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Unit GTA1 Symmetry

Introduction to Group Theory Block A

This block is the first of two concerning a branch of mathematics known as
group theory. It introduces the basic ideas leading up to a simple, yet
powerful result known as Lagrange’s Theorem, which underpins much of
the development of the subject. The second block, Group Theory Block B,
investigates the theory further.

Groups appear in many branches of pure mathematics. They also occur
naturally in other fields, such as chemistry and physics.

We introduce the idea of a group by using the geometric concept of
symmetry. Symmetry occurs in nature in many ways; for example, the
human form is (outwardly) symmetric, as are many biological, chemical
and geological forms.

human form starfish methane molecule fluorite crystal

We investigate symmetry groups, groups arising out of addition and
multiplication (including modular arithmetic) and permutation groups.
We use tables, known as group tables, to represent small groups, and
discover special types of groups, including cyclic groups and Abelian
groups. We find subsets of groups which are groups in their own right, and
which we call subgroups. We then show that each subgroup can be used to
define a partition of the group into cosets. These cosets play a central role
in the proof of Lagrange’s Theorem.

Although one of the goals of this block is to establish some abstract theory,
our approach throughout will be to introduce and illustrate the ideas using
concrete examples.



Introduction

Introduction

In this unit we use the geometric concept of symmetry to introduce some
of the basic ideas of group theory, including group tables, and the four
properties, or axioms, that define a group.

In Section 1 we discuss intuitive ideas of symmetry for a two-dimensional
figure, and define the set of symmetries of such a figure. We then view
these symmetries as functions that combine under composition, and show
that the resulting structure has properties known as closure, identity,
inverses and associativity. We use these properties to define a group in
Section 3.

In Section 2 we develop an algebraic notation for recording symmetries,
and demonstrate how to use the notation to calculate composites of
symmetries and the inverse of a symmetry.

Section 3 is the audio section. We begin by defining the terms group,
Abelian group and order of a group. We then demonstrate how to check
the group axioms, and we extend the examples of groups that we use to
include groups of numbers—the modular arithmetics, the integers and the
real numbers.

In Section 4 we prove that some of the properties of the groups appearing
earlier in the unit are, in fact, general properties, shared by all groups. In
particular, we prove that in any group the identity element is unique, and
that each element has a unique inverse.

Finally, in Section 5, the video section, we extend our ideas of symmetry to
three dimensions and consider, in particular, the regular (Platonic) solids.

Study guide

The main content of this unit is in the first three sections, all of which are
quite substantial. You should study these sections thoroughly and in order.

By contrast, the details of the proofs in Section 4 are less important, and
you should not spend a lot of time struggling with them if you find them
difficult to follow. However, you need to know the results, particularly the
uniqueness results; you also need to be able to use the results, so you
should tackle the exercises in this section.

The video section is fairly free-standing, although before watching it you
should be familiar with the group axioms, given at the beginning of
Section 3.

This is quite a substantial unit and you may find that the study time
needed for it is slightly greater than for an average unit.
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1 Symmetry in R*

After working through this section, you should be able to:

(a) explain what is meant by a symmetry of a plane figure;

(b) specify symmetries of a bounded plane figure as rotations or
reflections;

(c) describe some properties of the set of symmetries of a plane figure;
(d) explain the difference between direct and indirect symmetries.

1.1 Intuitive ideas of symmetry

We begin by considering some intuitive ideas of symmetry. Probably you
think of symmetry in terms of figures like a heart-shape, which has two
‘equal and opposite’ halves, or like a capital N, which can be thought of as

being made up of two equal pieces. Mathematically, we can express these axis of
ideas in terms of transformations which leave the figure as a whole looking | symmetry
the same. '

reflectional
The heart-shape, for example, has reflectional symmetry because a symmetry

reflection in the axis of symmetry leaves the figure looking the same.

Similarly, the letter N has rotational symmetry because a half-turn about

the centre leaves the figure looking the same. Rotational symmetry need

not involve a half-turn: in other circumstances it may involve a centre of

. t
quarter-turn or a third of a turn, for example. Symmetry

rotational
Rotations and reflections can be used to describe symmetry because they symmetry

are transformations of the plane that preserve distances between points.
That is, the distance between any two points is the same as the distance
between their images. Such transformations act on a figure like the
heart-shape without distorting its size or shape.

We can apply our ideas of symmetry to any plane figure, but we shall
choose many of our examples from the regular polygons.

0000

equilateral square regular regular regular regular
triangle pentagon hexagon heptagon octagon

In order to develop our ideas of symmetry, we look at the square.

We consider the square to be a subset of the plane, with its four vertices

located at definite positions in R2. This means that the size of the square,
its location in the plane and its orientation are completely determined. We
keep track of the configuration of the square by putting distinguishing initial
marks at two of the corners. position

We define a symmetry of the square to be a transformation of the plane

that maps the square to itself and preserves distances between points. The

technical name for a function that preserves distances is an isometry. The

only isometries of the plane are translations, rotations and reflections, and

combinations of these. Any non-trivial translation alters the location of The trivial translation is the

the square in the plane and so cannot be a symmetry of the square. translation through zero
distance; all other translations
are non-trivial.



Section 1 Symmetry in R?

We therefore consider only rotations and reflections as potential
symmetries of the square.

To specify a rotational symmetry of a figure, we need to give a point which
is the centre of rotation and the angle through which the figure is turned.
Note that we always measure angles anticlockwise, and interpret negative
angles as clockwise. The angle 7/2, for example, means an anticlockwise
rotation through /2 radians, whereas —m/2 means a clockwise rotation
through 7/2 radians.

rotation
The square has four rotational symmetries: rotations about the centre of through 6
the square through 0, 7/2, 7 and 37/2 radians (anticlockwise) all map the
square to itself. A rotation through 0 radians is equivalent to not moving
the square, and we call this the identity symmetry.
° % o * * (]
° £ 3 o *
initial identity rotation rotation rotation
position symmetry through /2 through m through 37/2
A rotation through 27 radians returns the square to its original position
and so is the same symmetry as the identity symmetry. Similarly, a
rotation through 57/2 radians is the same symmetry as a rotation through
/2 radians because its overall effect on the square is the same. A rotation
through —7/2 radians is the same symmetry as a rotation through 3m/2
radians because a rotation through 7/2 radians clockwise has the same
effect on the square as a rotation through 37/2 radians anticlockwise. _mirror
To specify a reflectional symmetry of a figure, we need to give the axis of el
symmetry in which the figure is reflected. The square has four such axes of PP
symmetry: a vertical axis, a horizontal axis and two diagonal axes. So it —
. . |
has four reflectional symmetries. :
‘ . ) p and p’ are
mirror images
° * * i ° . i of each other
i S ’
1 Dz b | s
| \\ //
! * AN . * pd .
initial reﬂe‘ction reflection reflection " reflection
position in vertical in diagonal in horizontal in diagonal
This completes the set of symmetries of the square. It contains eight
elements: the identity, three non-trivial rotations and four reflections. A trivial rotation is a rotation
through any multiple (positive,
Exercise 1.1 For each of the following figures, describe the set of negative or zero) of 2m; all other
symmetries by drawing diagrams similar to those given above for the  rotations are non-trivial.

square.

4-windmill rectangle equilateral
triangle

(a) (b) (c)
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1.2 Formalising ideas of symmetry

Having explored some intuitive ideas of symmetry, we now make some
formal definitions, starting with the definition of a figure.

Definition A plane figure is any subset of the plane R.

Next we define a symmetry of a plane figure.

Definitions An isometry of the plane is a function f:R? — R?
that preserves distances; that is, for all z,y € R?, the distance

between f(x) and f(y) is the same as the distance between x and y. -

A symmetry of a figure F' is an isometry mapping F' to itself—that

is, an isometry f:R? — R? such that f(F) = F.
Remark 1t is a consequence of these definitions that a symmetry is a One-one functions and onto
one-one and onto function. We prove this later on page 12. Junctions are defined in Unit I2.

A translation is an isometry; but for a bounded figure such as a square, a A bounded figure in R? is a
non-trivial translation is not a symmetry because it does not map the figure that can be surrounded by
figure onto itself. The isometries that interest us as potential symmetries a circle (of finite radius).

of bounded plane figures are the following.

The identity: equivalent to doing nothing to a figure. Sometimes the identity is called
A rotation: specified by a centre and an angle of rotation. the trivial symmetry. It can be
A reflection: specified by a line—the axis of symmetry. regarded as a zero rotation or a
A combination of the above isometries. zero translation.

We need to be able to describe formally the situation when two symmetries
are the same. For example, we have seen that a rotation through
27 radians has the same effect on a plane figure as the identity symmetry.

Definition Two symmetries f and g of a figure F' are equal if they
have the same effect on F'; that is, f(z) = g(z) for all x € F.

1.3 Symmetries of a plane figure

In this subsection we describe some properties that are shared by all sets
of symmetries of plane figures.

We denote the set of all symmetries of a plane figure F' by S(F). For every
figure F', we include the identity symmetry, usually denoted by e. So every
figure F' has a non-empty set of symmetries.

The elements of S(F) are distance-preserving functions f : R> — R? such
that f(F) = F. So we can form the composite of any two elements f and g
in S(F) to obtain the function go f: R? — R

Let f,g € S(F). Since f and g both map F to itself, so must g o f; and
since f and g both preserve distance, so must g o f. Hence go f € S(F).
We describe this situation by saying that the set S(F) is closed under
composition of functions.
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f g
~—— A ~— A
~_ — Remember that g o f means
7o f f first, then g.

Property 1.1 The set of symmetries S(F') of a plane figure F' is
closed under composition of functions; that is, for all f,g € S(F),

gofeS(r).

We shall look at some examples of composition in S([J), the set of We read S(OJ) as ‘S-square’.
symmetries of the square. The following diagram shows our standard
labelling for the elements of S(OJ) which we described in Subsection 1.1.

The identity symmetry (not shown) is denoted by e.
Many texts use rg, g4 notation

r | to describe the symmetries in
s <:}> S(0), where:
L//—\J ! 4 a=Tr/2, b=rx, C=T37/2,
\\\ : // " =dn/2, S = q37/4,
_ _ f@ 7777777 b _\,L/_/__.,,, t=qo, u= Ar/y-
TN We explain this notation in
A AN Subsection 1.4, where we use it
| U/ } N to describe the symmetries of a
. ’ . disc.
rotations reflections

Remember that the axes are fixed in the plane; so, for example, r means
‘reflect in the vertical axis of symmetry, regardless of any symmetries
already carried out’. You may find it useful to remember the above
notation: the rotations are a, b and ¢ in order of the rotation angle; the
reflections are r, s, t and u starting from the vertical axis of symmetry and
working anticlockwise. We adopt a similar convention for some of the
other regular polygons.

Example 1.1  Find the following composites of symmetries of the square:
aot, toa.

Solution  We draw pictures with symbols in two corners of the square, as

|
in Subsection 1.1, to keep track of the composition of the symmetries. You :
|
|

° * * (]
may like to cut out a square from paper to model the square in the plane.
To physically model a reflection of the square, you have to lift it out of the <:|::>
plane, turn it over and then replace it in the plane. You will therefore need !
to mark the two symbols on both sides of the paper. e eflocted
The following diagram shows the effect of a o ¢; that is, first ¢ and then a. position square
aot
° £ 3 £ 3
ot 5 /s —_a 5
reflect in rotate
horizontal | o * through °
. w/2
initial final
position position
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Comparing the initial and final positions, we see that the effect of a ot is
to reflect the square in the diagonal from bottom left to top right. This is
the symmetry that we have called u, so

aot =u.

We summarise this information in a single diagram as follows.

initial

position s

aot reflect in

/\” diagonal

° * *
‘E t f a
+ -] — — >
reflect in rotate
horizontal | e * through °
initial /2 final
position position
Similarly, we find the composite t o a.
initial
\_ position
N
e *
N
N
N
A
N
AN
N
\
N
reflect in

toa

/\S diagonal

° * * °
f a | 1 t
rotate reflect in
through ° horizontal | x
/2
initial final
position position

Comparing the initial and final positions, we see that the effect of ¢ o a is
to reflect the square in the diagonal from top left to bottom right. This is
the symmetry that we have called s, so

| Notice that toa # aot.

toa = s.

Exercise 1.2 With the notation given above, find the following
composites of symmetries of the square:

boc, sos, tos.

10



Section 1 Symmetry in R?

Example 1.1 and Exercise 1.2 illustrate a number of properties of
composition of symmetries of a figure F'.

1. Order of composition is important.

For example, in Example 1.1 we saw that
aot=wu but toa=s.

In general, if f,g € S(F), then go f may not be equal to f o g. That
is, in general, composition of symmetries is not commutative.

2. Composition of rotations and reflections follows a standard pattern. For example, in S(0),

rotation o rotation = rotation boc=a,
rotation o reflection = reflection aot=u,
reflection o rotation = reflection toa=s,
reflection o reflection = rotation tos=a.

We can summarise this information in a table.

o | rotation  reflection

rotation | rotation reflection
reflection | reflection rotation

Note that any bounded plane figure can have at most one centre of
non-trivial rotation, and that any axis of symmetry will pass through
this centre.

3. Composing a reflection with itself gives the identity.
For example, in S(0),
ror=e, sos=e, tot=e wuou=e.

This should be no surprise! If you reflect twice in the same axis you get
back to where you started.

Exercise 1.3 The following diagrams show our standard labelling for
the symmetries of a 4-windmill and a rectangle. We denote these sets
of symmetries by S(WIND) and S(0), respectively. In each case, the
identity symmetry (not shown) is denoted by e. We shall usually
assume this without further comment.

(a) For the 4-windmill, find the following composites of symmetries:
aoa, aob, aoc.

(b) For the rectangle, find the following composites of symmetries:

11
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Exercise 1.4 The following diagram shows our standard labelling for
the symmetries of an equilateral triangle. We denote this set of
symmetries by S(A).

The labelling of the reflections
here does not follow the
convention described on page 9.

rotations reflections

Find the following composites of symmetries of the equilateral triangle:

aob, aor, sot.

At the beginning of this subsection, we stated that any plane figure has at
least one symmetry—the identity symmetry—and so S(F’), the set of
symmetries of a plane figure F', is non-empty. We shall note the existence
of an identity as our second property of symmetries; we note also that the
identity symmetry e composed with any symmetry f € S(F), in either
order, is simply f.

Property 1.2 The set S(F') contains an identity symmetry e such
that, for each symmetry f € S(F),

foe=f=cof.

We remarked earlier that a symmetry f:R? — R? is a one-one and onto
function. This is because it is distance preserving. To see that f is
one-one, suppose that z and y are any two points of R? such that

f(x) = f(y). Then the distance between f(x) and f(y) is zero and so the
distance between z and y must be zero also. Hence x = y, as required.

To see that f is onto, we use the fact that f leaves the size and shape of
figures unchanged. In particular any circle centred at the origin O is
mapped by f to a circle (of the same radius) centred at O’ = f(O). To see

how this observation helps, let ' be an element in the codomain R? of f. C r

If r is the distance from z’ to O’, then 2’ lies on the circle C’ of radius r a"

centred at O’. By our observation, C’ is the image of the circle C' of ‘g

radius r centred at O, so 2’ must be the image of some point z on C.

Since 2’ is an arbitrary point of the codomain, f must be onto. domain codomain

Because any symmetry f € S(F') is a one-one and onto function, it must
have an inverse function f~!:R? —s R2. Moreover, since f preserves
distances and maps F to itself, so must f~'. In other words, f~! is also a
symmetry of F, so f~! € S(F). The composite of f and f~!, in either
order, must be the identity symmetry e.

f
~— A
Property 1.3 For each symmetry f € S(F'), there is an inverse
symmetry f~! € S(F) such that
fofl=e=fTlof.
S
f71

12
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We illustrate this property by looking again at S(O).

Example 1.2 Find the inverse of each of the elements of S(OJ).

Solution  The symmetry a is a rotation through 7/2 about the centre.
We should expect the inverse of a to be a rotation through —m/2; this is
the same symmetry as ¢, a rotation through 37/2. Composing a and ¢ in
either order results in a full turn, which returns each point of the square to
its original position. So we have

aoc=e=coa, (1.1)

and we write

al=c

Equations (1.1) show that a is the inverse of ¢, so we can write

cl=a.

The symmetry b is a rotation through a half-turn, and composing b with
itself returns the square to its original position. So

bob=c¢e In this case, the two equations

o . 1 . o . corresponding to Property 1.3
and the symmetry b is its own inverse: b=~ = b. We describe this situation 4.6 identical.

by saying that b is self-inverse or that b is a self-inverse element.

In our discussion earlier we remarked that when composing a reflection
with itself we obtain the identity, so the elements r, s, t and v in S(O) are
all self-inverse:

roo=r, § =3, t_lzt, uw =

The element e is unique in S([J) because it has no effect on the square.
Since e o e = ¢, it follows that e is its own inverse, so

(& = €.

We summarise the results of this example in the following table.

Element |e a b ¢ r s t u

Inverse |e ¢ b a r s t u u

Exercise 1.5 Draw up a table of inverses for each of the following sets
of symmetries.

(a) S(WIND)
(b) S(@)
(c) S(B)

There is one further important property of composition of symmetries of a

figure F', which is not as obvious as those that we have considered so far.

This property is called associativity and is a general property of

composition of functions. The following figure shows two ways of

composing three symmetries f, g and h in that order. We can begin with

the composite g o f, and compose that with h on the left as ho (go f). Remember that g o f means
Alternatively, we can begin with f, and compose that with the composite f first, then g.

h o g on the left to form (hog)o f.

13
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(hog)o f

These two approaches give identical results because each one means ‘do f
first, then g and then h’. Formally, we write

ho(gof)={(hog)of.
In practical terms, associativity means that we may dispense with brackets
in writing a composite of three elements: there is no ambiguity in writing
hogo f. It means also that we may group or regroup elements in a large
expression to suit our purposes, provided that we do not alter the order in
which the elements appear.

Property 1.4 Composition of symmetries is associative; that is, for
all f,g,h € S(F),

ho(gof)=(hog)of.

Exercise 1.6 In S([J), check that

ao(toa)=(aot)oa.

Symmetries of a regular n-gon

We close this subsection by generalising our observations about the
equilateral triangle and the square to the regular n-gon. A regular n-gon is
a polygon with n equal edges and n equal angles, and it has both
rotational and reflectional symmetries. For example, an equilateral triangle
has six symmetries: three rotations and three reflections. A square has
eight symmetries: four rotations and four reflections.

In general, a regular n-gon has 2n symmetries: n rotations (through
multiples of 27 /n) and n reflections in the axes of symmetry through the
centre.

14

For example,
aobocod= (aob)o(cod)
=ao(boc)od
= ((aob)oc)od.

Subtraction, for example, is not
associative:

10— (7T—3)# (10— 7) — 3.

In Example 1.1 we found that
aot=wuand toa = s.

Recall that we may think of the
identity symmetry e as a
rotation.



[
n odd

n even

For odd values of n, each of the n axes of symmetry passes through a
vertex and the midpoint of the opposite edge.

For even values of n, there are %n axes of symmetry which pass through
opposite vertices and %n axes of symmetry which pass through the

midpoints of opposite edges.

1.4 Symmetries of the disc

A bounded figure that we have not considered yet is the disc. Rotation
about the centre through any angle is a symmetry of the disc. Likewise,
reflection in any axis through the centre is a symmetry of the disc. Thus
the disc has infinitely many rotational and infinitely many reflectional
symmetries.

We cannot use individual letters to label these symmetries, so we denote a
rotation about the centre through an angle 6 by rg, and a reflection in the
axis of symmetry making an angle ¢ with the horizontal axis by gg.

\\ To %‘kﬁ

/

rotation reflection in line at
through 6 angle ¢ to horizontal

Rotations through 6 and 6 + 2kw, for k € Z, produce the same effect, so we
restrict the angles of rotation to the interval [0, 27). Reflection in the line
at an angle ¢ to the horizontal produces the same effect as reflection in the
line at an angle ¢ + 7 to the horizontal (in fact, it is the same line), so we
restrict the angles for axes of symmetry to the interval [0, 7).

The symmetries of the disc are:

rg: rotation through an angle 6 about the centre, for
0 € [0, 2m);

qe: reflection in the line through the centre at an angle ¢ to
the horizontal (measured anticlockwise), for ¢ € [0, 7).

Section 1

rotation

Symmetry in R?

/

reflection

15
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The identity symmetry e is rg, the zero rotation. Note that qg is reflection
in the horizontal axis and is not the identity symmetry.

We denote the set of symmetries of the disc by S(O), read as ‘S-disc’
S(O) ={re:0€[0,2m)} U{gy: ¢ €[0,m)}.

We can compose these symmetries using pictures similar to those that we
used when composing symmetries in S(0J). We keep track of a point on
the disc and the orientation of the disc by marking a small arrow pointing
anticlockwise at a point on the horizontal axis. For example, consider a
rotation through 7/2 followed by a rotation through /4.

initial
position

Tr/4a0Tr/2

rotate
7"37r/4l through
/4 3mr/4
Tr/2 Tr/4
—_— —_—
rotate rotate
through through ‘
/2 w/4
initial intermediate final
position position position

The resulting symmetry is a rotation through 37/4, and we may write this
as

Tr/a©CTrj2 = T3n/4-
Now consider a reflection in the axis making an angle 7/2 with the
horizontal axis, followed by a reflection in the axis making an angle 7/4
with the horizontal axis.
initial
position

r/4 © Gn/2 rotate
‘ T3r/2 [through
& 3m/2

I
initial intermediate final

position position position

The resulting symmetry is a rotation through an angle 37/2, and we may
write this as

Ar/4 © 4n/2 = T371/2-

16



As a final example, consider a rotation through an angle 7/2 followed by a
reflection in the axis making an angle 7/4 with the horizontal axis. You
may expect this composite to be a reflection, and this is indeed the case.

initial
position
dr/4 O Tx/2
qol reflect
in line
N
7’,,‘./ 2 qr /4
N _An/a
rotate reflect
through in line
/2 4
ini.t i.a 1 intermediate final
position position position

The resulting symmetry is a reflection in the horizontal axis, and we may
write this as

Q7r/4 o r7r/2 = qo-
Exercise 1.7 Find the composite r;/4 0 gr/2.

The general formulas for the composition of elements in S((Q)) are
summarised in the following table.

© ‘ To qo

T¢ | T(¢+6) (mod 2n) Q(%qﬂ_g) (mod )
46 | d(p—Lo) (mod ) T2(¢—6) (mod 2r)

Rather than derive these general formulas, we ask you to verify each of
them in a specific case.

Exercise 1.8 Check that the formulas given in the table hold for the
following four examples of composites already found:

Tn/aOTr/2, Qn/4°4r/2s drn/4°Tr/2, Tr/a©dr/2-

1.5 Direct and indirect symmetries

You may have noticed that, in most of the sets of symmetries of plane
figures that we have considered, the symmetries are of two sorts: those
that we can demonstrate with a model without turning it over, and those
for which we need to take the model out of the plane, turn it over and
replace it in the plane. In the case of a symmetry group of a bounded
plane figure, the former are rotations and the latter are reflections. For
example, for S(0J) it is possible to obtain all the reflections by turning the
model over and then rotating it. We illustrate this in the following
diagram using the reflected model shown in the margin.

Section 1

Symmetry in R?

For example, g, followed by 7 /o

results in

Tr/2 © 4r = 4(n/447) (mod =)
= 457/4 (mod =)
= d4r/4-

\
(] : * * (]
I
I
I
I
[
initial reflected
position square
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° * * °
u rotate
— < 5
model
° * O *
initial
position
S
r
\
—>
" : o \Q */
| N /7 tat
| . . . rotate
! N N - — 7 reflected
i . pa model
I * N © < . °
\ N
reflected b
model
c
r=eor s=aor t=bor u=cor

Definition The symmetries of a plane figure I’ that we can
physically demonstrate without lifting a model out of the plane to

turn it over are called direct symmetries. We denote the set of direct For example,
symmetries of a figure F' by S*(F). S*(O) = {e,a,b,c}, the set of
rotations.

The remaining symmetries are called indirect symmetries: they are
the symmetries that cannot be demonstrated physically without
lifting a model out of the plane, turning it over and then replacing it
in the plane.

Remarks

1. Rotations and translations are direct symmetries, whereas reflections
are indirect symmetries.

2. The diagram above for the square illustrates a general result. If a
figure has indirect symmetries, then they can all be obtained by
composing each of the direct symmetries with any one fixed indirect
symmetry. There are therefore two possibilities for a finite symmetry
group of a plane figure. Either the group has no indirect symmetries,
as in S(WIND), or it has as many indirect symmetries as direct
symmetries, as in S(J). In other words, a finite symmetry group of a
plane figure comprises either

e all direct symmetries, or
e half direct symmetries and half indirect symmetries.

3. There is another way to model indirect symmetries that does not
involve lifting the figure out of the plane. Here two models are
made—the first to represent the figure and the second to represent the
reflected figure. Direct symmetries can be demonstrated by rotating
the first model and indirect symmetries by rotating the second model.
Thus symmetries that can be demonstrated with the first model are
direct symmetries and those that require the second model are indirect
symmetries.
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4. Some unbounded plane figures have indirect symmetries called
glide-reflections. A glide-reflection is a composite of a reflection and
a translation. Rotations, reflections, translations and glide-reflections
are the only possible symmetries of plane figures. We do not consider
glide-reflections further in this course.

Exercise 1.9 Write down the following sets of direct symmetries.
(a) ST(&)  (b) ST ()
Draw a diagram for each set (similar to the one for S([J) given on

page 18) to show how the indirect symmetries can be obtained from
the direct symmetries by using just one indirect symmetry.

In Subsection 1.3 we gave some results about composites of rotations and
reflections. These can be generalised to similar results about direct and
indirect symmetries.

direct o direct = direct o ‘ direct indirect
direct o indirect = indirect direct direct indirect
indirect o direct = indirect indirect | indirect direct

indirect o indirect = direct

Further exercises

Exercise 1.10 Describe geometrically the symmetries of each of the
following figures.

L/ [/ [

parallelogram rhombus symmetrical
trapezium
(a) (b) (c)
regular star circular sawblade

(d) (e)
Exercise 1.11 The figure shown in the margin is an equilateral curve
heptagon. Its symmetries are:

seven anticlockwise rotations: e, a, b, ¢, d, f and g
about the centre through increasing multiples of 27/7;

seven reflections: r, s, ¢, u, v, w and z in the axes shown.
Determine the following composites:
bod, fog, cowv, xzou.

Exercise 1.12 Draw up a table of inverses for the symmetries of the
equilateral curve heptagon using the notation of Exercise 1.11.

Section 1 Symmetry in R?

This is the shape of a 50p coin.

2o
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Exercise 1.13 List the direct symmetries of the equilateral curve
heptagon using the notation of Exercise 1.11. Show how each of the
indirect symmetries can be obtained as the composite of the indirect
symmetry w and a direct symmetry.

2 Representing symmetries

After working through this section, you should be able to:

(a) use a two-line symbol to represent a symmetry;

(b) describe geometrically the symmetry of a given figure which
corresponds to a given two-line symbol;

(c) find the composite of two symmetries given as two-line symbols;

(d) find the inverse of a symmetry given as a two-line symbol;

(e) write down a Cayley table for the set of symmetries of a plane
figure;

(f) appreciate how certain properties of the set of symmetries of a
figure feature in a Cayley table.

2.1 Two-line symbol

So far we have represented symmetries of plane figures by letters, and used
diagrams or models to work out composites. This method is illuminating
but time consuming. In this section we introduce an algebraic notation
which permits us to manipulate and compose symmetries easily, but at the
expense of geometric intuition.

We illustrate the notation in terms of the symmetries of a square. In the
diagram we have labelled the locations of the vertices of the square with
the numbers 1, 2, 3 and 4. In our discussion we consider these numbers as
being fixed to the background plane. So the number 1 is always at the top
left-hand corner of the square in this example. It does not label the vertex
of the square, and so does not move when we apply a symmetry to the
square. We use these numbers to record the effect of a symmetry as follows.

We first consider the effect of the symmetry a (rotation through 7/2 about
the centre).

° * *

ﬁ a
—a 5

2 3 2 3

The symmetry a maps the vertices as follows.

shorthand
vertex at location 1 to location 2 1+ 2
vertex at location 2 to location 3 2+— 3
vertex at location 3 to location 4 3 +— 4
vertex at location 4 to location 1  4+—1

20




We can think of a as a function mapping the set {1,2,3,4} to itself.

=Y
a: or a: J | | |
3—14
2 3 41
4+—1

We model our new notation for a on the second version, omitting the
arrows and enclosing the numbers in parentheses: thus we write

(1234
@=\2341)"

The symmetry r has the following effect.

Thus the symmetry r
interchanges the vertices at locations 1 and 4,
interchanges the vertices at locations 2 and 3.

So, in our new notation, we write

(1234
"=\4321)"

The identity symmetry e leaves all the vertices at their original locations,
SO we write

(1234
€=\1234)"

We refer to this notation for recording a symmetry of a plane figure as the
two-line symbol for the symmetry. To specify a symmetry in this form, we
must first give a picture of the figure with labelled locations.

Example 2.1  For the square with vertices at locations 1, 2, 3 and 4,
labelled as shown, describe geometrically the symmetry represented by the
two-line symbol

12314
2143/

Solution  This two-line symbol represents a symmetry that
interchanges the vertices at locations 1 and 2,
interchanges the vertices at locations 3 and 4.

Thus the symmetry has the following effect.

1 4 1 4

2 3 2 3

So the two-line symbol represents reflection in the horizontal axis—the
symmetry ¢t. W

Section 2 Representing symmetries

Strictly, a symmetry does not
act on the numbers 1, 2, 3, 4.
We use 1, 2, 3, 4 here as
shorthand for ‘the vertex of the
square at location 1°, etc.
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Exercise 2.1 Find the two-line symbols representing the remaining
symmetries of the square, namely b, ¢, s and wu, using the labelling of
locations given in Example 2.1.

Exercise 2.2 Find the two-line symbols representing each of the four
symmetries of the labelled rectangle in the margin. (Do not forget e.)

There is no universal way of labelling the locations of a plane figure, so the
two-line symbols depend on the choice of labels. For example, for the
square and rectangle above, reflection in the vertical axis is represented by
a different two-line symbol in each case because we have used different
systems for labelling the locations of the vertices (anticlockwise around the
square, but across the top and bottom of the rectangle).

Usually, we try to maintain an anticlockwise labelling of the locations of
the vertices, starting at the top left.

1 4

2 3

Now we define formally the two-line symbol representing a symmetry of a
polygonal figure.

Definition Let f be a symmetry of a polygonal figure F' which moves
the vertices of the figure F' originally at the locations labelled

1,2,3,...,n to the locations labelled f(1), f(2), f(3),..., f(n),
respectively.

The two-line symbol representing f is

( 1 2 3 ... n>
f@Q) f@) fB) ... f(n))"

Remarks

1. The order of the columns in the symbol is not important, although we
often use the natural order to aid recognition. For example, using the
location labels as shown, we would normally write the two-line
symbols for the eight symmetries of the square as follows.

rotations reflections
_1234 (1234
c=\l123 "“\4321
(12314 (1234
“=\2341 =\1432
y_ (1234 (1234
“\3412 “\2143
(1234 (1234
c=\4123 “=\3214
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We cannot choose f(1), f(2),...
arbitrarily here, as f must be a
symmetry of F.

In natural order we would write

2431 1234
3142)*(2341)




Section 2 Representing symmetries

2. Not all two-line symbols represent symmetries of a particular figure.

1324
symmetry of the square because there is no symmetry which
interchanges the vertices at locations 2 and 3, and leaves fixed the
vertices at locations 1 and 4.

For example, with our choice of labelling, <1 23 4> is not a

Exercise 2.3  Using the given labelling for the locations of the
vertices, write down the two-line symbol for each of the symmetries of
the equilateral triangle.

Exercise 2.4 The following two-line symbols represent symmetries of
the hexagon shown. Describe each symmetry geometrically.

@)<é23456> . .

54321
123456
2 5
®)<345612>
123456
3 4
@)<321654>

2.2 Composing symmetries

One advantage of the two-line notation for symmetries is that it is easy to
form composites. For example, let us form the composite r o a of
symmetries of the square. We have

(12314 4 oa_ (1234
@=\9341) 2 "T=14321

which are shorthand for the functions

1+—2 1—4
2—3 2—3
34 and r: 39
4—1 4—1
So the composite r o a is given by Remember that r o ¢ means
1923 13 a first, then r.
2r—>3r—>2_thatis 2— 2
3— 44— 1" 3 — 1
44— 1+—4 44
a r roa

Thus the two-line symbol for r o a is

(1234
"ed=13214)

this is reflection in the diagonal shown—the symmetry w.

N B
AN
w

23



Unit GTA1 Symmetry

Composing the functions r and a as we did above suggests a method of
combining two-line symbols for symmetries without drawing diagrams.

To determine r o a, the composite of two symmetries 7 and a written as
two-line symbols, we reorder the columns of the symbol for r to make its
top line match the order of the bottom line of the symbol for a. We then
read off the two-line symbol for the composite r o a as the top line of the
symbol for a and the bottom line of the symbol for .

For example, in S(0),

(1234 (1234
rea=14391 2341
_(2341) (1234
“\3214 2341

2 3

1

“\3214) "

After some practice, you may find that you can compose two-line symbols
without reordering the columns.

For example, to find r o a in S(O), we first write down
o — 1234 o 1234\ (1234

ret=14321 2341)° :
Then we find the entries of the bottom row in turn.

Now a sends 1 to 2 and r sends 2 to 3, so the composite sends 1 to 3:

o (1234) (1234) (1234
rea=14321 2341) \ 3 :

Also a sends 2 to 3 and r sends 3 to 2, so the composite sends 2 to 2:

o (1234) (1234) (1234
rea=1y4321 2341) \3 2 :

The final two entries are found in the same way: a sends 3 to 4 and r
sends 4 to 1, so the composite sends 3 to 1; a sends 4 to 1 and r sends 1
to 4, so the composite sends 4 to 4:

oo — 1234 . 1234\ (1234
ree=l4321 2341)-\3214)
As we have seen already, the order of composition is important. For
example,

(1234 1234\ [(1234)
aer=\9341/)°\4321) " \1432)™%

roa#aor.

SO

Exercise 2.5 Using the two-line symbols for the symmetries of the
equilateral triangle found in Exercise 2.3, find the following
composites:

aoa, bos, sob, tos.
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2.3 Finding the inverse of a symmetry

We saw in Section 1 that every symmetry has an inverse which ‘undoes’
the effect of the symmetry. There is an easy way to write down the inverse
of a symmetry given by a two-line symbol. Let us consider again the
symmetry a of the square:

(1234
@=\2341)"

This is shorthand for the function

1—2 2+—1
2—3 Cp 1 3—2
34 with inverse a " : Ay 3
4+—1 1— 14

SO
1 (2341\
@ “\1234)7¢
Reversing the arrows in the mapping a is equivalent to reading the two-line
symbol for a from the bottom to the top. In other words, to find the
inverse of a, we turn the two-line symbol upside down. Reordering the

columns in the symbol into the natural order is optional but it may make
the inverse easier to recognise.

For example,

. 1234 o al_ 2341 (turn the symbol
S \2341) -~ \1234) upside down).
(1234 (reorder the
- \4123) columns).

Exercise 2.6 Find the inverse of each of the following symmetries of a
regular hexagon, given as a two-line symbol.

2.4 Cayley tables

Finally in this section, we consider a way of recording composites of
symmetries. This is by means of a Cayley table. To form the Cayley
table for the elements of a set S(F') of symmetries, we list the elements of
S(F) across the top and down the left-hand side of a square array.

e f g - Ty z

~ O

<

Property 1.3

The inverse of a function is
obtained by reversing the arrows
of the function.

25



Unit GTA1 Symmetry

The order in which we choose to list the elements is not important, but it
is important to use the same ordering across the top and down the side.
Normally we put the identity symmetry e first, as shown above. This
square array enables us to list every possible composite of pairs of elements
in S(F'). However, this is practicable only if S(F') is a small set, and is not
feasible for S(O), which is infinite!

For any two elements = and y of S(F), the composite z o y is recorded in
the cell in the row labelled x and the column labelled y.

x€X “ e xoy

Note that x is on the left both in the composite and in the border of the
table. Of course, the composite x oy is the result of performing first the
symmetry y and then the symmetry x.

We have found many of the composites of elements of S(0J) already; for
example, a ot =u, toa = s and r oa = u. The complete Cayley table for
S(0O) is as follows.

ol e

IS
o
=
Va)

+ IO SN2 0

+ » IO o9 o
w I 2 + 2 000 oo
ISR VI <

0O T +»w 3 2 |

+ »mn I & 0 0 o9
S 2 - un Q2 0
QT 2 <+ w»w 3
R OO0 32 +»

u|u

®

The Cayley table illustrates a number of properties of S([J) to which we
shall refer later.
Closure No new elements are needed to complete the table because
every composite is one of the eight symmetries.

Identity The row and column labelled by the identity e repeat the
borders of the table.

Inverses The identity e occurs when an element is composed with its
inverse, so e appears once in each row and once in each column. Also, e
appears symmetrically in the table.

Self-inverse elements When a self-inverse element is composed with
itself, the identity e appears on the leading diagonal of the table.
Conversely, when e appears on the leading diagonal, the corresponding
element is self-inverse.

Direct and indirect symmetries We have chosen to list the direct
symmetries, e, a, b and ¢, first, followed by the indirect symmetries, r,
s, t and u. This leads to a ‘blocking’ of the Cayley table, as illustrated
below.

26

Arthur Cayley (1821-1895) was
the leading British algebraist of
the nineteenth century. He
helped to lay the groundwork for
the abstract theory of groups
and he developed the algebra of
matrices and determinants.

The leading diagonal or main
diagonal is the diagonal from
top left to bottom right.



ole a b ¢ r s t u o direct indirect
ele a b ¢ r s t wu

ala b c e s t ur direct direct indirect
blb ¢ e a t u r s

cle e a b u r s t

rir u t s e ¢ b a

t .. .. .

o a e c b indirect indirect direct
tit s r u b a e c

ulu t s r ¢ b a e

Exercise 2.7 Using the two-line symbols from Exercise 2.3 to work
out the composites, construct the Cayley table for the symmetries of
an equilateral triangle.

Exercise 2.8 Using the labelling of the rectangle shown, construct
the Cayley table for S(&).

Further exercises

Exercise 2.9 Describe geometrically the symmetries of the (non-regular)
hexagon shown in the margin. (The sides joining 1 to 6, 2 to 3 and 4 to 5
all have the same length, as do the sides joining 1 to 2, 3 to 4 and 5 to 6.)
Write down the two-line symbol for each symmetry.

Exercise 2.10 Write down the two-line symbol for each of the eight
symmetries of a square for each of the following labellings.

1 4 2 4

(a) (b)

Exercise 2.11 In the following figure, the labels 1, 2, 3 and 4 refer to the
locations of the four edges of the figure (instead of the vertices).

) . @@ _____ -

3

For this labelling of the rectangle, write down the two-line symbol for each

symmetry of the rectangle.

Exercise 2.12 For the labelling of the regular octagon shown in the
margin, interpret geometrically each of the following two-line symbols.

(a) 123456738
3 12

45678
12345678

(b)<87654321>

© (12345678
54321876

Section 2 Representing symmetries

We shall see an example of
‘blocking’ in another Cayley
table in Section 5.

You found some of these
composites in Exercise 2.5, and
also in Exercise 1.4.

1 4

The position of the rectangle
may be specified by the locations
of the four edges instead of the
four vertices. So our definition of
two-line symbol still makes sense
if we replace vertices by edges.
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Exercise 2.13 Let

(123 4 oa_(123
T=\g3192) M ¥={391)

Find the two-line symbol for each of the following composites:
rox, yoy, Toy, you.
Hence show that

(rox)ox=e, (rozx)oy=yox and yo(rox)==xzoy.

3 Group axioms

After working through this section, you should be able to:

(a) explain the meaning of the terms group, Abelian group and the
order of a group;

(b) give examples of finite groups and infinite groups;

(c) determine whether a given set and binary operation form a group,
by checking the group axioms;

(d) deduce information from a given Cayley table.

3.1 Group properties

In Section 1 we considered the set S(F') of all symmetries of a plane
figure F', and we showed that S(F') has certain properties with respect to
composition.

1. CLOSURE The composite of any two symmetries in S(F) is
also in S(F).

2. IDENTITY The set S(F) contains the identity symmetry.

3. INVERSES Every symmetry of F' has an inverse which is also a

symmetry of F.

4. AssocIATIVITY Composition of symmetries is associative:
composites of three (or more) symmetries in a
given order can be written down unambiguously
without parentheses.

There are many other circumstances in which we have a set with a means
of combining elements which together possess these four properties; for
example, sets of real numbers combined under addition or multiplication.
We introduce more examples of this kind in the audio section.

The set together with the means of combining two elements, which is
called a binary operation, are said to form a mathematical structure known
as a group. For example, the set of symmetries of a figure forms a group
under the operation of composition.

To define a group in general, we use the four properties listed above as

axioms, and express them in terms of an unspecified binary operation o
acting on an unspecified set G. Any specific set which has an operation
that satisfies these axioms is said to form a group under that operation.
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Definition Let G be a set and let o be a binary operation defined

on G. Then (G,o) is a group if the following four axioms G1-G4

hold.

G1 CLOSURE For all g1, g2 € G,
g1092 €G.

G2 IDENTITY There exists an identity element e € G such

that, for all g € G,
goe=g=e€og.
For each g € G, there exists an inverse element

g~ ! € G such that
gogl=e=glog
G4 ASSOCIATIVITY For all g1, ¢0, 93 € G,

g1 © (92 o 93) = (91 092) 0 gs.

G3 INVERSES

Example 3.1  Show that the set ST (F) of direct symmetries of a plane

figure F', with the operation of composition, is a group.
Solution  We show that the four group axioms hold.

Let f,g € ST(F); then f and g are direct
symmetries, so f o g is also a direct symmetry.
Thus,

if f,g € ST(F), then fogec ST(F),

so ST(F) is closed under composition.

G1 CLOSURE

G2 IDENTITY An identity symmetry is e, the zero rotation, and

e € ST(F), so ST(F) contains an identity.

G3 INVERSES Let f € ST(F), so f is a direct symmetry; then its

inverse must also be a direct symmetry. Thus,
if f e ST(F), then f~' € ST(F),

so ST(F) contains an inverse of each of its
elements.

G4 associATiviTY Composition of symmetries is associative so, in
particular, composition of direct symmetries is

associative.

Hence ST (F) satisfies the four group axioms, and so (St (F),0) is
a group. H

The property of commutativity is not one of our four basic axioms.
A group (G, o) that has the additional property of commutativity is given
a special name.

Definition Let (G, o) be a group that has the additional property
that for all g1,¢92 € G,

g1 092 = 92°491-
Then (G, o) is an Abelian group (or commutative group).

A group that is not Abelian is called non-Abelian.

Section 3 Group axioms

Here o does not necessarily
mean composition of functions.

Remember that a direct
symmetry of a plane figure is
one that can be demonstrated
physically without lifting the
model out of the plane.

The word group was introduced
by the French mathematician
Evariste Galois (1811-32) as
part of a theory to classify
polynomial equations whose
solutions can be expressed by a
formula involving radicals (nth
roots).

Abelian groups are named after
the Norwegian mathematician
Niels Henrik Abel (1802-29),
who earlier showed that no
formula involving radicals exists
for a general quintic equation;
formulas for the general cubic
and quartic equations had been
found in the 16th century.
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For example, (ST (0),0) is an Abelian group, but (S(0), o) is non-Abelian.

In our consideration of symmetry groups we have seen that the underlying
set G of a group (G, o) may be finite (as in S(OJ) and S(A)) or infinite (as

in S(QO)). If G is a finite set containing exactly n elements, we say that
the group (G, o) has order n. For example, (S(J), o) has order 8, and
(S(A),0) has order 6. Formally, we make the following definitions.

Definitions A group (G, o) is a finite group if G is a finite set;
otherwise, GG is an infinite group.

If G is a finite set with exactly n (distinct) elements, then the group
(G, 0) has order n and we denote this by writing

|G| = n;

otherwise, (G, o) has infinite order.

For example, S(c0J) contains four elements, so (S(c3),0) is a group of
order 4, and we write

SO = 4;

the set S(Q)) is infinite, so S(O) is an infinite group and has infinite order.

3.2 Checking group axioms

So far we have considered sets of symmetries of plane figures. These give a
large number of examples of groups, many of which are finite. In the audio
section we consider how the group axioms apply (or do not apply) in other

situations.

Another source of examples of groups is modular arithmetic.

For example, in arithmetic modulo 4 we work with the set Z4 = {0,1,2,3}

and the operations +4 and x4, where we take the remainder on division
by 4 (that is, discard multiples of 4) after forming the ordinary sum or
product. The Cayley tables for these two operations are as follows.

+4\0123 ><4\0123
00 1 2 3 0/0 0 0O
111 2 30 110 1 2 3
212 301 210 2 0 2
31301 2 3103 21

In general, for a and b in
Zn,=40,1,2,...,n— 1},
the operations +,, and x,, are defined by

a +, b = is the remainder of a 4+ b on division by n,

a X5 b =1is the remainder of a x b on division by n.

You will meet groups based on modular arithmetic in the second half of
this subsection.

Listen to the audio as you work through the frames.
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Modular arithmetic is discussed
in Unit I3.

For example,
3 +4 2 (: 5) = ]-7
3x42(=6)=2.
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Section 3 Group axioms

Post-audio exercises

Exercise 3.6 In each of the following cases, write out a Cayley table
and use it to determine whether the given set and binary operation
form a group:

(&) (Zgi+e);  (b) (Zs: x6);
(¢) (Z3, x7), where Zt = Z7 — {0};  (d) ({1, -1}, x).

Exercise 3.7 Show that (Q",0) is a group, where Q7 is the set of
positive rationals and o is defined by aob = %ab.

In this subsection we have seen that the sets Q and R are groups with

respect to addition and that the sets Q* and R* are groups with respect to

multiplication. The set C of complex numbers behaves similarly; it is

straightforward to show that both (C,+) and (C*, x) are groups. You are asked to show that
(C,+) is a group in Exercise 3.8.

3.3 Comments on group axioms

In this section we comment briefly on each of the group axioms.

G1 cLosURE For all g1, 99 € G,
g1og2 €G.

This property is usually easy to check. However, it is essential to check all
the details; for example, in (R*, x) it is necessary to check that the
product of any two elements is a non-zero real number.

G2 IDENTITY There exists an identity element e € G such that,
for all g € G,

goe=g=eoy.

We have commented already that the identity in a group is unique; we
shall prove this result in the next section. In many situations the identity
element is obvious and can be identified immediately.

You may quote the following results without further justification.

For composition of functions, the identity is z — .
For addition of real and complex numbers, the identity is 0.

For multiplication of numbers, the identity is 1.

G3 INVERSES For each g € GG, there exists an inverse element
g~ ! € G such that

gog l=e=glog.

Within a group, the inverse of each element is unique. We shall prove this
result in the next section.
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You may quote the following results without further justification.
For composition of functions, the inverse of the function f is the f~1 exists when f is one-one.
inverse function f~!.
For addition of real and complex numbers, the inverse of x is —x.

For multiplication of numbers, real and complex, the inverse of x is
' = 1/, provided that 2 # 0.

G4 AssocIATIVITY For all g1, 92,93 € G,
g10(g2093) = (91 092) ° gs.

The following operations are associative and may be quoted as such:

composition of functions;
addition of real and complex numbers, modular addition;
multiplication of real and complex numbers, modular multiplication.
Although the associative property is stated in terms of three elements, it
allows us to write down a composite of any finite number of elements
without ambiguity. For example, for four elements a, b, ¢, d and an This can be proved formally by
associative operation o, an expression such as a o bo co d is unambiguous.  induction, but we do not do so
We need not consider the order in which the compositions are carried out, here.
but the order in which the four elements appear must be maintained. We
may write
aobocod= (aob) (cod)
o(bo(cod))
°o((boc)od)
—aolboc) od

Further exercises
Exercise 3.8 Show that (C,+) is a group.

Exercise 3.9 Show that (2Z, +) is a group where 27 is the set of even
integers 27 = {2k : k € Z}.

Exercise 3.10 Let G = {2":k € Z}. Show that (G, x) is a group.

Exercise 3.11 Show that each of the following sets, with the binary
operation given, is a group.

(a) ({1,3,5,7}, xg) (b) ({1,2,4,7,8,11,13,14}, x15)
(c) ({1,4,11,14}, x15) (d) ({0,2,4,6,8},410)

Exercise 3.12 For each of the following sets, with the binary operation
given, decide whether it is a group and justify your answer.

(a) (Zg, x9) (b) (Zg,+9) (c) (Zi1,%11) Z;=41,2,3,...,n—1}
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4 Proofs in group theory

After working through this section, you should be able to:

(a) understand that the identity in a group is unique;

(b) understand that each element in a group has a unique inverse;

(c) recognise how the uniqueness properties can be proved from the
group axioms;

(d) explain the connections between properties of a group table and
the group axioms.

The advantage of defining a group (G, o) as a general set G, together with

a binary operation o satisfying the four axioms G1-G4, is that anything we
can prove directly from the axioms (in the general case) must apply to any
group (any specific case). Thus, by giving one proof, we can simultaneously
establish a result that holds for groups of symmetries, modular arithmetic

groups, infinite groups of real or complex numbers, and many more.

In this section we introduce some important properties, and show how
these can be derived from the group axioms. However, we do not expect
you to be able to produce or reproduce these proofs. On your first reading,
concentrate on the group properties and examples, and leave detailed
study of the proofs until later. When you are familiar with the basic ideas,
you should concentrate on the uniqueness proofs in Subsection 4.1, which
impart the ‘flavour’ of proofs in group theory. In general, such proofs are
short and, in some senses, simple. However, a beginner in group theory is
unlikely to think of them unaided. They involve writing down what you
know, thinking about what you want to prove and trying to bridge the gap
in an inspired way by using one or more of the group axioms (there are
only four from which to choose).

4.1 Uniqueness properties

Uniqueness of the identity element
Axiom G2 states that, in every group (G, o), there must be an identity
element e such that, for all g € G,

goe=g=eog.

Each of our examples of groups has contained precisely one identity
element, and we shall prove now that this must always be the case. We say
that the identity in a group is unique.

The proof of this result is short and not difficult—once you know what to
do. We have set out the proof below, with comments to motivate the steps.

Proofs in group theory

) . ) ) As a result of this property we
Property 4.1 In any group, the identity element is unique. can, and shall, refer to the

identity element.
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Comments
We use a standard method for proving
uniqueness:
we show that if e and ¢’ are identity
elements in GG, then they must be
equal.
We write down what we know:

e is an identity element
and

€’ is an identity element.

We wish to relate e and €’.

We use particular cases of the general
equations (4.1) and (4.2). We put
g = € in equation (4.1)
and
g = e in equation (4.2).
We use equations (4.3) and (4.4) to

simplify the element e o €’ in two
different ways.

We now have
e =ecoe =e,

as required.

Uniqueness of the inverse element

Proof

Suppose that e and ¢’ are identity elements in the
group (G, o).

We want to show that e = ¢’ is the only possibility.
By axiom G2, we know that

goe=g=cog forallged, (4.1)
and

goe =g=¢og forall ged. (4.2)
Equations (4.1) and (4.2) hold for
all g € G; so, in particular,

doe=¢ =coe (4.3)
and

coel =e=¢€oe. (4.4)

From the right-hand part of equation (4.3),
e =eoe,

and from the left-hand part of equation (4.4),
coe =e.

Thus
e=¢,

so (G, o) has a unique identity element. M

Axiom G3 states that, for each element g in a group (G, o), there must
exist an inverse element ¢g~! € G such that

1 1

gog =e=g og.

In each group that we have met so far, the inverse of each element is
unique: no element has two distinct inverses.

As a result of this property we
can, and shall, refer to the
inverse of a particular group
element.

Property 4.2 In any group, each element has a unique inverse.

Again the proof is short: we apply the axiom G4 (associativity) to a
particular expression.

Comments Proof

Again, we use the standard method
for proving uniqueness:

we show that if x and y are inverses of ~ Suppose that g € G has inverse elements—z and y.

g € G, then they must be equal. We want to show that x = y is the only possibility.
Let e be the identity element in G.

We write down what we know: By axiom G3, we know that

z is an inverse of g goxr=e=zxo0g (4.5)
and and
y is an inverse of g. goy=e=yog. (4.6)
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Section 4 Proofs in group theory

We wish to relate z and y.

We consider the element Consider the element
yogouwx, yogoux.
and simplify it in two different ways. From the left-hand part of equation (4.5),
gox =e,
We have SO
yogox =yo(goux), yo(goxz)=yoe
which simplifies to y. =y, (4.7)

since e is the identity.

From the right-hand part of equation (4.6),

yog=e,
Also SO
yogox=(yog)ou, (yoglox=eox
which simplifies to x. =z, (4.8)
since e is the identity.
Now we use associativity: By axiom G4,
yo(gox)=(yog)oxz, yo(gox)=(yog)oux.
which simplifies to y = z. By equation (4.7), the left-hand side is y.
By equation (4.8), the right-hand side is .
We now have Thus
y =, y =z,
as required. so g has a unique inverse in G. W

4.2 Properties of inverses

Inverse of the inverse

In our work on groups we have found that some elements are self-inverse,
and the remaining elements can be arranged in pairs of elements that are
inverses of each other. In other words, if g~! is the inverse of g, then g is
the inverse of g~'. We state this as Property 4.3.

Property 4.3 In any group (G, o),
if g € G and g has inverse g~ € G, then ¢g~! has inverse g.

In symbols, we write

(g H =g

Proof Let g € G and let g~! be the inverse of g. By axiom G3,

gog '=e=g log.

Altering the order of the expressions, we obtain

g log=e=gog .

This tells us that ¢ is an inverse of g~'. Hence, by Property 4.2
(uniqueness of the inverse), we have

(g t=g =
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Inverse of a composite

Our second property of inverses concerns the inverse of a composite.

If f and g are symmetries of a plane figure F', then the inverse of g o f This result is true of composites
is f7log™h in general (whenever inverses
exist).
gof
RN
— A —

To undo ‘f then ¢’, we first
undo g, then undo f; that is, we
do ‘g~! then f~1.

— Y

N o

f—l og—l

This result is true for all groups.

Property 4.4 In any group (G,0), with z,y € G,

1 1

(oy) ! =y loa

The strategy of the proof is identical to that of the proof for Property 4.3.
We show that ¥y~ o 27! is an inverse of x oy and then use Property 4.2
(uniqueness of the inverse).

1

Proof Let z,y € G. First, we compose z oy with 4! o2~ on the right:

(roy)o(y tox ) =xoyoytoxr™! (associativity)

=zo(yoy ozl (associativity)
=zoeox~! (inverses)

=zoz~ ! (identity)

=e (inverses).

1

Next we compose z oy with =" o 2™! on the left:

(ylozHo(woy) =y toz loxoy (associativity)
1

=y lo(@tox)oy (associativity)
=y loeoy (inverses)

=y Loy (identity)

=e (inverses).

1 1

Hence y~" ox™" is an inverse of x o y. So, by Property 4.2, it is the inverse

of x oy; that is,
(xoy) =y loz"t

4.3 Properties of group tables

For a small group (G, o), we may construct a Cayley table for the binary
operation o. Often, when we know that (G, o) is a group and we wish to
stress this, we refer to the Cayley table as a group table. A group table has
a number of properties that correspond directly to the group axioms, so
when checking whether a given Cayley table describes a group, we can use
these properties to check some of the group axioms. In this subsection we
discuss some of the properties of group tables, starting with those linked to
the group axioms.

42



Section 4 Proofs in group theory

G1 cLOSURE For all g1,¢0 € G,
gioge €G.

This means simply that we can complete the body of the Cayley table
using the elements of G: no new elements are required to complete the
table; that is, no elements from outside G are required.

G2 IDENTITY There exists an identity element e € G such that,
for all g € G,

goe=g=eog.

The composites g o e, for all g € GG, form the column of the Cayley table
labelled by e. Similarly, the composites e o g, for all g € G, form the row of
the Cayley table labelled by e. Hence, if a Cayley table is a group table,
then the column and the row corresponding to e must repeat the borders
of the table.

o e o a b ¢
When we know which element is
a aoce € - a b oc - the identity, we normally write
b b boe : this label first.
C C coe eoa eob eoc

Exercise 4.1 Decide which is the identity element in each of the
following group tables.

(a) O E (b

D I (c)
(0] D|\D I
E I1|\I D

S
8

O|FE
E|O

8 8 ¢ g
< 28 g |
S < 8 8
8 8 < g |8
g 8 2 <

G3 INVERSES For each g € G, there exists an inverse element
g~ ! € G such that

gog l=e=glog.

The fact that each element has a unique inverse means that
the identity e must occur exactly once in each row and each column.

However, there is a slightly stronger result. If an element g is self-inverse,
then g o g = e and so e must occur on the leading diagonal. If g is not
self-inverse, then ¢ and ¢! are distinct elements which are inverses of each
other, so the entries in the Cayley table for go g™ ! = e and g~! 0 g = e are
placed symmetrically with respect to the leading diagonal. These
observations are illustrated in the following diagram.
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Symmetry

g is self-inverse

\\ e g ° g
S
N . .
N .
\\. .
EEEN (&
N
N
AN
—1 e N

Thus a group table has the following property.

g is not self-inverse

Property 4.5 In any group table, the identity e must occur exactly
once in each row and each column of the table, and e must occur in
symmetrical positions with respect to the leading diagonal.

Exercise 4.2 Given that the following table is a group table, draw up
a table of the inverses of the eight elements.

ola b ¢ d e f g h
alf e g h a b d c
ble f h g b a ¢ d
clh g f e ¢ d b a
dlg h e f d ¢ a b
ela b ¢ d e f g h
flb a d ¢ f e h g
glec d a b g h f e
hid ¢ b a h g e f

Exercise 4.3 In the Cayley table below, the identity element e occurs
in each row and column, but the table is not a group table. Explain

why not.
ole a b ¢ d
ele a b ¢ d
ala b d e c
b|b e ¢ d a
cle d e a b
dl|d a b e

G4 AssocIATIVITY For all g1, 90,93 € G,
g10(g2093) = (91 092) ° gs.

It is not easy to deduce anything about associativity simply from a Cayley
table. (You have to do a lot of checking.) Unfortunately, it is possible for a
Cayley table to show the features corresponding to axioms G1, G2 and G3
even when the operation o is not associative. This is illustrated by the

following table.
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ole a b ¢ d
ele a b ¢ d
ala e ¢ d b
blb d e a ¢
cle b d e a
dld ¢ a b e

From this table we find that:

the set is closed under o,
e is an identity element,

each element is self-inverse.
However, o is not associative, as we saw in Frame 15.

Another property of a group table that we mentioned in Frame 15 is the
following.

Property 4.6 In a group table, each element of the group occurs
exactly once in each row and exactly once in each column.

We prove this statement for rows. The proof for columns is similar.

Proof We prove that any given element, g say, appears exactly once in
any given row—the row labelled h, say. This is equivalent to proving that
there is a unique element of the group, = say, such that

hox =g. (4.9) Bl g -

This equation can be ‘solved’ for the unknown element x by applying the
inverse h~! on the left:

h~lo(hoz)=h"tog.
Hence

(hloh)ox=h"1og (associativity),
S0

eox=h"log (inverses),
giving

r=h"tog (identity).

Thus the only possible solution to equation (4.9) is x = h™! o g, and this is By the inverse and closure
indeed a solution, since axioms, h~! o g is an element

of G.
ho(h™ og)=(hoh )og=eog=yg.

Thus, in the row labelled h, the element g appears once, in the column
labelled by the element h~'og. M

The following Cancellation Laws are also proved using the inverse.

Property 4.7 Cancellation Laws
In any group (G, o) with elements a, b and z:
ifroa=x0b, then a=0,

ifaoxr=box, then a=0.
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Exercise 4.4 Prove the Cancellation Laws for a group (G, o), namely:

(a) if xoa==xo0b, then a = b;
(b) if aox =box, then a =b.

The last property of group tables that we shall note concerns
commutativity.

For any elements g; and gs of a group G, the entries corresponding to the
composites g1 o g9 and go o g1 are symmetrically placed with respect to the
leading diagonal of the group table (because the order of elements across
the top and down the side is the same).

Thus, for an Abelian group, symmetrically-placed entries must be the
same.

Property 4.8 For an Abelian group, the group table is symmetrical
about the leading diagonal.

The following group tables show that (Zg, +¢) is an Abelian group,
whereas (S(A), o) is not.

(Zs, +6) (S(A),0)
01 23 45 ale a b r s t
06 1 2 3 45 ele.a b r s t
1123450 ala b e t 1o
2 (2 345 0 1 blb e wm s t r
3345\\@\12 rrst\\e\ab
40450123 s|s t rbe a
515 0 1 2 3 4 tlt r s a b e

symmetrical not symmetrical

Exercise 4.5 FEach of the following tables is a group table for a group
of order 8 with identity e. In each case, draw up a table of inverses
and state whether the group is Abelian.

\\
N 91 - 92
N
A
A
N
N
N
gl cee \\ cee o
N g1 092
N
AN
AN
A
N
92 ...92091 \\
. \\
N

For example, in S(A),
aor=t and roa=s.

(a) e a b c d f g (b) e a b c d f g h
ele a b ¢ d f g h ele a b ¢ d f g h
ala e ¢ b f d h g ala b ¢ e f g h d
blb ¢ e a g h d f blb ¢ e a g h d f
cle b a e h g f d clc e a b h d f g
dld f g h e a b c dld h g f b a e c
flf d h g a e ¢ b flf d h g ¢ b a e
glg h d f b ¢ e a glg f d h e ¢ b a
hih g f d ¢ b a e hlh g f d a e ¢ b
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Further exercises

Exercise 4.6 Given that the following tables are group tables, fill in the
missing elements.

(a) e a b (b) a b ¢ d
ele a b ala b c
b|b a
b|b c d
dl|d c

Exercise 4.7 The following table is a group table.

e a b ¢ d f g h
ele a b ¢ d f g h
ala b ¢ e g d h f
blb ¢ e a h g f d
cle e a b f h d g
dld f h g b ¢ a e
flf h g d a b e c
glg d f h ¢ e b a
hilh g d f e a ¢ b

(a) Which element is the identity element?
(b) Write down the inverse of each of the elements e, a,...,h.
(c) Is this group Abelian?

Exercise 4.8 Explain why each of the following Cayley tables is not a
group table.

(a) ole a b ¢ (b) ole a b
ele a b ¢ e|lb e a
ala b d e ale a b c
blb d a b blc b ¢ a
clec e b a cla ¢ b e

(¢c) ole a b ¢ d (d ole a b ¢ d f
ele a b ¢ d ele a b ¢ d f
ala b d e c ala e f b ¢ d
b|b e ¢ d a blb d a e f c
cle d e a b cle f e d b a
dld ¢ a b e dld b ¢ f a

flf c a e

Exercise 4.9 Show that if (G, o) is a group with an even number of
elements, then there is an element g € G such that

gog=-e and g#e.
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5 Symmetry in R’

After working through this section, you should be able to:

(a) describe the symmetries of some bounded three-dimensional figures;

(b) use two-line symbols to denote symmetries of three-dimensional
figures, and to form composites and inverses of such symmetries;

(¢) count the number of symmetries of certain polyhedra;
(d) understand why there are exactly five regular polyhedra.

5.1 Pre-programme work: symmetries of a
figure in R’

Having considered symmetries of two-dimensional figures, we now extend
our ideas to three-dimensional objects.

Some three-dimensional objects have symmetries that are essentially the
same as those of a corresponding two-dimensional figure. For example, the
six-sided bottle shown below has essentially the same symmetries as a
regular hexagon. However, the symmetries of many three-dimensional
objects cannot be thought of as essentially the same as the symmetries of
any two-dimensional figure. A cube, for instance, has the symmetries of a
square when looked at from each of three directions, and (as we shall see)
other symmetries as well.

hexagonal bottle

cube

In this section we adapt the definitions of earlier sections to R?, and
consider symmetries of three-dimensional objects.

Definition A figure in R? is any subset of R?.

This definition is very general, and includes plane figures as special cases.
We shall mainly consider bounded non-planar figures with polygonal faces.

Such solids are called polyhedra.

hexagonal prism

N/

AN

truncated cube

cube

tetrahedron

In our examples we restrict attention to convex polyhedra: that is,
polyhedra without dents or dimples or spikes. Of these, there are five that
are of particular interest: the reqular polyhedra (Platonic solids), in which
all faces are congruent regular polygons and each vertex is the junction of
the same numbers of edges and faces, arranged in the same way, as shown
in the following diagram.
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We use the symbol R? to denote
three-dimensional space, in
which a point is specified by
three coordinates z, y, z.

A bounded figure in R? is a
figure that can be surrounded by
a sphere (of finite radius).

Polyhedra is the Greek for
‘many faces’. The singular form
is polyhedron.

We shall show why there are
only five regular polyhedra in
Subsection 5.4.



Section 5 Symmetry in R* (video section)

— R
o @Y

tetrahedron cube octahedron dodecahedron icosahedron
(4 faces) (6 faces) (8 faces) (12 faces) (20 faces)

Our initial definitions are almost exactly the same as those for R.

Definitions An isometry of R? is a distance-preserving map
f:R?® — R3.

A symmetry of a figure F' in R? is an isometry mapping F onto
itself —that is, an isometry f:R3> — R3 such that f(F) = F.

Two symmetries of a figure F' are equal if they have the same effect
on F.

As for R?, our potential symmetries are rotations (this time about an axis |
of the figure in R3), reflections (in a plane), translations and combinations @
of these isometries. For a bounded figure in R? (such as a polyhedron), |
translations alter the location of the figure and so cannot be symmetries; |
hence we concentrate on rotations and reflections. |
|
We have to be careful with rotations in R?, as what is clockwise when !
looking along an axis of rotation in one direction is anticlockwise when
looking along it in the other direction. We often indicate the direction of
rotation by an arrow on a diagram.

A rotation of F' is a symmetry specified by an axis of symmetry, a
direction of rotation and the angle through which the figure is rotated.

For example, rotation of the cube through 7/2 about its vertical axis, in
the direction indicated, has the following effect.

Rotation arrows in R? indicate
the direction of rotation; they do
not indicate the size of the angle
through which the figure is
rotated.

rotate
about
axis

initial position final position
We shall adopt and extend our two-line symbols to record symmetries of

three-dimensional objects. With the labelling shown above, this rotation is
represented by

12345678
43781265)/"
The identity symmetry
(12345678
12345678

can be thought of as a zero rotation.
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A reflection of F'is a symmetry specified by the plane in which the
reflection takes place.

reflect

initial position final position

The two-line symbol for the reflection shown above is
12345678
43218765/
Composition of symmetries written as two-line symbols is similar to that

for plane figures. For example, the rotation above followed by the
reflection above is

) Remember to work from right to
left.

This is a reflection in the diagonal plane passing through the locations
labelled 1, 2, 7 and 8, as shown below.

reflect

initial position final position

To find the inverse of a symmetry given as a two-line symbol, we turn the
symbol upside down. For the rotation above, we have

12345678 71_ 43781265
(43781265) _<12345678>
_ (1 234567 8) It is not necessary to reorder the
“\56218734)/" columns into the natural order,
but it may help with identifying
This is rotation of the cube through 37/2 about its vertical axis, in the the symmetry.
direction indicated.

rotate
about
axis

initial position final position
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Section 5 Symmetry in R* (video section)

Symmetries that we can demonstrate physically with a model (for We can make a second model to
polyhedra, this means rotations) are called direct symmetries, whereas represent the reflected
those that we cannot show physically with the model are called indirect polyhedron. The images of the
symmetries. As for plane figures, composition of direct and indirect polyhedron under an indirect

. symmetry can then be
symmetries follows a standard pattern. illustrated by rotating this

second model.

direct o direct = direct o ‘ direct indirect
direct o indirect = indirect direct | direct indirect
indirect o direct = indirect indirect | indirect direct

indirect o indirect = direct

We use S(F) to denote the set of symmetries of a figure F', and S*(F) to
denote the set of direct symmetries of F. The following results apply to
figures in R?, and also to figures in R2.

Property 5.1

1. The set S(F') of all symmetries of a figure F' forms a group under
composition.

2. The set ST(F) of all direct symmetries of a figure F' forms a
group under composition.

3. If the group S(F') contains both direct and indirect symmetries
and there are exactly n direct symmetries, then there are exactly
n indirect symmetries. The n indirect symmetries may be
obtained by composing each of the n direct symmetries with any
one fixed indirect symmetry.

Watch the video programme ‘Symmetry counts’.

5.2 Review of the video programme

We begin by looking at various symmetrical objects which we meet in
familiar situations.

Turning to mathematical objects, we pose the question: ‘How can we
count the number of symmetries of each of the regular polyhedra—the
tetrahedron, cube, octahedron, dodecahedron and icosahedron?’

Much of the programme is devoted to answering this question for the
tetrahedron.

Symmetries of the equilateral triangle

As a first step towards answering the above question, we review our
approach to describing and counting symmetries of figures in R?; in
particular, we study the symmetries of the equilateral triangle. This figure
has both direct and indirect symmetries.

The direct symmetries are the identity and the two non-trivial rotations,

and these form a group. Since there are three direct symmetries, there

must be three indirect symmetries. We can find the three indirect

symmetries by composing each of the direct symmetries with any one of See the solution to
the indirect symmetries. (See the following diagram.) Exercise 1.9(a).
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ey’ 3 5%/ 2 1 3 \é?t

direct symmetries indirect symmetries
e, a,b r=aos,s=eos,t=>bos

Thus we obtain the following group table.

ole a b r s t o direct indirect The table for the group of direct
symmetries appears as a

ele a b r s t ‘subtable’.

ala b e t r s direct direct indirect This is another example of

blb e a s t r ‘blocking’ in a group table.

rir s t e a b

s|ls t r b e a indirect | indirect  direct

t|t r s a b e

We can represent these symmetries as the two-line symbols:

123 123 123 . .
e = (1 9 3>, a= (2 3 1>, b= (3 1 2), See the solution to Exercise 2.3.
(123 (123 ‘= 123
"“\132) "7 \321) "Tl\213)

Symmetries of the regular tetrahedron

Next we consider the symmetries of the regular tetrahedron. The identity
symmetry e leaves the tetrahedron as it is and is a direct symmetry. Also,
for each of the four vertices, there are two non-trivial direct
symmetries—namely rotations through angles 27/3 and 47/3 about an
axis through the vertex from the centre of the opposite face. Thus these
correspond to anticlockwise rotations of the triangular face opposite the
fixed vertex, when viewed from outside the tetrahedron, looking directly at

the face.
1 1 1@%
/
@ 2 - _@ 2
2 4\\ 4 ‘4 4
; EE 3 €

vertex 4 fixed vertexll fixed vertex 2 fixed vertex 3 fixed

1 4 1 1

rotate(i t rotate(i E rotate(i E rotate(i E

2 3 3 2 3 4 4 2

27 /3: 1 2 3 4 12 3 4 1 2 3 4 1 2 3 4
‘1231 4 14 2 3 3 2 4 1 4 1 3 2
471_/3_ 1 2 3 4 12 3 4 1 2 3 4 1 2 3 4
131 2 4 13 4 2 4 2 1 3 24 31
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Now we have nine direct symmetries, but are there any more? We know
that the set of direct symmetries of the tetrahedron is a group, so it must
be closed under composition. So we test for closure by composing some of
the symmetries given above.

The symmetry obtained by performing first the rotation through 27/3
which fixes the vertex at location 1, and then the rotation through 47 /3
which fixes the vertex at location 2, is

12314 o 1234\ (1234
4213 1423) \4321)°

which is not one of the symmetries already listed. It is a new direct
symmetry, which simultaneously interchanges the vertices at locations 1
and 4 and the vertices at locations 2 and 3. Geometrically, it corresponds
to a rotation through 7 about an axis through the midpoints of the
opposite edges joining 1 to 4 and 2 to 3.

A similar rotation of the tetrahedron exists for each of the other two pairs
of opposite edges. Thus we have found three further direct symmetries.

1 1 \
\\
7
2 2 2
% 4 4
[~ ~
3 3

1 23 4 1 23 4
4 321 341 2 214 3

We have now found the following 12 direct symmetries of the tetrahedron.

12314 12314 12314 12314
12314 2314 3124 4321
1234 1 4 1234 1234
1423 3 1 4132 3412
12314 12314 12314 12314
1342 4213 2431 2143

We can see that there are only 12 direct symmetries as follows. Imagine
picking up the tetrahedron shown below, and placing it down again to
occupy the same space it occupied originally, but possibly with the vertices
at new locations. We count the number of ways of doing this. We can
choose any of the 4 faces as the ‘base’ of the tetrahedron, and then there
are 3 ways of placing the tetrahedron on this base, corresponding to the

3 rotational symmetries of the base triangle. Thus altogether there are

4 x 3 = 12 ways of placing the tetrahedron—that is, 12 direct symmetries.

W N

\V)
w

)
W
w

— W

1

4
base
3

There are also indirect symmetries of the tetrahedron—for example, a
reflection in the vertical plane through the edge joining the vertices at
locations 1 and 3 and the midpoint of the edge joining the vertices at
locations 2 and 4.
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reflect
7 - »>, inplane 4

1234
1432

It follows that the tetrahedron has 12 indirect symmetries, which can be
obtained by composing each of the 12 direct symmetries with the above We perform first the indirect
indirect symmetry on the right. symmetry and then the direct

symmetry. This is equivalent to
1234 1234 1 4 applying the twelve direct
1432 2413 3

1234 1234 1

1324 3142 4

symmetries to the ‘reflected’
1234 1234 1
1243 4312 2

tetrahedron.
Thus the tetrahedron has 24 symmetries.

D DO [N )
wW W DN W
— —
~~
i R
W = = =
[NGI \) )
) DN W
RSN w
N~

=N
w W
=
N~
VRS
[N
W N
= W
—
N~

Another way of obtaining the number 24 is as follows. We count the
number of ways of replacing the tetrahedron, or the reflected tetrahedron,
in the space occupied originally by the tetrahedron, but possibly with the
vertices at new locations. We can choose any of the 4 faces to be placed as
the base. Each of the 6 symmetries of such a face gives a symmetry of the
tetrahedron, so there are 6 ways of replacing the tetrahedron, or the
reflected tetrahedron, on this base. Thus there are 4 x 6 = 24 symmetries
of the tetrahedron.

Symmetries of the regular polyhedra

For any regular polyhedron, each symmetry of a face gives a symmetry of
the polyhedron. Therefore an argument similar to that for the tetrahedron
shows that the total number of symmetries of a regular polyhedron is the
number of faces multiplied by the number of symmetries of each face.
Thus we have the following strategy.

Strategy 5.1 To determine the number of symmetries of a regular
polyhedron.

1. Count the number of faces. It does not matter whether we
do step 1 or step 2 first. In the

2. Count the number of symmetries of a face. video, step 2 is done first.

Then,
o ﬁg&igezfof _{ number of number of
y o faces symmetries of face )
regular polyhedron

Post-video exercise

Exercise 5.1 Using Strategy 5.1, show that the cube and the
octahedron have 48 symmetries each, and that the dodecahedron and
the icosahedron have 120 symmetries each.
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5.3 Symmetries of non-regular polyhedra

Strategy 5.1 for finding the number of symmetries of a regular
polyhedron—multiply the number of faces by the number of symmetries of
a face—can be adapted to find the number of symmetries of a non-regular
polyhedron. We illustrate the method by two examples.

Pentagonal prism

We consider the pentagonal prism, in which the top and bottom faces are
regular pentagons and the vertical faces are squares.

pentagonal prism faces

This prism has direct symmetries—for example, we can rotate the prism
about a vertical axis. It also has indirect symmetries—for example, we can
reflect the prism in the plane that contains a vertical edge and bisects the
square face opposite this edge.

To find the number of symmetries of the prism, we can count the number
of ways of replacing the prism, or the reflected prism, in the space it
occupied originally, but possibly with the vertices at new locations.

In the above figure, the prism is shown with a pentagonal face as its base,
so we can choose either of the 2 pentagonal faces to be the base. Each of
the 10 symmetries of such a face gives a symmetry of the prism, so there
are 10 ways of replacing the prism, or the reflected prism, on this base.
Thus there are 2 x 10 = 20 symmetries of the prism.

We carried out this calculation by considering one of the pentagonal faces
as the base. We can check our answer by considering one of the square
faces to be the base, as shown below.

pentagon
square square g
pentagon

Again we count the number of ways of replacing the prism, or the reflected
prism, in the space it originally occupied. We can choose any of the
5 square faces to be the base.

We now have to be careful because only some of the 8 symmetries of the
square give symmetries of the prism. For example, one symmetry of the
square base is a rotation of /2 about its centre, but if we apply the
corresponding transformation to the prism as a whole—that is, if we rotate
the prism through 7/2 about the vertical axis through the centre of the
square base—then the prism does not occupy its original space in R3, so
this is not a symmetry of the prism. Similarly, reflections through the
diagonals of the square base do not give symmetries of the prism.

In fact, only 4 of the symmetries of the square base are also symmetries of
the prism, namely the identity, rotation through 7 and reflections in the
lines joining midpoints of opposite edges. Thus the number of symmetries
of the prism is 5 x 4 = 20. This confirms our earlier answer.
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Small rhombicuboctahedron

As a second example, we consider the polyhedron shown below. It is called
a small rhombicuboctahedron, and it has 18 square faces and 8 faces that
are equilateral triangles.

small rhombicuboctahedron

To find the number of symmetries of the polyhedron, we can count the
number of ways of replacing the polyhedron, or the reflected polyhedron,
in the space it occupied originally, as shown above with a square face as its
base, but possibly with the vertices at new locations.

We immediately come across a new complication—only some of the square
faces of the polyhedron can be placed as the base if the polyhedron, or its
reflection, is to occupy its original space in R?. This is because there are
two types of square face: in one type, all four edges of the face are joined
to other square faces, whereas in the other type, two edges are joined to
square faces and two to triangular faces, as shown below.

square square

square square triangle triangle

square square

The small rhombicuboctahedron shown above has a square face of the first
type as its base. There are 6 faces of this type in the polyhedron, and we
can choose any of these to be placed as the base.

Next we have to determine how many of the eight symmetries of one of
these square faces give symmetries of the polyhedron. Consideration of the
polyhedron shows that all 8 symmetries do, so the number of symmetries
of the polyhedron is 6 x 8 = 48.

The strategy for finding the number of symmetries of a non-regular
polyhedron is now given.

Strategy 5.2 To determine the number of symmetries of a
non-regular polyhedron.

1. Select one type of face and count the number of similar faces
which are similarly placed in the polyhedron.

2. Count the symmetries of the face within the polyhedron (that is,
symmetries of the face that are also symmetries of the
polyhedron).

Then,
number of
symmetries of face
that are also
symmetries of
the polyhedron

number of
faces of the X
selected type

number of
symmetries of | =
the polyhedron
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It is not to be confused with the
great rhombicuboctahedron,
which has 12 square faces, 8
hexagonal faces and 6 octagonal
faces.
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Exercise 5.2 Using Strategy 5.2, calculate the number of symmetries
of the following figure. Check your calculations by considering the
solid in a different way.

triangular prism

5.4 Platonic solids

The Platonic solids are the convex regular polyhedra in which each face is
the same regular polygon and each vertex is the junction of the same
number of edges and faces arranged in the same way. In order to produce a
solid, we must have at least three edges (and so at least three faces)
meeting at each vertex.

Starting with an equilateral triangle face, we can have three, four or five
triangular faces around each vertex, but six equilateral triangles would lie
flat, and more than six equilateral triangles would give a non-convex solid.

O DD

3 faces 4 faces 5 faces

The arrangement of faces at each vertex of the solid must be the same, so
we can build up the rest of the solid from the construction at one vertex.
The three possibilities above give the tetrahedron, the octahedron and the
icosahedron, respectively.

L @

tetrahedron octahedron icosahedron

Next we consider a square as a possible face. Three squares at each vertex
give a cube, but four squares would lie flat, and more than four squares
would give a non-convex solid.

cube dodecahedron

The fifth Platonic solid, the dodecahedron, is formed by using three
regular pentagons at each vertex. Four or more regular pentagons around
a vertex would give a non-convex solid.
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There can be no more such solids because three regular hexagons lie flat,
and for any regular polygon with more than six edges, the angle at each

vertex is greater than 27/3, so we cannot fit three together at a vertex The angle at a vertex of a

without making the solid non-convex. regular n-gon is 7(n — 2)/n,
which is greater than 27/3 for

Thus there are precisely five regular polyhedra. n > 6.

The Platonic solids are so named not because Plato (427-347 BC) 2m/n

discovered them, but because he associated the regular tetrahedron, cube,
octahedron and icosahedron with the four elements of fire, earth, air and

water, respectively; he associated the dodecahedron with the universe.
T —2mw/n

Further exercises

Exercise 5.3 Use Strategy 5.2 to count the number of symmetries of the
small rhombicuboctahedron by considering:

(a) a square face, of the second type;

(b) a triangular face.

Exercise 5.4

(a) Use Strategy 5.2 to show that a rectangular block has eight

symmetries.
8
1

7

3

(b) Write down the two-line symbol for each of the eight symmetries,
using the labelling shown above.
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This free OpenLearn course is an extract from the Open University course
M208 Pure mathematics. If you feel you are ready to study M208, further
information can be found via the following link to the qualifications
website.

(http://www.open.ac.uk/courses/qualifications/details /m208)

If you feel you are ready to move on in your study of pure mathematics
but don’t have time to study a full Open University course at this time,
you might like to study one of the free OpenLearn courses, Introduction to
Linear equations and matrices, or Introduction to analysis. They are
further adapted extracts from the Open University course, M208, Pure
mathematics.

Alternatively, if you are interested in applied mathematics, you might like
to try the free OpenLearn courses, Second-order differential equations and
Dynamics. If you are interested in statistics, you might like to try the free
OpenLearn courses, Modelling and estimation, Medical statistics and
Bayesian statistics.

Section 6

Summary
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Solutions to the exercises

1.1 (a) We denote the initial position by a dot at
the top.

The symmetries are as follows.

T T

identity rotate

symmetry through m/2
rotate rotate
through through 3m/2

(b) We denote the initial position by a dot in the
top left corner.

The symmetries are as follows.

¢

identity rotate
symmetry through =

|
|
| ]
|

= e

|
reflection

in vertical

reflection
in horizontal

(c) We denote the initial position by symbols near
two of the vertices.

The symmetries are as follows.

A\ A\ L

identity rotation rotation
symmetry through 27/3 through 47/3
\
|
|
|
|
|
* | °
T
[
reflection reflection reflection
in vertical in axis in axis

60

1.2 We find the required composites by drawing
diagrams similar to those in the text.
initial
position

o *

(“

b rotate
°¢ a | through
//_\ ™ / 2
° * ° *
c b
— —
rotate rotate
through % | through | e
. 37/2
initial ~/ " final
position position
Hence boc = a.
initial
position
° *
do
sSos e | nothing
'Y * e ° *
N N
N N
AN S N S
N reflect in N | reflect in
M| diagonal | x M| diagonal
initial A final
position position

Hence so s =e. (A reflection composed with itself is
the same as the identity e.)
initial
position

(] *

(&

rotate
tos a | through
/\A /2
o, * ° *
N
L\//—J s H t
( _ || —— —
N | reflect in reflect in
N | diagonal | % horizontal | e
initial final
position position

Hence t o s = a.



1.3 (a) The required composites are as follows.
% 45 % 45 %
Hence aoa =b.

% - ﬁ - ﬁ
Hence aob =c.

% - ﬁ - ﬂ

Hence aoc=e.

The required composites are as follows.

PR l»@ a,

|
|
|
|
|

Hence aor = s.

7____{}___"& @ a,

Hence aos =r.

I
i
S | r
A 5 |
|
I
I

Hence ros = a.

1.4 The required composites are as follows.

O\

Hence aob =e.

Solutions to the exercises

[ ]
T a
* 3 *

Hence aor =t.

A |

Hence sot = a.

1.5 (a) In S(WIND), as in S(0), the rotations a
and ¢ are inverses of each other, and b is self-inverse.

Element |e a b ¢

Inverse |e ¢ b a

(b) In S(z), each element is self-inverse.

Element | e a r s

Inverse |e a r s

(c) In S(A), the rotations a and b are inverses of
each other, and the other symmetries are self-inverse.

Element |e a b r s t

Inverse |e b a r s t

1.6 In this exercise we find the composites using the
diagrammatic method described in the text. (We do
not give the diagrams here.)

First we find a o (t o a):
toa=s and aos=t,

soao(toa)=t.

Next we find (aot)oa
aot=wu and woa=t,

so (aot)oa=t.

Hence

aotoa=ao(toa)=(aot)oa

1.7 We find 7, /4 © ¢ /2 using the following diagram

qﬂ/Z TW/4
reﬂect rotate
in line through
/4
initial intermediate final \
position position position

Hence Tn/4°dn/2 = q57/8-

61



Unit GTA1 Symmetry

1.8 Using the formulas, we obtain:
Tr/4aOTr/2 = T(x/4+47/2) (mod 27) = 731 /4,
Ar/4 © Qr/2 = T2(x/4—7/2) (mod 27)

=T_7x/2 (mod 27) = "37/2;
Ir/a °Tn/2 = Q(n/4—3(n/2)) (mod ) = 90
Tn/a ©dr/2 = 4(4 (x/4)+7/2) (mod 7) = 95m/8-

1.9 This solution uses the standard labelling for
symmetries introduced in Exercises 1.3 and 1.4.

(a) ST(A) ={e,a,b}.
Using the reflection r, we obtain the following
diagram.

r—=eor t=aor s=bor

Instead of r, we could have used s or t as the
reflection:

s=eos, r=ao0s, t=bos,

t=eot, s=aot, r=0bot.

(b) $*(@) = {e,a}.
Using the reflection r, we obtain the following
diagram.

—
°
Tl \s;
L]
_ay
°
r=eor s=aor

Alternatively, we could have used the reflection s:

S§=¢€0s, r=aos.

1.10 (a) Parallelogram

The symmetries are:
the identity;

rotation about the centre through .

(b) Rhombus

The symmetries are:
the identity;
rotation about the centre through ;

reflection in each diagonal.

(c) Symmetrical trapezium

=

The symmetries are:
the identity;
reflection in the line bisecting the two
parallel edges.

(d) Regular star

The symmetries are:
six anticlockwise rotations about the centre
through 0, 7/3, 2x/3, m, 4w/3 and 57/3;
six reflections, three in lines joining opposite
vertices and three in lines joining opposite
reflex angles.

(Only the reflections are shown on the figure.)



(e) Circular sawblade

The symmetries are:

six anticlockwise rotations about the centre
through 0, 7/3, 27/3, m, 4m/3 and 57/3.
(Two of these rotations, through 27/3 and 57/3, are
illustrated on the figure. The figure has no
reflectional symmetry.)

1.11 The required composites are as follows.

/

Reflections

l&

Hence bod = g.

lta

I
&

Hence fog

\
\
l@

Hence cov = 1.

/

Hence z ou = c.

1.12

Rotations

Element| e a b ¢ d f g|r stuvwax

Inverse |eg fdcbal|rstuvwez

Note that each of the reflections is its own inverse.

Solutions to the exercises

1.13 The direct symmetries are the seven rotations
e,a,bc,d, f,g.
The indirect symmetries z,r and s are obtained by
composing w with the rotations a,b and ¢,
respectively:
r=aow, r=bow, s=cow.

We can picture this as follows.

C OO0
SOTD

r=aow r=bow s=cow

Similarly, the indirect symmetries ¢, u and v are
obtained by composing w with the rotations d, f
and g, respectively:

t=dow, u=fow, v=gouw.

We can picture this as follows.

T

w=eow t=dow u=fow v=gow
2.1 We have

y_ (1234 (1234
“\3412) ““l4123)
(12314 (12314
5=\1432) ““\3214
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2.2 Here
(12314 (1234
¢ =\1234) ““\4a321)
(1234 (1234
"Z\2143) *7\3412)
2.3 We have
(123 (123 y_ (123
€ =\123) ““\231) "“\312)
(123 (123 (123
"=\132) *7\321) "T“\l213)
2.4 !

<=

1 6

@2 5
1 5

(a) < 65 9 ) represents reflection in the

vertical axis of symmetry joining the midpoints of
the edges 1,6 and 3,4.

123456 . :
(b) <3 156 1 2) represents anticlockwise

rotation through 27/3 about the centre.

3216514
horizontal axis of symmetry through locations 2
and 5.

(c) <1 2345 6> represents reflection in the

2.5 We have

vao (123 (r23\_(123\_,
aca=1931 231) \312)~”
oo (123) (123)_(123)_,
=131 2 321) \213)~5%
oh_(123) (123)_(123)_
5eP=1321 312) \132)~"
foaf(t23Y (123 _(123)_,
= 213 321) \312)~ "

2.6 In each case we turn the symbol upside down
and reorder the columns.

(a)123456_1_561234
561234) ~\123456
(123456

345612

(b) 123456\ " (216543
216543) ~ (123456
(123456

216543
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2.7 The Cayley table for S(A) is as follows.

3
6
6
3

(G20 \V] DO Ot
S W w
— =
DO Ot (G288 \)

=~ =

ole a b r s t
ele a b r s t
ala b e t r s
b|b e a s t r
rir s t e a b
s|ls t r b e a
t|{t r s a b e

2.8 The Cayley table for S(m) is as follows.

cle a v S

e|le a r S
ala e S
T

T
r s € a

V2
»
.
S
@

2.9

The symmetries are:
the identity,
<1 2345 6>.
123456)°
rotation about the centre through 27/3 anticlockwise,
<1 2345 6)_
345612)°
rotation about the centre through 47/3 anticlockwise,
<1 2345 6>.
561234)°
reflection in the line bisecting the edges joining the
locations 1,6 and 3,4,

123456\

654321)°
reflection in the line bisecting the edges joining the
locations 2,3 and 5, 6,

123456\

432165)
reflection in the line bisecting the edges joining the
locations 4,5 and 1, 2,

123456
216543/



2.10 (a)

The two-line symbols are

= (13
<2
(
(

b= 1

1
9
1
" 4

Lo ) (S )

~+
I
wW =

(b)

(12
€=\12

12
b‘<43
(12
"= \34

12
t:<21

2.11 The two-line symbols are

(12
=112

(12
"=\{14

34 (1234
34) *“\3421)
3 23 4
4 312)°
3 23 4
2 24 3)°
3 23 4
1 134)"
4

N3
3 23 4
3 142)
34 (1234
21) ““\2413)
34 (1234
12) =~ \4a231)
34 (1234
43) ““\1324)
34 (1234
34) “T\3412)
34 (1234
32) 7 \3214)"

Solutions to the exercises

2.12 L

(a) 12345678
34567812
rotation through 7/2 about the centre.

12345678
(b) 8 7654321
the axis bisecting the edges joining locations 1,8
and 4, 5.

12345678
© (

> represents anticlockwise

represents reflection in

54321876
the axis joining locations 3 and 7.

) represents reflection in

2.13 The two-line symbols are

{123\ _(123)_(123
rer=1312 312) \231)°
o (123) (123
Yyev=\13191 3921

wW =

(123
yer=132921

Using the above results,

e
]
=)
o
&
£
=

<0)0_1230123
rerjer=1931 312
(123
“\123)7%
<0)0_1230123
rerey=192 3 1 3 2 1
123
“\132)7Y%%
O(O)_12z’,0123
yolwroer)=13 9 4 2 3 1
123
:<213>:“y
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3.1 (a) (R,+) is a group. The proof is similar to
the proof in Frame 3.

We show that the four group axioms hold.
G1 Forall z,y € R,
z+y R,
so R is closed under +.
G2 Forall x € R,
zr+0=2=0+=x,
and 0 € R, so 0 is an identity element.
G3 For each x € R,
z+ (—2)=0=(—2) + =z,
and —r € R, so —z is an inverse of x.
G4 Addition of real numbers is associative.
Hence (R, +) satisfies the four group axioms, and so
is a group.
(b) (Q, x) is not a group. This situation is similar
to that in Frame 4.

Axioms G1 and G2 hold, and 1 is a multiplicative
identity, but axiom G3 fails because 0 has no
multiplicative inverse in Q.

(c) (Q*, x) is a group. The proof is similar to the

proof in Frame 5.

We show that the four group axioms hold.

G1 For all z,y € Q*, we have z # 0 and y # 0,
soxxy#0and z xyeQ, soQ"is closed
under X.

G2 For all z € QF,

rxl=x=1xuzx,
and 1 € Q*, so 1 is an identity element.
G3 For each z € Q", we have x # 0, so 1/x is

defined and is non-zero; hence 1/x € Q.
Also,

1 1
rX —=1=—xux,
T T

so 1/x is an inverse of z.

G4 Multiplication of rational numbers is
associative.

Hence (Q7, x) satisfies the four group axioms, and so
is a group.

3.2 (a) (Z,x) is not a group.
7 is closed under multiplication, and 1 is a
multiplicative identity, so axioms G1 and G2 hold.

However, axiom G3 fails because, for example, 2 has
no multiplicative inverse in Z, since % ¢ 7.

(b) (Z,-) is not a group.

Z is closed under subtraction, but there is no identity
element; for example, there is no integer n such that

2—nm=2=n-—2,

so axiom G2 fails.
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Alternatively, we can show that axiom G4 fails using
the argument given in Frame 8, part (i). The integers
6, 4 and 1 belong to Z, and

6—(4—-1)=6-3=3,
but

6-4)—-1=2-1=1.
Since 3 # 1, subtraction is not associative on Z.
(c) (G = {odd integers}, x) is not a group.
The product of two odd integers is odd, so G is

closed under x. Also, 1is odd, so 11is a
multiplicative identity. So axioms G1 and G2 hold.

However, axiom G3 fails because, for example, 3 has
no multiplicative inverse in G, since % ¢ G.
(d) (27Z,+) is a group.
We show that the four group axioms hold.
G1 Forall m,n € Z,

2mm + 2mn = 2w(m + n) € 277,

so 277 is closed under +.

G2 Forall ke Z,

21k + 0 = 27k = 0 + 27k,

and 0 = 27 x 0 € 277Z, so 0 is an identity
element.

G3 For each k € Z,
27k + 2n(—k) = 0 = 2n(—k) + 27k,

and 27(—k) € 277, so 2m(—k) is an inverse
of 27k.

G4 Addition is associative on 27Z.
Hence (27Z, +) satisfies the four group axioms, and
so is a group.
(e) Here the operation is unfamiliar, so we examine
the axioms in turn.
The approach is similar to that in Frame 9.
G1 Forall z,y € R,
zoy=x—y—1eR,
so R is closed under o.

G2 Is there an identity element e € R such that,
for each =z € R,

roe=x=eox?

That is, is there a real number e such that
r—e—l=zc=c—x—17

Clearly, there is not because
r—e—l=x=e=-—1

and
e—xrx—1l=rx=e=2x+1.

Thus, for each € R, we must have
e=—1=2x+ 1.

But this is false for x = 0, for example, so
axiom G2 fails.

Hence (R, o) is not a group.



3.3 (a) Let x,y,2z € R. Then
zo(yo2)
=zo(y+z—yz)
=z+({y+z—-yz)—x(y+z-yz)
=r+y+z—ay—rz—Yyz+ Yz (S.1)
and
(woy)oz
=(x+ty—wxy)oz
=(z+y—ay)+tz—(z+y—ay)>
=r+y+z—ay—rz—Yyz+ xyz. (S.2)
Expressions (S.1) and (S.2) are the same, so o is
associative on R.

(b) Let z,y,z € R. Then
zo(yos)
=zo(y—=2+yz)
=z—(y—z+yz)+a(y—z+yz)
=r—y+zt+aoy—zz—yz+ayz (S.3)
and
(woy)os
=(x—y+ay)oz
=@-ytay)—z+ (@@ —y+ayz
=x—y—z+zYy+T2— Y2+ TYZ. (S.4)
Expressions (S.3) and (S.4) are not the same.
For example, if z =0, y = 1 and z = 2, then
0o(102)=00(1—-2+2)

=001
=0-14+0=-1
but
(0cl)o2=(0—-14+0)02
=(-1)o2
=—-1-2-2=-5,

so o is not associative on R.

(If you can see that o is not associative, then it is not
necessary to calculate expressions (S.3) and (S.4)); it
is sufficient to produce a specific counter-example.)

3.4 We show that (R — {—1}, o) satisfies the group

axioms.

The proof of axiom G1 needs care.

Gl Forallz,y e R —{—-1},
rzoy=x+y+axy €R.

To show that z 4+ y +zy € R — {1}, we
need to show that, for all z,y € R — {—1},

x+y+ay#—1.
Now, if x, y € R, and

r+y+aoy=-—1,
then

r(l+y)=—(1+y).

Solutions to the exercises

So EITHER z = —1,0R 1 +y =10,s0 y = —1.
However, the given set does not contain —1,
so neither of these conclusions is possible.
Thus z o y cannot equal —1.

Hence, if z,y € R — {—1}, then

rxoy e R—{-1}, so R —{—1} is closed
under o.

G2 In Frame 9 we showed that 0 is an identity
element for o on R, and 0 € R — {—1},s0 0
is an identity element for o on R — {—1}.

G3  In Frame 9 we showed that, for each
element x in R — {—1}, z oy = e, where
y=—x/(1+z). Here, z # 1+ x,s0y # —1.
Also, x oy =y ox, so each element = in
R — {—1} has an inverse —x /(1 + ) in
R —{-1}.

G4 Let z,y,z € R—{—1}. Our working in
Frame 8 shows that o is associative on
R —{-1}.

Hence (R — {—1}, o) satisfies the four group axioms,

and so is a group.

3.5 (a) This situation is similar to that in
Frame 11.

The Cayley table for (Zs, +5) is as follows.

+510 1 2 3 4
0/0 1 2 3 4
112340
212 3 40 1
313401 2
41401 2 3

We show that the four group axioms hold.

G1 No new elements are needed to complete the
table, so Zs is closed under +5.

G2 The first row of the table shows that
0+5x =z, foreachze Zs.
The first column of the table shows that
x+50=ux, foreachx € Zs.
Hence 0 is an identity element.
G3 From the Cayley table above, we see that
0+50=0,
1454=0=4+51,
2453=0=3+;52,
SO
0 is self-inverse,
1 and 4 are inverses of each other,
2 and 3 are inverses of each other.
G4 The operation +j5 is associative.

Hence (Zs, +5) satisfies the four group axioms, and
so is a group.
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(b) This situation is similar to that in Frame 12.

The Cayley table for (Zs, x35) is as follows.

x50 1 2 3 4
0(0 0000
101 2 3 4
210 2 4 1 3
310314 2
410 4 3 21

Axioms G1 and G2 hold, and 1 is an identity element.

However, there is no 1 in the column labelled 0, so 0

has no inverse, so axiom G3 fails.

Hence (Zs, X5) is not a group.

(c) In this case, the troublesome 0 has been
omitted, and the Cayley table is as follows.

x5|1 2 3 4
112 3 4
212 41 3
3131 4 2
414 3 21

We check the four group axioms in turn.

G1 No new elements are needed to complete the

table, so Z; is closed under xs.
G2 The first row of the table shows that

1 x5x=ua, foreachz e Z:.

The first column of the table shows that

x X51=ua, foreachzeZ;.
Hence 1 is an identity element.
G3  From the table, we see that

1 x51=1,

4x54=1,

2x53=1=3x52,
SO

1 and 4 are self-inverse,
2 and 3 are inverses of each other.

G4 The operation x5 is associative.

Hence (Z;, x5) satisfies the four group axioms, and

so is a group.

3.6 (a) This situation is similar to that in

Frame 11, and to Exercise 3.5(a).

The Cayley table for (Zg, +¢) is as follows.

+6|0 1 2 3

T = W N = O
T = W N = O
S U = W N
= O Ot s W N
N = O Ot s W
W N = O Ot |
=W N = O Ot ot
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We check the four group axioms in turn.
G1 No new elements are needed to complete the
table, so Zg is closed under +g.

G2 The row and column labelled 0 repeat the
borders of the table, so 0 is an identity.

G3  From the table, we see that each element
has an inverse in Zg.

Element |0 1 2 3 4 5
Inverse |0 5 4 3 2 1

G4 The operation +¢ is associative.

Hence (Zg, +¢) satisfies the four group axioms, and
so is a group.

(b) This situation is similar to that in Frame 12,
and to Exercise 3.5(b).

The Cayley table for (Zg, Xg) is as follows.

x6|0 1 2 3 45
0/0 0000 O
11012 3 45
210 2 40 2 4
3103030 3
410 4 20 4 2
510 5 4 3 2 1

Axioms G1 and G2 hold, and 1 is an identity.

However, there is no 1 in the column labelled 0, so 0
has no inverse, and axiom G3 fails.

Hence (Zg, X¢) is not a group.

(c) The Cayley table for (Z%, x7) is as follows.

X711 2 3 4 5 6
111 2 3 4 5 6
212 46 1 3 5
313 6 2 5 1 4
414 15 2 6 3
515 3 1 6 4 2
6 |6 5 4 3 2 1

We check the four group axioms in turn.
G1 No new elements are needed to complete the
table, so Z7 is closed under x7.

G2 The row and column labelled 1 repeat the
borders of the table, so 1 is an identity.

G3  From the table, we see that each element
has an inverse in Z7.

Element |1 2 3 4 5 6
Inverse |1 4 5 2 3 6

G4 The operation x7 is associative.

Hence (Z7, x7) satisfies the four group axioms, and
so is a group.



(d) The Cayley table for ({1,—1}, x) is as follows.

We check the four group axioms in turn.

G1 No new elements are needed to complete the
table, so {1, —1} is closed under x.

G2 From the table, we see that 1 is an identity
element.

G3 Since 1 x1=1and (-1) x (-1) =1,
1 and —1 are both self-inverse.

G4 Multiplication of numbers is associative.

Hence ({1, —1}, x) satisfies the four group axioms,
and so is a group.

3.7 We show that the four group axioms hold.
G1 Forall a,b € Q", we have aob = 1ab e Q"
so QT is closed under the operation o.

G2 ForallaeQT,
ao2=a=2o0a,
and 2 € QT, so 2 is an identity element.

G3 An inverse of a is not obvious, so we assume
that an inverse x exists, and try to find it.
We seek = € QT such that
aox =2=uxoa;
that is,
%am =2= %xa,
so the only possibility is x = 4/a.
For each a € QT, we have 4/a € QT, so 4/a
is an inverse of a.
G4 For all a,b,c € QF,
ao(boc)=ao(5bc)
= %a(%bc)
= tabc (S.5)
and
(aob)oc=(tab)oc
(zab)e
= Labe. (S.6)
Expressions (S.5) and (S.6) are the same, so
o is associative on Q7.

—
l\')

= N[
l\')l»—l

Hence (Q7, o) satisfies the four group axioms, and so
is a group.

Solutions to the exercises

3.8 (a) (C,+) is a group. The proof is similar to
the proof in Frame 3.

We show that the four group axioms hold.
Gl Forall z,y € C,
z+yeC,
so C is closed under +.
G2 Forall z € C,
r+0=2=0+=x,
and 0 € C, so 0 is an identity element.
G3  For each z € C,
z+(—x)=0=(—2) + =z,
and —x € C, so —x is an inverse of x.
G4 Addition of complex numbers is associative.

Hence (C, +) satisfies the four group axioms, and so
is a group.

3.9 We show that the four group axioms hold.
G1 For all integers m,n € Z,
2m +2n=2(m+n) € 2Z,
so 27 is closed under +
G2 Forall k € Z,
2k 4+ 0 =2k =0+ 2k,
and 0 =2 x 0 € 2Z, so 0 is an identity in 2Z.
G3 For each k € Z,
2k + (—2k) =0=
and —2k = 2(—
of 2k in 27Z.

(—2k) + 2k,

k) € 2Z, so —2k is an inverse

G4 Addition of integers is associative.

Hence (2Z,+) satisfies the four group axioms, and so
is a group.

3.10 We show that the four group axioms hold.
G1 For all m,n € Z,
2M % 2" = 2MtN c
so G is closed under x.
G2 For all k € Z,
2F % 20 = 9k = 20 % 2k,
and 2° = 1 € G, so 1 is an identity in G.
G3 For each k € Z,
2" x 27k =2k h =1 = 27tk

so 27F is an inverse of 2% in G.

=927k x ok

)
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G4 For all k,m,n € Z,
2F 5 (2m x 2m) = 2k x gmtn

_ 2k+(m+n)
= glmen (S.7)
and
(2% x 2™M) x 21 = 2FFm 5 on
_ 2(k+m)+n
= Qktmin, (S.8)

Expressions (S.7) and (S.8) are the same, so

X is associative on G.
Hence (G, x) satisfies the four group axioms, and so
is a group.

3.11 In each case, we begin by completing a Cayley
table, and then examine the group axioms.

(a) xs|1 3 5 7
111 3 5 7
313 1 7 5
515 7 1 3
77T 5 31

G1 No new elements are needed to complete the
table, so {1,3,5,7} is closed under xg.

G2 From the table, we see that 1 is an identity,
and 1 € {1,3,5,7}.

G3  From the table, we see that each element in
{1,3,5,7} is self-inverse, so this set contains
an inverse of each element.

G4 Multiplication of numbers is associative.

Hence ({1,3,5,7}, xg) satisfies the four group
axioms, and so is a group.

(b) x5 1 2 4 8 11 13 14
1] 1 2 4 8 11 13 14
212 4 8 14 1 7 11 13
414 8 1 13 214 7 11
717 14 13 4 11 2 1 8
8| 8 1 2 11 4 13 14 7
111 7 14 2 13 1 8 4
1313 11 7 1 14 8 4 2
14 |14 13 11 8 7 4 2 1

G1 No new elements are needed to complete the
table, so {1,2,4,7,8,11,13,14} is closed
under X1s.

G2 From the table, we see that 1 is an identity,
and 1 € {1,2,4,7,8,11,13, 14}.
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G3 From the table, we see that each element
has an inverse in the set.

Element |1 2 4 7 8 11 13 14

1 8 4 13 2 11 7 14

Inverse

G4 Multiplication of numbers is associative.
Hence ({1,2,4,7,8,11,13,14}, x15) satisfies the four
group axioms, and so is a group.
(c) x5 1 4 11 14

1 1 4 11 14

41 4 1 14 11

1 |11 14 1 4

14 |14 11 4 1

G1 No new elements are needed to complete the
table, so {1,4, 11,14} is closed under X15.

G2 From the table, we see that 1 is an identity,
and 1 € {1,4,11,14}.

G3 From the table, we see that each element in
{1,4,11, 14} is self-inverse, so each element
has an inverse in the set.

G4 Multiplication of numbers is associative.

Hence ({1,4,11, 14}, x15) satisfies the four group
axioms, and so is a group.

(d) +10]0 2 4 6 8
010 2 4 6 8
2 |2 46 80
4 |46 8 0 2
6 |6 8 0 2 4
8 |8 0 2 46

G1 No new elements are needed to complete the
table, so {0,2,4,6,8} is closed under +1¢.

G2 From the table, we see that 0 is an identity
element, and 0 € {0,2,4,6, 8}.

G3 From the table, we see that each element
has an inverse in the set.

Element |0 2 4 6 8
0 8 6 4 2

Inverse

G4 Addition of numbers is associative.

Hence ({0,2,4,6,8}, +10) satisfies the four group
axioms, and so is a group.

3.12 (a) (Z§, x9) is not a group.

The operation Xg is not closed on the set
Zy=1{1,2,3,4,5,6,7,8} because, for example, 3 € Zg
and 6 € Zg, but 3 x9 6 =0 ¢ Z;, so axiom G1 fails.



(b) (Zg,+9) is a group.
The Cayley table is as follows.

+9(0 1 2 3 4 5 6 7 8
0101 2 3 45 6 7 8
111 2 3 45 6 7 80
212 3 45 6 78 01
31345 6 7 801 2
414 56 78 01 2 3
515 6 78 01 2 3 4
6 16 78 01 2 3 45
T|17 8 01 2 3 45 6
8§18 01 2 3 45 6 7

G1 No new elements are needed to complete the
table, so Zg is closed under +g.

G2 From the table, we see that 0 is an identity
element, and 0 € Zg.

G3 From the table, we see that each element
has an inverse in the set.

Element |0 1 2 3 4 5 6 7 8
0 8 76 5 4 3 2 1

Inverse

G4 Addition of numbers is associative.

Hence (Zg, +9) satisfies the four group axioms, and
S0 is a group.

(c) (Z3y, x11) is a group.

The Cayley table is as follows.

x| 1 2 3 4 5 6 7 8 910
1 1 2 3 4 5 6 7 8 9 10
2 2 4 6 810 1 3 5 7 9
3 3 6 9 1 4 710 2 5 8
4 4 8 1 5 9 2 6 10 3 7
) 5100 4 9 3 8 2 7 1 6
6 6 1 7 2 8 3 9 410 5
7 7T 310 6 2 9 5 1 8 4
8 8 5 210 7 4 1 9 6 3
9 9 7 5 3 110 8 6 4 2

10 |10 9 8 7 6 5 4 3 2 1

G1 No new elements are needed to complete the
table, so Z7; is closed under xij.

G2 From the table, we see that 1 is an identity,
and 1 € Z7;.

G3  From the table, we see that each element
has an inverse in the set.

Element|1 2 3 4 5 6 7 8 9 10
16439 287510

Inverse

G4 Multiplication of numbers is associative.

Hence (Z7,, x11) satisfies the four group axioms, and
so is a group.

Solutions to the exercises

4.1 (a) The second row and the second column
repeat the borders of the table, so the identity is F.

(Here the letters £ and O could denote the sets of
even and odd integers under addition.)

(b) The first row and the first column repeat the
borders of the table, so the identity is D.

(Here the letters D and I could denote the sets of
direct and indirect symmetries of a figure with
rotational and reflectional symmetries under
composition.)

(c) The third row and the third column repeat the
borders of the table, so the identity is w.

4.2 The fifth row and the fifth column repeat the
borders of the table, so the identity is e.

The table of inverses is as follows.

Element |a b ¢ d e f g h
b a d ¢c e f h g

Inverse

4.3 The elements a, b and ¢ do not have inverses.

For example, from row 2 we see that the only possible
candidate for a~! is ¢, since a o ¢ = e; but from row 4
we see that coa = d # e, so a has no inverse.

Alternatively, the element e does not appear
symmetrically about the main diagonal.

4.4 (a) Suppose that, in a group (G, o),
roa=wxo0b.

The element z has an inverse =1 in G, so composing
both sides on the left with 2!, we obtain

r7 o(zoa)=x""o(xob).

Hence

—1 —1

(x7ox)oa=(x " ox)ob (associativity).
But
7 ox=e (inverses),
so we have
eoa=-eob,
and hence
a=> (identity).
(b) Similarly, if
aox=boux,

then, composing both sides on the right with 2!, we
obtain

(aox)ox™t = (box)ox™t,
&)

ao(xox ) =bo(xox™') (associativity).
Hence

aoe=boe (inverses),
&)

a="0 (identity).

71



Unit GTA1 Symmetry

4.5 (a) The table of inverses is as follows.

Element |e a b ¢ d f g h
e a b c d f g h

Inverse

The group table is symmetrical about the leading
diagonal, so this group is Abelian.

(b) The table of inverses is as follows.

Element |e a b ¢ d f g h
Inverse |e ¢ b a g h d f

The group is non-Abelian; for example, a o d = f,
but doa = h.

4.6 We use the property that in a group table each
element must appear once in each row and once in
each column.

(b)

(@) e
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4.7 (a) The first row and the first column repeat
the borders of the table, so the identity is e.

(b) The table of inverses is as follows.

Element |e a b ¢ d f g h
Inverse |e ¢ b a h g f d

(c) The group is non-Abelian because the table is
not symmetrical about the leading diagonal; for
example, h o g = ¢, whereas g o h = a.

4.8 (a) The operation o is not closed: a new
element d occurs in the body of the table, so axiom
G1 fails.

(b) Here the operation o is closed, and we see from
row 2 and column 2 that a is an identity element.

However, a does not occur symmetrically about the
main diagonal, so this is not a group.

Alternatively, in row 1 and column 3, b occurs twice
so this is not a group.

(C) Again, the operation o is closed, and we see from
row 1 and column 1 that e is an identity element.

However, e does not appear symmetrically about the
main diagonal, so this is not a group.

Alternatively, the operation is not associative because
ao(bod)=aoca=0b

but
(aob)od=dod=e.

Hence
ao(bod)# (aob)od,

so axiom G4 fails.
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d) Here the only axiom that fails is G4; for
( y
example,

ao(bod)=aof=d
but

(aob)od= fod=e.
Hence

ao(bod)# (aob)od,

so axiom G4 fails.

4.9 We know that |G| is even and that, for each
element g € G,
EITHER g is self-inverse

OR g and ¢! are distinct elements which

are inverses of each other.

It follows that the number of elements which are
self-inverse must be even.

However, e is self-inverse, so there must be at least
one element g € G such that

gog=-e and g#e.
5.1 In each case, we use Strategy 5.1.

Cube

The cube has 6 faces.

Each face of the cube is a square, and so has
8 symmetries (since the order of S(0) is 8).

It follows from the strategy that the number of
symmetries of the cube is 6 x 8 = 48.

Octahedron

The octahedron has 8 faces.

Each face of the octahedron is an equilateral triangle,
and so has 6 symmetries (since the order of S(A)

is 6).

It follows from the strategy that the number of
symmetries of the octahedron is 8 x 6 = 48.



Dodecahedron

AN
o

The dodecahedron has 12 faces.

Each face of the dodecahedron is a regular pentagon,
and so has 10 symmetries (since the order of S(O)

is 10).

It follows from the strategy that the number of
symmetries of the dodecahedron is 12 x 10 = 120.

Icosahedron

g
i

Each face of the icosahedron is an equilateral
triangle, and so has 6 symmetries.

It follows from the strategy that the number of
symmetries of the icosahedron is 20 x 6 = 120.

5.2 We use Strategy 5.2.

The triangular prism has two (congruent) equilateral
triangle faces and three (congruent) rectangular
faces; so there are two ways of applying the strategy.
Consider the equilateral triangle faces.

1. The prism has 2 (congruent) equilateral triangle
faces.

2. Each triangular face is an equilateral triangle,
and so has 6 symmetries; each of these
symmetries is also a symmetry of the whole
prism.

It follows from the strategy that the number of
symmetries of the triangular prism is 2 x 6 = 12.

Solutions to the exercises

Alternatively, consider the rectangular faces.
1. The prism has 3 (congruent) rectangular faces.

2. Each rectangular face has 4 symmetries (since
S(2) has order 4); each of these symmetries is
also a symmetry of the whole prism.

It follows from the strategy that the number of
symmetries of the triangular prism is 3 x 4 = 12.

5.3 (a) We consider a square face of the second
type as the base—a square face with two edges that
are joined to triangular faces and two to square faces.
The small rhombicuboctahedron has 12 square faces
of this type. Only 4 of the symmetries of this square
base give symmetries of the rhombicuboctahedron.

It follows from Strategy 5.2 that the number of
symmetries of the rhombicuboctahedron is
12 x 4 = 48.

(b) We consider a triangular face as the base. The
small rhombicuboctahedron has 8 triangular faces.
All 6 symmetries of this equilateral triangle base give
symmetries of the polyhedron.

It follows from Strategy 5.2 that the number of
symmetries of the polyhedron is 8 x 6 = 48.

(As expected, we obtain the same number of
symmetries whichever face we consider.)

5.4 (a) Rectangular block

3

The rectangular block has six faces—three pairs of

opposite faces. Opposite faces are congruent

rectangles: if faces are not opposite each other, then

they are not congruent.

1. Select the 2 congruent faces denoted by A and B
in the above diagram.

2. Each of these faces is a rectangle, and so has four
symmetries (since the order of S(0) is 4).

Each of the symmetries is also a symmetry of the
whole block.

It follows from Strategy 5.2 that the number of
symmetries of the rectangular block is 2 x 4 = 8.
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(b) There are two possible approaches here: we give
the details of both.

First we list the symmetries which map A to A and
B to B. (These are essentially the symmetries of a
rectangle.)

o
1 | 4
2 ! 3
S5=)

The two-line symbols for these symmetries are

(123456738
¢ =\12345678)°
(12345678
“=\34127856)"
(12345678
"“\43218765)"
(123456738
"=\21436587)"

Now we consider the reflection w in the vertical plane
shown below.

The reflection

(12345678
56781234

maps A to B and B to A, so we obtain the four
remaining symmetries by composing each of the
above symmetries with w on the right:

o (12345678
W=eow=\56781234)"
(12345678
T=acw=1l7v8563412)°
(12345678
y=roew=\{gr7654321)"
(12345678
T =l 5872143)
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Alternatively, we find first the direct symmetries and
then the indirect symmetries, as in the video
programme. The non-trivial direct symmetries a, y
and z are anticlockwise rotations through 7 about
the axes shown below.

The two-line symbols for the direct symmetries are

(123456738
c“\12345678)
(12345678
“=\34127856)"
(12345678
Y=\s7654321)°
(12345678
““\65872143)

We obtain the four indirect symmetries by composing
each of the direct symmetries with the indirect
symmetry w (given above) on the right:

(12345678)
w=eow = ,

56781234
(12345678
T=aeWw=1{r8563412)
o (12345678
Ty =l43218765)°
(12345678
5=20W=191436587)"
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axis of symmetry, 6, 11
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Cayley table, 25-27
centre of rotation, 6, 11
closure, 8, 26
commutative, 11
composition, 9, 11

direct symmetry, 18-19, 26, 29
disc, 15-17, 26

equal symmetries, 8
equilateral curve heptagon, 19-20
equilateral triangle

Cayley table, 27

composites, 12

direct symmetries, 19

inverses, 13

set of symmetries, 7

two-line symbols, 23, 24

figure, definition, 8

glide-reflection, 19

group
definition, 28

properties, 28
heptagon, 19-20
hexagon, 23, 25, 27
identity, 8, 12, 14, 26
indirect symmetry, 18-19, 26
inverse, 12-13, 25-26
isometry, 6, 8

leading diagonal, 26

Index

main diagonal, 26
negative angle, 7
octagon, 27

parallelogram, 19
plane figure, 8-9, 12, 26, 28
polygon, 6, 22

rectangle, 7, 11, 13, 19, 27
reflection, 7, 8

reflectional symmetry, 6-7
regular n-gon, 6, 14-15
rhombus, 19

rotation, 7-8, 14
rotational symmetry, 6

sawblade, 19
self-inverse (element), 13, 26
square
Cayley table, 26-27
composites, 9-10
direct symmetries, 17-18
inverses, 13, 25
set of symmetries, 6-7
two-line symbols, 20-22, 27
star, 19
symmetry, definition, 8

translation, 6, 8
trapezium, 19

trivial rotation, 7
trivial symmetry, 8
trivial translation, 6
two-line symbol, 21-25

4-windmill, 7, 11, 13

zero rotation, 8
zero translation, 8
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