
3 Location of points in mechanisms 
In the last Section we saw how the vanous parts of machines are connected 
to form mechanisms. These mechanisms can be represented as line 
diagrams for the purpose of seeing the motlon of the parts and the types of 
connections. We can now proceed to draw these llne diagrams to scale, 
given the dimensions of the links and the angles between pairs of links, so 
as to locate points of interest on the links. Furthermore, from scaled 
drawings ofa mechanism in varlous positions, we can measure the effect of 
the motion of one link on the motion of any other link. 
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Figures 56 and 57 show the compone-nts of an 'upand-over' garage door 
and the principle of its operation. Figure 58 shows a line diagram for the 
device, which you should mwgnizc as a slider+xank linkage - the crank 
in this being the pivot arm DF; the coupler is the garage door itself 
EH and the slider is the roller G which is guided up and down the vertical 
channels at the side of the door. Of course there arc two such mechanisms, 
one on each side of the door, but their motion is identical. Now, we may be 
interested in the path taken by the bottom edge of the door as it swings 
from the closed position to the open position. In order to locate the 
bottom of the garage door at any instant during the motion, a scaled 
drawing of the mechanism needs to be drawn as shown in Figure 59. 

Figure 59 

The position of point H at the bottom ofthe door can be measured directly 
from such a drawing. Alternatively we can calculate the line lengths and 
angles by 'solving' the triangle DFG using the principles of trigonometry. 
In this section I shall review some simple geometry and trigonometry used 
for locating objects in plane motion. Although this material should be 
familiar to you, the types of graphical constructions and calculations 
presented here will occur constantly throughout the course. You are 
recommended to take this opportunity of establishing the drawing 
techniques and methods of calculation used in geometry as part of your 
'repertoire' for future needs. 

3.1 Hints on drawlng 
Advice on drawing instruments and pencils is given in the Course Guide. 
At this stage you may find the following h i t s  helpful in improving your 
accuracy and speed of drawing. 

When you draw a line of specikd length, do not use your scak rule 
dinctly. Ruling a pencil line with a scale rule dirties and damages the scale 
edge, and causes inaccuracy. First use the bevelled edge of a set-square to 
draw the line faintly. Then mark its length using dividers or w m p a m ,  
previously set to the right length against the scale rule. If necessary draw in 
the line again, more finnly to the correct length. Sharp, fine hairlines are 
demanded in this work. A geometrical line, by definition, has no width or 
thickness. We cannot achieve this ideal with a visible pencil l i e ,  but we 
can approach it by keeping a long, sharp, tapering point on pencil and 
compass leads with frequent honing on a piece of rough paper. 



Drawing parallel and perpendlcular lines 
This can be awkward unless you use a set-square. A set-square has a 90" 
included angle,and the two edges adjacent to this right angle may be used 
to draw lines parallel and perpendicular to each other. The methods 
illustrated in Figures 60 (a)  and (b) can be used to draw any number of 
parallel or perpendicular lines, anywhere on your paper. You must, 
however, keep a firm hold on the ruler which acts as a guide to the set 
square. Try to keep your set-square and ruler clean at all times. 

(a) Draw~ng a l~ne parallel to A B  
lhrough C 

Figure 60 

Choice of scale 

(b)  Drdwlng n llne perpend~cular to 
AB through C 

A wise choice of scale is a very important factor in the validity of a 
graphical solution. Within limits, the larger the layout, the more accurate 
the measured results. A line 100mm long can be measured to within 
0.5 mm, just as easily as a line lOmm long. However, the error in 
measuring the 10 mm line is 1 part in 20, which is ten times as large as the 
error in the IOOmm measurement. On the other hand, if the drawing 
becomes too large, special instruments are required and drawing time is 
increased. It is difficult todraw a very long line as straight as a short one or  
to measure precisely distances greater than the usual 300 or  500 mm scale 
rule. Accuracy may actually be reduced if the drawing becomes too large. 
In all of the problems in this Unit you will be told the scale to use, which 
will enable you to fit your drawings on A4 paper. With practice you will be 
able to make a choice of the appropriate scale to match the problem in 
hand. 

3.2 Locating a point by drawing 
A point on an object can be located by triangulation from a baseline whose 
position is known. This process is used in practical situations by surveyors 
making measurements of the distance and direction of objects on a 
building site. Utilizing the properties of the triangle: 

(i) The three internal angles of a triangle always sum to 180". Thus any 
two angles are sufficient to calculate the third. 

(ii) The sum of the lengths of any two sides of a triangle must be greater 
than the length of the third side. 



(iii) Of the five quantities (three sides and two* angles) which can be 
acparatcly specified in a triangle; if three of the quantities are given, 
then the remaining two can be found. (This does not imply a unique 
solution in all cases.) 

From this last property of a triangle, a p d u r c  can be formulated for 
the graphical solution of any triangle, that is for the location of a point. 
Figure 61 gives a general picture of the problem. 
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Flgure 61 Point location as a triangulation process 

A point A on an object in plane motion is to be located at any instant 
during its motion by measurement from a baseline BC in the plane of 
motion. The point A on the object and the base points B and C at either 
end of the baseline form the vertim of a triangle ABC. The general 
location procedure then depends on what further information, apart from 
the length of the baseline, is provided. The following produrc covers the 
four cascs that allow us to find a point by Viangulatioa 4 ~. - .  

l 
Figure 62 Cau I 

*Sec property (i). 
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door Ktion 

Locate a point A from a baseline BC = SO mm, given the following 
information: distance from B to A = 60 mm, angle ACB = M)". Measure 
the angle ABC. 

Another version of an up-and-over garage door is shown in Figure 6qa) 
with the line diagram for the device in Figure 6qb). 

(a) 
Figure 66 Upand-owr garage door 

Ibl 

The dimensions of the components are as follows: 
Pivot arm (crank) PR = 0.9 m. 
Garage door (coupler) SQ = 2.0 m. 
Pivot connection to top of door frame (fixed link) FP = I m. 
Coupler-crank connection at R where RQ =0.1 m. 
When the slider has moved to a position such that SF = 0.5 m, how far 
does the bottom of the door Q project out from the door frame? 
Solve the problem by drawing, using a scale of 10 mm : 0.2 m. 



3.3 Locating a point by calculation 
An alternative method to locating objects by drawing with compass and 
protractor is to make use of the trigonometrical relationships summarized 
in Table 1. Your calculator should be able to give values of the sine, cosine 
and tangent of any angle as well as the invenes sin-', COS-' and tan-'. 
Note that the 'inverse'(sin-' etc.) means 'the angle whose sine is', and does 
not mean the reciprocal l/sin B. Some references use the alternative inverse 
expressions arcsin, arccos, arc tan, or ASIN, ACOS, ATAN, for the 
inverses. 

Table 1 Notes on trigonometry 

Functions of an angle of a right-angled triangle /l 
b 

sin B = - b (I=sin-'- 
C c 

a II 
cosine B = - 

b 
 COS-'- 

C 

b 
tangent B = - b 

B =  tan-'- 
a a 

sin B 
tangent B = - 

COS e 
Oblique and right-angled triangles 

Sine rule: 
a -- b C -- 

sin U sin /l sin y 

Cosine rule: 

a2 = b2 + c' - 2bc cos U 

b'=a2+c2-2accos/l 

c 2 = a 2 + b ~ 2 a b c o s y  

Angle K + angle B + angle y = 180" 

(Note that side a is the side 'opposite' the angle U; similarly with band 8, c and y )  

Example S 

Loose earth is dumped against a vertical wall. Due to its lack ofcohesion it 
will not pile up at an angle greater than 23" to the horizontal. How far out 
from the wall does the heap stretch when it rises to 2.1 m above the 
horizontal ground? 

loose earth 

Solutlon 
The problem is presented in Figure 67. The earth surface, wall and ground 
form the sides of a right-angled triangle. So _;___Il +X& 

2.1 Figure 67 
tan 23" = - 

X 

2.1 2.1 
X=-=-- 

tan 23" 0.424 
- 4.95 m 



The sine rule and the cosine rule are the most useful formulae for solving 
triangles and locating points. However, some care is demanded when using 
them to calculate angles in a triangle. To illustrate the need for attention in 
this matter, the valies of sin B a id  cos B are plotted against the corre- 
sponding values of B in degrees in Figures 68 (a) and (b). 

Notice that for angles between 0 and 180" (the range of possible angles in a 
triangle) the sine of the angle is always positive, whereas the cosine of the 
angle is positive between 0 and 90" and negative between 90" and 180". 
Also the values of sin B and cos B are symmetrical about 90". These two 
observations can be expressed in the following way: 

sin O =  +sin(l80"-8) 

cos B = -cos (180" - 8)  

Hence for the angles of a triangle it is always possible to calculate the angle 
whose cosine is given according to sign. However, there is always a choice 
of two angles where the sine is given, one less than 90" and one greater than 
90". since the sine is positive in both cases. 

cos 8 

Figure 68 Graphs of ( a )  sin 0, ( h )  cos 0 .  ( c )  ran 0. 
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Calculate 0-cos-'(-0.13) and B=sin-'(0.35) for B between 0 and 
180°. 

solld&n 
My calculator gives cos-' (-0.13) =97.47", which is what would be 
expected from Figure 68(b). However, the calculator shows sin-' (0.35) 
= 20.49". which is only one possible solution. The other is sin-' (0.35) 
= (180 - 20.49) = 159.51". 

SA0 13 
(a) Use your calculator to find sin 10S0, sin 72". cos 22', cos 158'. tan 34', 

tan 89". tan 130". 
(b) Daermine B = sin-' (0.85). for B between 0 and 180". 

Figurc 68(c) shows the graph of tan B against B. Whilst the graphs of sin B 
and cos B repeat thcmsclvea eve-ry 360" (that is, they have a period of 360") 
the graph of tan B has a period of 180". 

We shall now examine the general location procedure using trigonometry 
for the four cluco previously rdwd by drawing. 
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SA0 14 
Refer back to SAQ 1 1  and check your result for the angle ABC by 
calculation. 

3.4 Locating a whole llne 
You have now seen the procedure for locating a point either by drawing or 
by calculation using trigonometry. To complete the picture, it is necessary 
to look at what further information is required to locate a straight line of 
given length (representinga rigid body in rotation or combined motion). A 
straight line drawn between two points on a body is called a line segment. 
In the triangulation process, given the baseline length a further two 
quantities are needed to locate a point on an object in plane motion - 
either two directions (Case I) or two distances (Case 4) or one distance 
and one direction (Cases 2 and 3). In general, in order to 'fix' the location 
of a point in a plane, a minimum of two quantities are required, referred to 
an agreed baseline. Put another way, a point requires two 'restraining' 
lines, one from each end of the baseline, to prevent the point from moving 
in the plane of the baseline (Figure 70). This condition is expressed by the 
statement that the number of degrees offreedom of a point on an object in 
plane motion is two: The number ofdegrees offreedom ofthe object itself, 
however. is the minimum number of independent quantities needed to fix 
the location of the object. 

Now consider what is the minimum number of'restraining' lines necessary 
to %X' the location of a line segment. 

From Figure 71, two restraining lines BD and CD joining the baseline to 
one end of the line segment DE are not sufficient, since DE will still have 
freedom to rotate about D. However, when a third restraining line CE (or 
BE) is added, the line segment DE is 'fixed'in the plane. The number of 
degrees of freedom of a straight line on an object in plane motion is 
therefore three (Figure 72). 

There are a number of combinations of three independent quantities 
which could be chosen to locate a straight line of given length. I will adopt 
the convention of fixing the location of one point on the line (e.g. point D 
in Figure 73) which constrains two degrees of freedom, and specifying the 
inclination of the lino as the third parameter. The inclination of a line is 
simply the angle between the line and the baseline, i.e. in Figure 73. The 
angle of inclination is by convention measured positive anticlockwise from 
the baseline. 

Question: In Figure 74, what are the inclinations of (i) PQ, (ii) RS, 
(iii) TV, positive relative to the baseline BC? 

Answer: (i) 30". (ii) 280". (iii) 1200 

*This argument holds for the general case where the path of the point is not 
specified. If the path were specified, e.g. a straight line or a circle, the location of a 
point on the path can be Axed by one quantity, for example, the path length. In 
these cases the point has just one degree of freedom 



SA0 15 
One type of household 'squeegee' mop is shown in Figure 75, with the 
associated line diagram in Figure 76. The handle is taken as the fixed link. 
The device is essentially a four-bar linkage mechanism. On my own mop 
the lever crank which drives the mechanism, PR, is 240 mm. The pivot at 
Q is 60 mm from P. The coupler rod QS is 360 mm and the squeezing plate 
or rocker ST which compresses the sponge is 30 mm. The distance along 
the mop pole between P and T (fixed link) is 330mm. 

rigure 75 Photograph o f a  squeegee mop 

F i w e  76 Une  diagram of squeegee mop 

(i) Draw the squeegee mop mechanism for a crank inclination QPT 
= 100" with respect to the fixed link. using a scale of 1 mm : 3 mm*. 

(ii) Measure the inclinations of the coupler QS and the rocker arm ST 
with respect to the fixed link. 

(iii) Measure and then calculate by trigonometry the angle between the 
coupler QS and rocker ST. 

3.5 Changing size and shape 
One way of distinguishing between objects is on the basis of their size (how 
big they are), their shape (what their 'proportions' are) and their position 
(where they are in space). Objects can be drawn to scale, with the correct 
proportions and in the right position relative to one another. 

In drawing, however, there is a hidden assumption that the actual physical 
objects can be represented by lines and curves on paper. We have already 
seen how the rigid body concept allows us to represent rigid bodies as 
points and straight lines for the purpose of studying their motion. This 
transition from the object to its abstract form on paper is not automatic, 
but depends very much on careful judgment about which factors in a 
situation are important and which are not. Geometry then can be used to 
'model' aspects relating to the size, shape and position of objects. 
Geometry is also useful for dealing with the change of size, shape and 
position of objects. You have already looked at one kind of change, that is 
the change of position (displacement) of rigid bodies whose size and shape 
remain constant. We shall now consider very briefly the geometric prin- 
ciples underlying size change and shape change. 

- -  - 

'You will need to take extra care in drawing this mechanism because of the large 
relative proportions of link sizes. 



In Figure 77, the two triangles ABC and DEF are of different sizes but 
have similar shapes. In other words, the 'proportions' of the triangles are 
the same since the angles U, p and y are unchanged in the size change. 

Figure 77 

The lengths of the corresponding sides of the two triangles are in 
proportion, that is 

This constant IS the scaling factor, and we use this property of geometric 
similarity between objects whenever we construct a scaled drawing of an 
object or mechanism. By making sure that the length dimensions of 
the object are all scaled by the same factor, then the angular proportions 
of the object and model (drawing) will be identical. This has important 
applications in the experimental testing of machines and structures where 
it is not feasible to build a full-scale prototype. Instead a geometrically- 
scaled model of the actual device can be built and tested at smaller cost 
and the results of testing the model interpreted (with much care) for 
full-scale design. 

Question: The mechanism of a reciprocating internal combustion engine 
is shown in Figure 78. The crank OP has a length of SO mm 
and the connecting rod PS is 200 mm long. The piston has a 
length of 76 mm and a diameter of M) mm. What dimensions 
must a + scale model of the engine have? 

---- 

Nmre 78 Recipocaring IC engiue mechanism 

Answer; Crank = 20 mm, connecting rod = SO mm, piston length 
= 19 mm, piston diameter = 15 mm. 

The Important factor about such a geometrically slmilar model 1s that 
whilst its size can be specified by a single parameter (e.g. f scale), other 
properties such as weight, applied loads, etc. will not be equally scaled. For 
example model trams and their tracks are not wrecked every time a 
derailment occurs; balsa wood models of bridges or aircraft fuselages can 
be dropped to the floor and not be damaged, but the real equivalent 
situat~on is very different. 



Thde am a number of linkage mffihaniuna which may be uncd to change 
the &plC of the drawing of a pattern without a l w  its proportions. A 
common example it the pantograph shown in Figme 79. 

h i n t  B is fixed and pins B, E and G em in a straight line. CDFE is a 
paraklogrm. To enlarge a drawing, the given contour is traced by a 
stylw at E and the enlarged flgurc will be repmduccd by a pencil at G. To 
ndua the h, the drawing i8 traced at G and the reduced figura will bs 
described by a pencil at E. The ratio of U of the original and traced 
drawingr is thc same as the ratio of &stance BE to W. 

SA0 16 
For the pantograph shown in Fiyrs 79, the following link ars 
k n o w  

BD = 125 mm, CE = 60 mm, EF - 75 mm. 

(a) What is the scaling ratio for the &via? 
(b) What is the kngth of link DG? 

Consideration of shap changm of d i d  objects h d s  w into the area of 
the deformation of objsctr, which is a whole subject Md in itself. The 
deformations u e c o d  by eU bodies depend on a large n m n k  of 
facton such as the types of load8 i m p 0 4  on the body, the tpnpraturc 
end prmure mditiom, end the physical pmpaties of the material of the 
body. You will be examining m e  of thac faam in lam Units. Hen we 
shaU confine o d v c a  to an important geometric approximation which 
Ands applications in awaaing smofl-wle dqfornations. 

Figure 80 (over page) shows the graphs of sin B and tan B plotted against 0 
for angles behKcGn 0' and U)". Also shown in Figure $0 is a graph of 
B in radians. You will n o t k  that the curvea approach each other at 
angles close to 0°, that is, aa B approaches zuo. In symbala, 

This is known as the mall-angle opproxinv~h 

Some numerical values of sin B, ten B and B cad am shown in Table 2 

9 (do~rms) 20" IS" IOD 5" 

sin0 0.342 0.259 0.174 0.087 
tane 0364 0.268 0.176 0.087 
B rad 0.349 0.262 0.175 am 



ap 
Figure 80 

Note that even at angles up to 15". the error in the above approximation is 
small. Now when a solid object is deformed (changes its shape) the angular 
proportions of the object change. If the deformation is small, then the 
changes in angular proportions will also be small and the geometric 
approximation given above will be applicable. 

a \ \ S We have already used this approximation in Section I when we found a 
0 o R relationship between linear and angular displacements on rotating bodies 
Ftgure 81 for small angular displacements. Referring to Figure 81, an arc PR of 

radius r is drawn. From P two right-angled triangles are constructed - 
OPQ and OPS. As the angle B becomes very small, the lengths of PQ, PR 
and PS approach the same value. But PQ = r sin B, PR = r6 rad and 
PS = r tan B. Thus as B approaches zero. then 

which is equivalent to the result given earlier. 
p-- - 

Exemple 7 

A heavy rigid block DE of length 1.5 m is to be supported in a horizontal 
position by a pin joint at D and a vertical strong wire support BE as shown 
in Figure 82(a). 

When it is assembled, however, the block takes up a position 0.5" below 
the horizontal as shown in Figure 82(b). By how much has the wire 
stretched? 

SduUon 
From Figure 82(b), the amount by which the wire has stretched is the 
difference between the final length of the wire and the original length of the 
wire, that is BE'-BE, or approximately equal to EE'. Using the small- 
angle approximation EE'= 1.5 X B rad where 

2n 
6 rad = 0.5" X - = 0.0087 radians 

360 

Hence the wire has stretched by 1.5 X 0.0087 = 0.013 m = 13 mm. 



The block of the previous example is now to he supported by two vertical 
wires situated along its length, shown in Figure 83. When it is assembled 
the wire BC stretches by 5 mm. Calculate (a) the angle of the block below 
the horizontal, (b) the amount by which the win FG has stretched. 

3.6 Revision exerclse 
From the list of statements given below, decide which are true and which 
are false. 
1 Any triangle can be solved providing three quantities (angles and101 

sides) are specified. 
2 The inverse sine (sin-') of a positive number less than 1 gives two 

possible solutions for angles between 0" and 180". 

3 The cosine rule is used to calculate an angle of a triangle when the 
three sides are given and none of the angles is known. 

4 The number of degrees of freedom of a point on a body in plane 
motion is three. 

5 A straight-line segment can be located by fixing the location of one 
point on the line and specifying the inclination of the line with respect 
to the baseline. 

6 The inclination of a line can have two values. 

3.7 Summary 
Geometrical construction and the principles of trigonometry are used to 
'locate' a point or a line segment in a plane. This location procedure finds 
application whenever drawing is used for solving problems and in 
particular in drawing linkage mechanisms to scale. The location procedure 
'fixes' the moving parts of a mechanism for particular mechanism 
configurations. 

Answers to revlrlon exercl.e 
2, 3, 5 are all true. 
I Specifying three angles does not determine the side lengths of the 

triangle, only their proportions (geometric similarity). 
4 A point on a body in plane motion along an unspecified path has two 

degrees of freedom. If the path is specified, for example, a straight line 
or a circle, the point has one degree of freedom. The complete body in 
plane motion has three degrees of freedom. 

6 Although the angle between a line and a baseline may take two values 
depending on whether the angle is measured clockwise or anticlock- 
W& from the baseline, the inclination is conventionally measured 
anticlockwise from the baseline. 




