p.d.f. of the random variable W N X2(r) has not been 
given; this is because it is not, for present purposes, very useful. For instance, 

The Greek letter X is pronounced 
'kye'. 
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the density does not integrate tidily to give a very convenient formula for cal- 
culating probabilities of the form Fw(w) = P ( W  5 W).  These probabilities 
generally have to be deduced from tables, or need to be computed. (The 
same was true for tail probabilities for the standard normal variate 2.) In 
Figure 6.10 examples of chi-squared densities are shown for several degrees 

of freedom. Notice that for small values of the parameter the distribution is 
very skewed; for larger values the distribution looks quite different, appear- 
ing almost bell-shaped. This makes sense: for large values of r ,  W may be 
regarded as the sum of a large number of independent identically distributed 
random variables, and so the central limit theorem is playing its part in the 
shape of the distribution of the sum. 

0 5 '  10 15 W 

Figure 6.10 Chi-squared densities 

0 5 8 10 15 W 
Most statistical computer programs contain the appropriate commands to 
calculate chi-squared probabilities. For instance, if W N x2(5), then the area Figure 6.1 1 P(W 2 8) when 
of the region shown in Figure 6.11 gives t p  probability W x2(5) 

Exercise 6.23 - 
Use your computer to calculate the following probabilities. 

(a) P ( W  2 4.8) when W N x2(6) 

(b) P ( W  2 12.5) when W N x2(8) 

(c) P ( W  5 10.0) when W N x2(19) 

(d) P ( W  2 30.0) when W x2(19) f(u1)  

0.10 0 . 1 5 h  , m 

Similarly, you should be able to obtain quantiles for chi-squared densities 0.05 
4 1 

from your computer. For instance, if W N x2(5) then W has lower and upper 
quartiles, and median given by o 2.67 6.63 15 W 

4.35 
90.25 = 2.67, q0.50 = 4.35, 90.75 = 6.63. 

Figure 6.1 B Quartiles of the 
These points are shown in Figure 6.12. X2 (5) distribution 
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Exercise 6.24 
Use your computer to calculate the following quantiles. 

(a) 90.2 when W X'@) 

(b) 90.95 when W W ~ ' ( 8 )  

(C) 90.1 when W x2(19) 

(d) 90.5 when W ~ ' ( 1 9 )  

(e) 90.99 when W x2(19) 

Illustrate your findings in (c) to (e) in a sketch. 

You saw in Chapter 5 that when calculating tail probabilities for a normal 
random variable with mean p and variance u2, it is possible to standardize the 
problem and obtain an answer by reference to tables of the standard normal 
distribution function a(.). For chi-squared variates it is not possible to do 
this, for there is no simple relationship between X2(n), say, and x2(1). You 
saw in Figure 6.10 that different chi-squared densities possess quite different 
shapes. 

Many pages of tables would therefore be needed to print values of the dis- 
tribution function Fw(w) for different values of W and for different degrees 
of freedom! In general, the need for them is not sufficient to warrant the 
publishing effort. 

However, it is quite easy to print selected quantiles of the chi-squared distri- 
bution, and this is done in Table A6. Different rows of the table correspond 
to different values of the degrees of freedom, r; different columns correspond 
to different probabilities, a; the entry'in the body of the table gives the 
a-quantile, q,, for X2( r ) .  

Exercise 6.25 
Use the printed table to write down the following quantiles. 

(a) 90.05 when W ~ ' ( 2 3 )  

(b) 90.10 when W x2(9) 

(c) 90.50 when W W x2 (12) 

(d) 90.90 when W W ~ ' ( 1 7 )  

(e) 90.95 when W W x2(1) 

That concludes our theoretical introduction to the chi-squared distribution. 
We now return to the estimator S2 of a normal variance u2, where the reason 
for its introduction is finally explained. The result given in Exercise 6.26 for 
the sampling distribution of S2 is not proved, but it is one with which you 
should become familiar. 
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Exercise 6.26 
Using only the information that the sample variance S2 in samples of size n 
from a normal distribution with variance u2, has the sampling distribution 

establish the two results 

2~~ 
E ( s ~ )  = c2, v(s2) = - 

n - l '  

These results will be useful in the next chapter. There, we will look at a 
procedure that enables us to produce not just a point estimate for an unknown 
parameter based on a random sample, but a 'plausible range' of values for it. 
The main results for the sample variance S2 from a normal distribution are 
summarized in the following box. 

The sample variance S2 obtained for a random sample of size n from 
a normal distribution with unknown mean p and unknown variance u2 
has mean 

E (s2) = u2 

and variance 

The distribution of S2 is given by 

Summary 

1. There are many ways of obtaining estimating formulas (that is, esti- 
mators) for unknown model parameters; when these formulas are applied 
in a data context, the resulting number provides an estimate for the 
unknown parameter. The quality of different estimates can be assessed by 
discovering properties of the sampling distribution of the corresponding 
estimator. 

2. Not all estimating procedures are applicable in all data contexts, and 
not all estimating procedures are guaranteed always to give sensible esti- 
mates. Most require numerical or algebraic computations of a high order. 
Two of the most important methods are the method of moments and the 
method of maximum likelihood. In a given context the two methods 
often lead to the same estimator (though not always); maximum likeli- 
hood estimators are known to possess useful properties. 
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3, If X is a discrete random variable with probability mass function p(x; O),  
where 0 is an unknown parameter, then the likelihood of 0 for the random 
sample XI ,  X2, . . . , X, is given by the product 

If X is a continuous random variable with probability density function 
f (X; 6), where 6 is an unknown parameter, then the likelihood of 6 for 
the random sample X1, X2,  . . . , X, is given by the product 

4. A maximum likelihood estimate 5 of 6 may be obtained in either case by 
finding the value of 6 which maximizes the likelihood of 6. This estimate 
will be an observation on the corresponding estimator, a random variable. 
Maximum likelihood estimators possess two useful properties. 

(i) The maximum likelihood estimator 5 for 6 is asymptotically un- 
biased: 

E(@ 4 6 as n 4 m, 

where n is the sample size. 

(ii) The maximum likelihood estimator for 6 is consistent: 

V($) 4 O as n + m. 

5. The continuous random variable W = 2; + 2; + . . . + Z:, the sum of 
r independent squared observations on the standard normal variate 2, 
is said to follow a chi-squared distribution with r degrees of freedom. 
The random variable W has mean r and variance 2r; the distribution is 
written W - X2(r). 

6. The moment estimator S2 for the variance u2 of a normal distribution, 
based on a sample of size n, is unbiased with variance 2u4/(n - 1). The 
sampling distribution of the estimator S2 is given by 

7. The maximum likelihood estimator ii2 for the variance of a normal dis- 
tribution based on a sample of size n is given by 




