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Aims 
The aims of this Unit are: 

To extend the analysis of the motion of mechanisms, introduced in 
Unit 1; namely, drawing the mechanism to scale within a frame of refer- 
ence, identifying the number of degrees of freedom of the mechanism 
and completing a set of motion curves for a particular point or link on 
the mechanism. 

To revise vector representation, co-ordinate axes, and the differential 
and integral calculus. 

Objectives 
After working through this Unit you should be able to: 

Distinguish between true and false statements about the terms and 
concepts listed in the Glossary (Revision exercises at the end of each 
section). 

Section 1 
Express the position of a point or line in terms of rectangular or polar 
co-ordinates (SAQs 1, 2, 3). 
Determine displacement and position as vector quantities (SAQ 4). 
Use vector addition to find the resultant of a group of vector quantities 
(SAQ 5). 
Construct a position diagram for a mechanism (SAQs 6, 7). 

Section 2 
Construct a displacement curve for a point or link on a mechanism 
(SAQs 7, 17, 18). 
Find the rectangular components of a vector quantity (SAQs 8, 9). 

Section 3 
Identify the number of degrees of freedom of a kinematic chain (SAQs 
10, l l, 12). 

Sectlon 4 
Recognize the relationships between displacement, velocity and acceler- 
ation curves in terms of slopes and areas under curves (SAQs 13,14,15, 
16, 17, 18). 
Calculate linear and angular velocities and accelerations (SAQs 13, 14, 
18). 



Introduction 
In Unit 1 we were principally concerned with the position of a rigid body, 
or an assembly of rigid bodies, at one particular instant in the motion. In 
this Unit we shall study the motion of these bodies initially considering 
successive discrete positions (rather like examining individual frames of a 
cin6 film), leading finally to the study of continuous motion. In order to do 
this we need labelling systems which can identify the positions of 
individual bodies (links) and assemblies of connected bodies (mechanisms) 
at any instant in time. 

We start by devising a reference system to label the positions of bodies 
from a common frame of reference, and then use this to develop a 'position 
diagram' which shows the positions of all the bodies in an assembly. From 
such a diagram the position of any point, line, body or assembly of bodies 
(mechanism) can be described or 'addressed'. 

Then by considering successive configuration positions of an assembly we 
can compare the changes of position of particular parts. By plotting a 
series of successive positions over a complete cycle of a mechanism we can 
obtain a complete picture of the motion of a particular link of interest, and 
obtain its 'displacement curve'. This displacement can be described from 
the reference system. 

We then consider how a particular link's motion is constrained by the way 
it is connected to other links and how such constraints combine to 
determine the required motion or 'degree of freedom' of the mechanism as 
a whole. 

Finally, we study the continuous motion of links in mechanisms operating 
over an entire cycle, and determine the concepts and data required to give 
us a complete record of the motion. 

In the Unit you will be given the opportunity to 'brush up' your knowledge 
of vectors, co-ordinate axes, mathematical and graphical techniques of 
integral and differential calculus, and you will be introduced to the terms 
velocity, acceleration and jerk. Thus the ground will be thoroughly 
prepared for the subsequent treatment of kinematics (the study of motion), 
which is a fundamental part of the course, and of Engineering Mechanics 
in general. 
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F W e  3 Rectangular co-ordinate system 

lies. In Figure 3, point P is defined by the intersection of the l i i s  

X-i.3, y = + 2  

The numbers refer to distances measured along the X and Y axes and will 
have the dimensions shown on the axes (in this case metres). 

We denote tde position of P by the expression P (+3, +2). You should 
note the order of the numbers within the brackets, that is: ( X  coordinate, 
Y co-ordinate). Also note the sign convention, that is, positive lengths x to 
the right of the Y-anis: positive lengths y above the X-axis, aa shown by the 
arrowheads in Figures 2 and 3. 

Qwstion: Which of the following do not represent the points shown in 
Figure 41 

Figure 4 

Amwr: B (5.4) and M (4.3) 



Figure 5 

't 

Polar CO-ordinates 
In the polar system (Figure 5) ,  the distance r from the origin, and the 
inclination B of the line O P  to the X-axis, are chosen to define the position 
of P. (Remember that the inclination of a line is measured anticlockwise 
from the reference line.) 

The relationship between the two types of position co-ordinates can be 
deduced from the properties of the right-angled triangle OPM in Figure 6: 

r2  =X'  + y2 X = r cos B 

Y tanB=- y = r sin B 
X 

SA0 l 

(a) Express the position of a point P given by polar co-ordinates r = 500, 
0 = 120°, in terms of its rectangular co-ordinates. 

(b) Two points P and Q have rectangular co-ordinates ( l ,  2) and (-5, 1) 
respectively. What is the angle between the lines O P  and OQ? 

k A point on a body in plane motion needs two co-ordinates to describe its 
position at any instant, a straight line on a body in plane motion needs 

o three co-ordinates. In Figure 7 the position of the line PQ is given by the 
Figure 6 position (X, y) of a single point on the line, P say, requiring two co- 

ordinates together with the inclination p of the line with respect to the 

' t / X-axis (third co-ordinate). 

, / 
/ 

.,<P 
Ol 

* 
X 

Figure 7 

SA0 2 

State the positions of lines BC and DE in Figure 8. 

Figure 8 
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1.2 The position dlagram 
We have established a set of w-ordinate axes which can act as the 
common referena for all position measurements. We can now use these 
axes as the Yrame' for labelling the points and Lines representing rigid-body 
machine components. A scaled drawing showing the position of an 
assembly of rigid bodies within a refenna frame is called a position C.Yirli.01 
diagram. From sucb a diagram the position of any point or l i  can be 
described. 

Figure 9 shows the position diagram of the squeegee mop mechaniim you 
met in Unit 1 for a craok inclination of 12O" from the X-axis. 

Rgwe 9 Squeegee mop poslnon dlagrm 

Notia that I chose the origin of the co-ordinate axes to be on the fixed link 
or frame of the device OT, at the axis of rotation of the crank OQ (input 
motion). The baseline or X-axis was chosen to lie along the fixed link, and 
the Y-axis to be perpendicular to the X-axis through the origin. 

Qurstion: What is the position of link TS in Figure 9? 

Anaw:  Co-ordinates of T arc (330.0). inclination of TS is 969. 

SA0 S 
The crank OQ of the squeegee mop is 60mm long. Calculate the 
rectangular W-ordiites of point Q for the position shown in Figure 9. 

Uthe origin of the w-ordinate axes had been cbom at point T with the X 
and Y axes in the same directions as in Figure 9, what would be the 
rectangular co-ordinates of point Q in this case? 

You have seen from SAQ 3 that position measurements depend on where 
the co-ordinate axes are. When constructing a position diagram, we have a 
free choia in where we put the axes, and a careful choia can make 
position measurement easia. 



ground 

Figure 10 Position diagram of up-and-over garage door 

Figure 10 shows the position diagram of an up-and-over garage door with 
the slider 0.5 m from the top of the door frame. Notice that three sets of w- 
ordinate axes have been drawn with the origin on the ground (OIXl Y,), 
at the top of the door frame (O,X, Y,), and at the axis of rotation of the 
pivot arm ( 0 3 X 3  Y,). 

Question: Which set of axes would be most convenient for measuring the 
position oE (i) the pivot arm, (ii) a point Q in the bottom of 
the garage door, (iii) the slider at T? 

Answer: (i) O,X, Y,, (ii) O , X ,  Y,, (iii) OIX, Yl 

Figures 9 and 10 are essentially 'frozen' shots during the action of the 
mechanisms. We could equally well include a number of such instanta- 
neous configurations on one position diagram. For both these mechan- 
isms, apart from the link dimensions, a single quantity was needed to 
specify the position of the whole assembly. In the case of the squeegee mop, 
the crank inclination was sufficient to draw the mechanism. For the up- 
and-over garage door, the distance between a point on the slider and the 
top of the door frame was the 'label' for the particular configuration. 

The position diagram of a mechanism can also show a number of different 
positions of the mechanism. 

Figure 11 shows the position diagram for the up-and-over garage door for 
slider positions of 0.2, 0.6, and 1.0 m. Such a diagram is very useful for 
following the paths of points on the mechanism during its motion or 
for measuring and comparing changes of position of different links. 

Question: Measure the angular displacements of (i) the pivot arm PR, 
(ii) the garage door TR, between positions 1 to 2; 2 to 3; and 
1 to 3. 



h u m  Aa you Wold expect, thc M@IIW -t 01s 
is equal to the aum of the individual anguh di-to 
011+013. 
(i] Pivot arm: 011- 51". 8131-399, 013-900 
(ii) &rage door: = 339 0 ~ 3  - 200,013 = 53' 

Maawe t h e l i n e a r d ~ ~ b d t b e d o f t h e p i v o t . r m  R,R,,R,R, 
and R1R3, from Fiiun 11. 

Why is it that the overall linear displacmmt RI R3 is leas than the 8um of 
the linear displacrmentr R, R2 and R,R3? 

The observation arising from SAQ 4 ylsprtr that l i  diaplacsmentr 
~ o t b k t o ~ k i n t h e r o a e w a y u ~ ~ m t r . I n  
l r c t w a r o d c e l i q e w i ~ a p r o b h w h i c h h a a g c a t ~ ~ i n  
cnsin&ring medmb, namely, how do we combine quantities o f d i i t  
h acting in di&rent directions? Such quantities which have a direction 
in addition to thcir dEs or magnitude are called V C E ~ M  ~uontiriss. Linear r r a ~  
d i i p h e n t  is a vector quantity, and when we are combining linear 
disphcmmts w have to take into account both their magnitudcs and 
thw directions Moreover the rula of combition of wctor quentitiea 
u e t h c s a m e w h c t h c r w u e d e p l i n g w i t h l i n e a r ~ v c 1 o c i ~  
pcocImtions, forcos or any o h  quantity which haa both a magnitude 
and a d i d o n .  At this point, it would be helpful to nv*w thcse rules for 
combining vectors before proceeding further with the analysis of position 
diagrams. 



1.3 Vector representation of position 
Consider the following description in words: 'a linear displacement of 
3 metres along a line which makes an angle of 40' with a horizontal axis 
and so directed that the change of position is upward and to the right in 
a vertical plane'. Instead of this cumbersome and lengthy description, we 
turn this into a graphical representation as follows: 

(a) A line is drawn having the stated inclination of 40" measured 
anticlockwise with respect to the horizontal axis (Figure 12a). 

(b) The magnitude of the vector quantity is marked on the drawn line, 
according to a scale, e.g. 10 mm : 1 m in Figure 12Eb). 

(c) Finally the sense of the vector quantity, which characterizes in which 
way the change of position is taking place (upwards to the right) is 
indicated by an arrowhead at the end of the vector pointing in the 
direction of travel (Figure 124. 

horizontal 
(a) lbl Ic) 

Figure I2 

The final drawing is a pictor~al description of the vector quantity which is 
conctse, clear and complete. You should take careful note that the 
'direction' of a vector quantity has two aspects: (1) its inclination with 
respect to some known reference line, and (2) its sense, which distinguishes 
between the two possibilities of travel along a line - forwards/backwards, 
up/down, etc. 

One way of denoting a vector is in terms of the expression: (magnitude, 
direction). Thus the vector representing the displacement of Figure 12 can 
be written as (3 m, 40" r ) .  Note that the direction is indicated by its 
inclination (40') and its sense (2). In texts, vectors are labelled in many 
ways, for example using a bar (e.g. A, A), an arrow (A), o r  using bold print 
(A). In this course we shall denote a vector by a bold sloping symbol with a 
bar over the top, e.g. 1, and its magnitude by a sloping symbol without a 
bar, e.g. A. In your own written work, it will suffice to denote vectors 
simply by writing a bar (or an arrow) over the symbol. 

Question: Wnte the expressions for the vectors 2, B and C shown on 
F~gure 13. 

Answer: d = ( 5  m, 127" l), B=(4.l m, 14" d ) ,  C=(5 .8  m, 121" h). 

Referring back to Figure 11 showing the position diagram for an up-and- 
over garage door, the linear displacement vectors i , ,  G ,  and of the end 
R of the pivot arm can be drawn in as shown in Figure 14. 

The vector i, can be measured from the position diagram as (0.78 m, 
53" r )  referred to the X-axis. 

Question: Write down the expressions for the linear displacement vectors 
and i3 referred to the X-axis. 

Answer: iz=(0.6m, 97"%), i,=(1.28m, 7 2 9 ) .  

We have seen the example of linear displacement as a vector quantity. 

Another example of a vector is the position vector. A vector connecting the 
origin of the co-ordinate axes to a located point contains all the 





information necessary to 'address' the point, that is, the length of the line 
(magnitude) and its direction with respect to the X-axis. The position of a 
point P is shown in Figure 15, indicated by the vector F. 

The position vector can be seen as a convenient way of expressing the 
'directions' to a destination, i.e. start at the origin (known) and proceed in 
such-and-such a direction for a distance so-and-so and you will have 
arrived! There are innumerable routes, however, which could be given to 
get to this destination. For example, Figure 16 shows that you can get to P 
via point Q, that is 'route' B followed by 'route' Cor  by the direct 'route' A. 
In either case you will end up at point P. In other words, A is equivalent to 
B plus C in Figure 16. It is the resultant of B plus 

This equation looks like an ordinary algebraic expression, but the process 
of addition expressed here is different from that of simply adding 
magnitudes together. We are also combining directions. 

Figure IS Figure 16 Figure 1 7  

Vectors are added, two at a time, by constructing a triangle with the 
vectors to be added 'nose-to-tail' along two sides of the triangle. The 
resultant vector is given by the third side of the triangle connecting 
the 'tail'end to the 'nose' end as shown in Figure 17. Note that for vectors a 
change in direction is just as important as a change in magnitude. 

Example l 

The piston on a car engine moves upwards in its cylinder a distance of 
50 mm whilst the car (and cylinder) moves forward a distance of 400 mm. 
What is the resultant change in position of a point on the piston measured 
relative to the road? 

The piston will have a vertical linear displacement 3, =(S0 mm, 90'7) 
referred to a horizontal axis together with a horizontal linear displacement 
C2 = (400 mm, +).The resultant displacement can be found by the triangle 
construction shown in Figure 18. 

The resultant linear displacement S, = (403 mm, 7" r ). 

Drawing the triangle of vectors is a convenient way of combining vectors 
two at a time. However, any number of vectors can be added together by 



the process of drawing them 'nose-to-tail'. Figure 19 shows a series of 
vectors 6, E, F, G which can be combined to give the resultant R by 
constructing a wctor polygon. Moreover, the order in which the several .aw plygm 
vectors are added to each other has no effect on the h a l  result. 

Figure 19 1( (a) Figure 20 

Figure 20 shows the addition of the same group of vectors in a different 
order. The resultant vector R is identical to the previous result. 

(a) Draw the resultant of the three vectors shown in Figure 21. (Use a 
scale of 10 mm : 1 m.) 

(b) The position of a point on a machine component at one instant during 
its motion is given by the position vector ii (120mm. 60' r ) .  The 
point then moves to another position given by the position vector i, 
(140 mm, 130" h). What is the linear displacement vector of the point 
between these two positions? 

/ /  
/ '-z 

0 
0' 

i0 
Figure 21 Figure 22 

So far we have looked at the process of adding vectors together. But what 
about subtracting vectors? In algebra, the negative of a number is 
expressed by placing a minus sign before the number. With vectors, the 
negative is expressed by rewrsing the sense of the vector. In Figure 22 the 
vector I represents a linear displacement (3 m, 40" r  ). The negative of this 
vector -Iis shown as having the same magnitude and inclination as I but 
opposite sense (3 m, 40' d ) .  The process of subtraction of vectors involves 
adding the negatiw wctor. Thus in Figure 23 the vector P is to be 
subtracted from the vector P shown. We can write this as 

P-P=P+(-P) 
The normal triangle construction with -P as one side (Figure 23) gives 
the required resultant. a- z! 
In SAQ 5 you found the linear displacement of a point by constructing a 
vector triangle from the two position vectors of the point. If you compare 

' "'id- 
/ 

-0 
your solution to Figure 23, you will lind that you were actually subtracting 
the two position vectors. This result enables us to give a more general 5 
definition for the linear displacement of a point. Ifa point on a body moves Figure 23 



from position A to position B as shown in Figure 24, the linear 
displacement is the vector 5, given by the difference between the position 
vectors i (final position) and iA (initial position); that is 

i=i,,-iA 

1.4 Constructing a position diagram 
I shall end this Section by looking at the construction and analysis of a 
position diagram for a mechanism used in car suspensions. 

A 

Figures 25 (a) and (b) show part of a car suspension together with the tine 
diagrarn for the linkage mechanism. The mechanism is a basic four-bar 
linkage with the coupler link RS directly guiding the up and down 
movement of the wheel (not shown). The purpose of this mechanism is to 
provide near vertical motion at the point where the tyre is in contact with 
the road, for the purpose of this exercise assumed to be T. (Suspens~on 
design depends on many other factors but generally speaking any sideways 
horizontal motion between the tyre and the road surface as the suspension 
rises and falls affects handling and stability of the car and also increases 
tyre wear, and so is to be avoided.) 

Figure 25 Jaguar cur 
suspension 

We shall draw the position diagram for the mechanism for the various 
configurations that the mechanism could take. The first decision to be 
made is to choose a convenient origin and baseline for the co-ordinate 
axes. Selecting the origin on the fixed link of the device at attachment point 
Q and the X-axis along the fixed link Q P  will serve our purpose here. 

The link sizes and distances for this particular car suspension are as 
follows: 

PR = 220 mm; PQ = 290 mm; QS = 330 mm; 
SR = 290 mm; ST = 180 mm 

Figure 2qa) shows the first stage of the construction with the ares marked 
in, the scale given, and the base points located. We now need to decide on a 
'label' for the different configurations. We shall choose the inclination /3 
with respect to the X-axis of the link SQ connecting the lower steering 
pivot to the car chassis. 

With /3 = 90" with respect to the X-axis, the location procedure can be 
used to complete the drawing of all the links as shown in Figure 2qb). The 
single label determines the position of the whole mechanism. 

Question: What are the inclinations of links PR and RT to the X-axis for 
this configuration? 

Answer: 95' and 157", respectively 

70 



Figure 26 Construction ofposition diagram IT 

M O  8 
Use Figun 2qb) to complete the position diagram for the car suspension 
linkage for ,S = SOo, 60°, 70°, 80" to the X-axis and trace the path of the 
point T. 

From SAQ 6 you should have found that the path taken by the point of 
the tyre in contact with the road T is approximately straight and 
perpendicular to the road within the range of p from 50" to 90". which is as 
requircd in a reasonable working range. The box below summarizes the 
steps in constructing a position diagram from the line diagram and link 
dimensions. 

Comtnrtiag r position m m  
(a) Choose an origin apd baseline for the co-ordinate axes. 
(b) Choose a scale for the drawing and scale the link dimensions 

acoodigly. 
(C) Decide which variable to use as a 'label' for each conf~guration 

to be drawn. 
(d) 'Locate' the w h a n i s m  position at each configuration wing the 

location p r d u r s  . . . .  , .  
Then for a.~a$ir;ulr\~:&&atioa, the position af &~l.pd ' i (~<,b  
stated (two pooitian.bib&inate~); or the p o s i t i o u & g a q r ' ~ ~ n : b e  
,statsd (co.tirdinates,i@f,&$ point on the link toge@&facifg . , , 
inclination'o'f the 1iblf:bithtX-axis). ' . . ',. . , . , 

, , . , . , , . . , , . .  , , ,  
, ., , . ,,. 



From the list of statements given below, decide which are true and which 
are false. (Answers at the end of the Section). 
1 The number of position co-ordinates required to locate the position of 

a body corresponds to the number of degrees of freedom associated 
with the motion of the body. 

2 A position diagram is a sketch of a mechanism with co-ordinate axes. 
3 The origin of a set of co-ordinate axes can be placed in any convenient 

position, as long as the directions of the X and Y axes are horizontal 
and vertical respectively. 

4 The inclination of a line or a vector is conventionally measured 
anticlockwise with respct to the baseline. 

5 A vector quantity can be fully represented by a line of given length 
(corresponding to the magnitude of the vector quantity) and a given 
indiation (corresponding to the direction of the vector quantity). 

6 In the addition of two vector quantities, the magnitudes are added 
algebraically but the directions must be added by the triangle 
construction. 

7 The resultant of a group of vectors is the single vector sum of the 
group of vectors. 

8 The linear displacement of a point between two positions A and B is 
the resultant of the two position vectors of A and B. 

1.6 Summary 
The position of a point can be specified by two position co-ordinates 
referred to a set of co-ordinate axes. 

The position of a line is specified by three position co-ordinates, usually 
two co-ordinates for a point on the line plus the inclination of the line with 
respect to the X-axis. 

The various positions of a mechanism can often be specified by a single 
quantity which can be used to label the positions on a position diagram. 

Vector representation is a convenient method of describing and combining 
quantities which have both magnitude and direction. 

Anrwsn to mvI8lon oxorclse 
1 ,  4, 7 are all true. 
2 A position diagram is a scaled drawing of the mechanism with co- 

ordinate axes. 
3 Not only is there a h e  choice in placing an origin but also in deciding 

the directions of the co-ordinate axes. 
5 Inclination by itself is not sufficient to represent the direction of a 

vector quantity. The sense of the vector (distinguished by an arrow- 
head) must also be included. 

6 The direction and magnitude of the resultant of two vectors is found 
from the triangle construction. Simply adding the magnitudes 
together algebraically will give a false result. 

8 The linear displacement of a point between two positions A and B is 
the difference between the two position vectors at A and B. 




