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Aims 
The aims of t h ~  Units are: 

To introdua the fundamentals of dynamic analysis based on Newton's 
laws of motion, especially the second law of motion. 
To develop a consistent approach to dynamic analysis and to provide an 
opportunity to apply this approach to a wide range of problems. 



Objectives 
When you have worked through Section l of this Block, on the basic tools 
required for dynamic analysis, you should be abk to: 

Describe a particle model. 
Calculate the acceleration of a particle under the action of a system of 
form using Newton's Second Law (SAQ 1). 
Identify the position of the antm of mass, G, of assemblies of particles 
and objects of regular shape (SAQs 2, 3). 
Give the definition of the m n d  moment of mass, I, and calculate 1 for 
assemblies of particles and objects of regular shape (SAQs 5-7.38). 
Calculate the acceleration of the centre of mass and the angular 
acceleration of an assembly of particles under the action of a system of 
form (SA@ 4, 7). 

When you have worked through Section 5 on how to approach problems in 
dynamics, you should be able to: 

Identify the significant form on a rigid body and illustrate them in a fm- 
body diagram (SAQs 8 and 9). 
Assess the relative significance offorces, especially those acting on falling 
bodies including drag, and estimate terminal velocity (SA@ 11, 12). 
Select suitable co-ordinate axes for analysis (SAQ 13). 

Apply a set p r o d u n  for the solution of Dynamics problems (SAQ 14). 

After working through Sation 3,on fm-body diagrams, you should be able 
to: 

Calculate gravitational form and draw the corresponding fora vectors 
on a frce-body diagram (SAQs 15-19), 
Draw vectors representing normal and tangential (friction) surfaoe 
forces on a fm-body diagram (SAQs 20-22). 

When you have studied Sections 4 and 5, on the dynamics of translation, 
you should be able to: 

Solve problems in translational motion (SA@ 24-26). 
Calculate frictional forccs acting on surfaced when relative motion 
occurs or is imminent (SA@ 27-29). 
Solve simple problems in vehicle dynamics, including the calculation of 
aerodynamic forces, and draw the related fm-body diagrams 
(SAQs 23,30-32). 
Derive the relationship between the forces acting and the resulting 
acceleration (the equation of motion) for objects whose motion may be 
modelled adequately as translation (SAQs 33-37). 

Having worked through Section 6, on the dynamics of rigid bodies in 
rotation and combined motion, you should be able to: 

Estimate second moments of mass (SAQ 38). 
Derive the relationship between the forccs acting and the resulting 
acceleration for rigid bodies in, 
(i) rotation about a fixed axis through G (SAQ 39) 
(ii) rotation about a fixed axis not through G (SAQs 40,41) 
(iii) combined motion (SAQs 42, 43.47). 

Solve simple dynamics problems for 'connected' bodies (SAQs 44-46). 



Introduction and Study Guide 
In Statics (Block 2) you were introduced to the analysis of foras and 
moments acting on bodies in equilibrium, so that there was no motion. In 
Kinematics (Block 3) you have been analysing the motion of objects such as 
vehicles and mechanisms, without worrying about how these motions were 
produced. Dynamics is concerned with the motion of bodies which are not 
in equilibrium, and the forms and moments which produce these motions. 
Dynamics calls on a combination of the skills which you acquired in solving 
Statics problems and the techniques which you used for the analysis of 
motion in Kinematics. 

Dynamics is based on Newton's laws of motion, especially the Second Law 
and, as you will see, the basic 'rules' which have to be applied are very few. 
Using these rules a wide range of apparently dissimilar problems can be 
analysed. It is this breadth ofapplication which often causea difficulty whm 
students meet Dynamics for the first time. For example, having learned to 
analyse the swinging motion of a pendulum, you could be asked to 
detennine the forces acting on a cornering train, or the speed of a satellite. 
Although it turns out that these analyses are very similar it can be difficult to 
'get started' on a problem which is new to you. 

One of the main aims of this Block, therefore, is to help you build up a 
consistent, step-by-step approach to dynamic analysis. I hope that this 
'procedure' will allow you to tackle unfamiliar problems, even though you 
may not be able to sec your way through the analysis when you start. Of 
m u m ,  as you bccomc more experienced, you will find that you need this 
guidance kss and less. 

In Section 1 you are asked to accept the basic kinematic equations (without 
derivation or proof) and to apply them in a very i d e a l i i  manner. This 
should allow you to become familiar with the basics without the 'clutter' 
involved in more realistic problems. Section 2 presents the skeleton of the 
procedure on which I hope you will be able to build your approach to 
problems. I suggest that you make a wpy of the procedure and,as you work 
through the Units, add your own notes and memory aids. From this stage 
all examples and SAQ solutions are laid out in accordance with the steps of 
the procedure. The remainder of the Block is designed to develop your 
ability to analyse a wide range of diRerent problems. 

In these later sections you will apply the dynamic equations which you first 
met in Section 1 together with a simple extension of these equations in 
Section 6.5. As each is re-introduced a 'proof or justification for its use is 
provided. Because these contain strings of mathematical symbols they can 
appear daunting, and it is tempting to skip them. You can if you wish: it will 
not impair your ability to apply the resultingequations. I feel, however, that 
it is better to have some idea of why we use a particular equation, rather 
than tojust accept that it works. So, if you have time,do try and follow these 
arguments. 

As you work through this Block you will 6nd that much more time has been 
allocated to problem solving than reading; analytic skills cannot be learned 
'second hand'. I would, however, consider the Units to have failed if you 
only become skilled at handling 'textbook' problems. Wherever possible the 
questions relate to things which we meet or hear about every day; from cars 
and lifts to spacecraft. The analyses involved should give you p a t e r  insight 
into 'how things work' and, ultimately, provide you with another set of 
'tools' to apply in engineering design. 



1 Dynamics - the basic tools 

1.1 Newton's kws of motlon 
In the earlier Units devoted to Statics you learned to analyse forces within 
structures. The 'rule' which you used, extracted from Newton's First Law of 
Motion, was that the forces acting on an object at reat must balance - they 
must be in equilibrium. Dynamics is about foras which an not balanced 
and the motion which they produa. The methods of this branch of 
Mechanics centre on Newton's Second Law, hut it is valuable here to recall 
all tluec of Newton's laws of motion, which you have met briefly before. 

In the form in which they w e n p m t e d  in Unit 3 Newton's laws of motion 
arc as follows: - 

rrmains at mt, or continues to move in a straight Line with I 
velocity, if then is no unbalanced fora  acting w it. 

is an unbalanced force acting on a body, t8s:body enparisnos 
d e r a t i o n  in the direction of the force, ~op6rtiod to the fom 

proportional to the l a a ~  of body: 

bW Law 
one body exerts a force on a second body, then the kcond bod: 
rerts a reaction force w the fvst body, whether or not tbe bodieg an 
xclerating. Thcsc foras of action and reaction betwsen the bodie 
.e equal in magnitude, opposite in direction and W-linear. 

You can see therefore, that Newton's hrsr MW is also relevant to the study m 
of Dynamics. The First Law tells us that if the forces acting on an objcct are 
balanced, that isin equilibrium, then the body remains at rest or moves with 
aconstant velocity. Ifthe fomsacting on a body are not i n e q u i l i b d u  S/1 
does the body move? This question is answered by Newton's Second Law. -------- F, 
Newton's Second Law is illustrated in Figure 1. Figure I 

You may sometimes see Newton's Second Law expressed in terms of rate of 
change of momentum, rather than the product of mass and acceleration 
(mu). Momentum is d e h d  as the product of mass and velocity (mu), and 
will be discussed further in a later Block. If a body has constant mass, then 
the two formulations are equivalent, but Newton's Second Law must be 
applied with care if the mass of the body is varying. Rocket propulsionis an 
example of such a Dynamics problem, as the mass of the rocket and fuel will 
vary, when the fuel is being expended. In this Block we will only consider 
problems relating to bodies with constant mass. 

Using the vector notation, introduced in Block l, to take account of the fact 
that the force and resulting acceleration must be in the same direction, the 
Second Law may be written in mathematical terms as: 

m 
and M) 

m=kF F - force 

m-mass 

I - acceleration 

k - constant 



If the constant k is chosen to be unity then the relation becomes: 

In the S1 system of units this relationshipeffectively gives us a delbition for 
the unit of force. Thus if the mass m is given in kg and the acceleration His 
expmscd in m S-', the force F is enumerated in newtons, w h m  

I Towards the end of the nineteenth century, Emst Mach suggested a way 
r(ida round this problem by introducing the concept of the particle. A pmticle is 

There is, however, an ambiguity in this presentation of Newton's Sccond 
Law which makes it diicult to apply directly in that I keep rdening to the 
acceleration of a body. However, in Kinematics you saw that, when 
modelling objects in rotation or combined motion as bodies, ditferent 
points on the body may have very different accelerations. How then can we 
speak of the acceleration of a body? 

defined forhis pu6ss as a 'geometrical pokt posse&ig cons&t mass'. 
Newton's Sccond Law may bc stated without ambiguity for a particle: 

"If there is an unbalanced force acting on a particle, the particle 
experiences an acceleration in the direction of the force, propor- 
tional to the force and inversely proportional to the mass of the 
particle." 

Figure 2 

(a) 

You may well be wondering whether we are any further forward. Is the 
particle a useful model of any real objects? Real objects certainly are not 
concentrated at one point, but we canconsiderobjects, such as the pistonin 
Figure %a), to bc built up from a lot of small elements, each one ofwhich can 
be approximately represented by a particle of the appropriate mass. Our 
piston, therefore, is modelled as a system of particles, Figure 2(b). As you 
will swlater we can uss the notion of a system ofparticles to derive relatively 
simple relationships between the forces acting on an object and the resulting 
motion. 

Small children in the futurecould well while away the hours of intergalactic 
flight with a game of 'marbles'. The marbles, in negligible gravity, are 
propelled by jets controlled remotely by the playets. Calculate the 
acalerations (magnitude and direction) of the marbles in Figures 3 (a) and 
(W. 

The forceson the marbles are not in equilibrium, so that there is a non-zero 
resultant force. R. We will therefore need to apply Newton's Second Law, 
R = m& where R is the resultant of the forces acting. In practice we usually 
work in terms of rectangular components of the force and acceleration 
vectors. It is essential to insert a set of axes defining the orientation and 
positive direction of these components. For these relatively simple problems 
I shall simply use vertical and horizontal axes although, as you saw in 
Statics, a careful choice of axes can greatly simplify the algebra involved in 
this type of problem. 

From Figure 4 for the first marble, the components of the total force acting 
are: 

Figure 4 



Applying R= ma 

Figure 5 
Using vector addition to find the total acaleration (Figure 5) 

a= J(1' + 2.26') = 2.47 m S-' 

9 = tan-'(1/2.26) = 23.9" 

I= 2.47 m S-'L23.9' 

Alternatively, I could have first added the forces vectorially and then used 
R =  mii. The. result is the same. t" 
From Figure 6, for the second marble: 

RX=(2cos45"-1cos3O0)N=0.55N 

R, = (2 sin 45" + 1 sin 30") N = 1.91 N 

0.96 e = tan- l (=) = 73.7O 

SA0 7 

Calculate the accelerations of the following 'marbles'. 

Figure 8 

L 
Figure 6 

Figure 7 

7.2 Centre of mass, G 
The motion of the centre of massof an object will be crucial to our approach o h r  of rau 
to analysis in Dynamics. As you will see later, if a set of forces acts on an 
object the centre of mass moves in exactly the same way as would be 
predicted by considering a single particle, having the mass of the object, 
with the resultant of the forces acting upon it. Since this holds true whether 
the object is in translation, rotation or combined motion, the relation 
governing the motion of the centre of mass will be one of the first steps in all 
of our analyses. 



U 
Figure 9 

Figure 10 

A typical mechanism component isshown in Figurc 9. We can consider it to 
be made up of n particles of which a few are shown. The masses of these 
particles are m,, m,, ..., m". The position vectors relative to the ccntre of 
mass G are F,, F,, ..., F". The particle ml represents the general case, that is 
the mass of particle number i. Thus i could take any value from 1 to n. The 
position of the centre of mass is defined by: 

which can be written in the form 

The symbol (theGreek capitalletter sigma) here mcans'sum'betwan the 
limits shown. I will be using this definition later when we discuss how the 
Dynamics equations are derived For the moment, it is important that you 
get a feel for what the equationmeans rather than it being simply a string of 
symbols. 

Another example of the use of the symbol 1 is given by the equation 

This expression states that the total mass of the component, m, is the sum of 
the masses of the n particks making up the component. 

Exnmple 2 

An extension of the space-age game of marbles involves assembling several 
of the 'particles' on frames of negligible mass and propelling these 'craft' by 
means of thejeis. In order to prediit how they will move it is necessary to 
identify the position of the centre of mass. 

blm 1 l m ]  

Figure I2 

3' How can we identify the positions of the centre of mass of the hvo kraft' 
shown in Figure 10 each of which consists of two mncentrated masses 
joined by a light ('massless') rod? -. 
8dullan 
For the first one, numbering the particles 1 and 2, Figure 11, the position of 
G must be chosen such that 

L 
Figure 13 

Measuring Irom G in the positive x direction, m, is at X, and ml is at xl, 
where X,, of course, has a negative value. So 

(mlxn) = O  

1kgxx ,+ l l tgxx2=0  

X2 = - X1 

This is satisfied by X, = l m and X, = - l m. 
In words, m, is 1 m to the right of G and m, is 1 m to tha klt of G. 

As you might have anticipated, G lies on the line of symmetry an shownin 
Figure 12 It is the point at which,under the influena ofgravitationalforas 
such as we expcriencc on Earth, the assembly would balance. Considering 
the centre of mass in this way oAen allows its position to be identified by 
inspection for objwts of regular shape. 

In addition the total mans of the waft can be calculated as 

For the second assembly, Figures 1qb) and 13, the masses are not equal. 



and measuring from G 

2 k g x x , + l k g x x 2 = 0  

X,= -2x, 

X, = l m, X,= -2m (Figure 14) 

This time the total mass of the craft is 
2 

m= C m , = 2 + 1 = 3 k g  
1-1 

Identify the position of the centre of mass for each of the assemblies shown 
in Figure 15. 

Ibl 

Figure I5 

For less idealized shapes than these it is often necessary to use the calculus 
and the equivalent delinition 

where the limits of integration are chosen to include the entire mass of the 
object. However, since this information is readily available in tables, you 
will not be required to perform this type of analysis during this course. The 
position of the centre of mass for more complicated shams such as machine 
components will be given where necessar;. 

Identify, by inspection, the position of the centre ofmass of each ofthe metal 
sheets of uniform thickness shown in Figure 16. 

Figure 16 



1.3 Motlon of the centre of mass 

Figure I7 

X 
Figure I8 

As I mentioned briefly before, the centre of mass, G, behaves just as though 
it was a single particle having the total mass of the object with the resultant 
of the forces acting directly upon it. This is a very important result and its 
derivation from Newton's Second Law will be f d y  discussed later in 
Section 40fthis Block. For the present I will illustrate the procedure usinga 
few simple examples. 

Consider the assembly of Figure 17 under the action of the forces shown. Ifa 
set of forces acts on an object the motion of the centre ofmass is determined 
by: 

R - the resultant of the forces 

m - the mass of the object 

I - the acceleration of G 

Since we will be using this result in every problem which you will meet in 
these Units I am reserving the symbol iI (without subscript) for the 
acceleration of the m t r e  of mass. It is usually convenient when solving 
problems to deal with this equation in terms of components: 

R, = ma, R, = may 

For this particular problem, Figure 18 shows my free-body diagram and 
choice of axes. 

R.=O 

R ,= ( I -2 )N=- IN  

Of course, just as you saw in Statics, the choice of orientation of the co- 
ordinate system is entirely up to you. The ability to choose an orientation 
which simplifies an analysis is one ofthe skills which I hope these Units will 
provide. 

Determine the position and acceleration of the centre of mass for each of the 
assemblies shown in Figure 19. 

Id) 

Figure 19 



1.4 Moments and rotation ( 0 )  

You should by now be reasonably familiar with the way Newton's Second 1 k0 

Law may be applied to estimate the motion of the centre of mass of an 
object. Consider the two examples ofmarble assemblies shown in Figure 20. 
You should by now be able to say that in both cases the acceleration of G 
will be 0.5 m f. However, I am sure you would expect that the total 
motion of the two assemblies will be very different. 

+-P 
' 1 1  " 

Question: Which assembly would you expect to rotate and in which 
direction? 

Answer: (b), 3 

the moment of the forces acting to the rotational acceleration. Since the 
purpose of this introductory Sectionis to provide an overview of dynamic 
analysis, I will simply state the relationship. The derivation will be 

7 
In order to complete the analysis of the motion we need to be able to relate ~i~~~~ 2" 

demonstrated later. Indeed for the present I will only introduce a procedure 
using moments of forces about the centre of mass of a body. Later you will 
see that a similar approachcan be developedfor moments about a fixed axis 
of rotation, which need not be located through the centre of mass. 

If we take moments about the centre of mass the relationship which we will 

be using M = I a  in these Units is: M -the moment of the forces about G 4 mr 

I  - the 'second moment of mass' about G 
a  - the magnitude of the angular acceleration L 

Ftgure 21 
Figure 21 shows the mechanism component which you saw earlier in the 
discussion of centre of mass. The second moment ofmass, sometimes called aeoul m m  
the moment of inertia, about G is defined as: 

Thisis similar to theexpressionused in thedefinitionof centre ofmass but in 
the new expression the r is squared. 

Zm,P, is, as you have seen, the sum of the tenns (m, X P,), (m, X P,), etc. This 
sum is often known as thefirst moment of mass and G is, then, the point & b t ~ ~ ~  

about which the first moment of mass is zero. Similarly Zm,r: is the sum of 
the r: or second moment terms 

Just as themassofanobject provides ameasureofits inertia to translational 
acceleration, the second moment of mass is a measure of its inertia to 
angular acceleration. It depends upon the mass distribution. Since it 
involves the square of terms such as r,, 1 is always positive and for objects of 
a given mass it is greater for those whose mass is distributed further from G. 
For example a circular hoop has a greater value for I thana disc of the same 
mass and diameter. 

At present the definition of l seems somewhat arbitrary and you might well 
think that it is just an extra term to cope with. I will show later that it is a 
measure of the mass distribution which arises naturally in the development 
ofthe moment equation for a rigid body from the equationsfor the system of 
particles used to represent the body. 

What would you expect the units of I  to be: 
(a) By considering the definition I = Zmr2, 
(b) By considering the relation M  = Ia? 



Figure 23 

For the two assemblies shown in Figure 22 (which have identical 
acceleration I = 0.5 m S-' T, of the centre of mass, G): 

(a) Determine the value of I, 
(b) Determine the angular acceleration, oS. 

Sduth 
Now that I am dealing with moments and rotations I need to define a 
positive sense (clockwise or anticlockwise) for the moments and angular 
accelerations. By choosing the sense of the angular acceleration as positive, 
or the sense of the moment resultant as positive, it is possible to avoid 
equations containing a lot of negative terms. This is only a matter of 
simplifying the algebra. Any choice will do, provided care is taken in 
applying the chosen sign convention. This flexibility in choosing a sign 
convention is possible, because in this case we are only concerned with the 
motion of rigid bodies in a plane. You should note that if, in future, you are 
required to analyse the general motion of a rigid body in three dimensions, 
then there is a strict sign convention to be followed. 

Figure 23 shows the assemblies with the force vectors and my choice of axes 
and rotation convention inserted. This stage in the analysis, known as the 
free-body diagram is, I am sure,quitefamiliarfrom Statics In this particular 
case the free-body diagrams look like the original sketches of the problem. 
Usually the construction of the frcc-body diagram involves isolating the 
object of interest from its environment and identifying the forces acting 
upon it. As you probably realise, I contrived the space-age marble game so 
that we could discuss the concepts of Dynamics without the clutter of 
gravity, friction, drag and the rest which we meet on Earth. The marble 
assemblies are already effectively isolated from the environment. 

It is perhaps worthmentioningat this point that even though theobjects we 
analyse in Dynamics will generally be moving, the techniques offree-body 
diagram construction and vector manipulation which you used in Statics 
are equally valid. The diagram could be considered to 'freeze' the object at 
an instant during its motion. The forcesand moments may then be analysed 
to estimate the aaelerations occurring at that instant. 

To return to the problem for the fint assembly 

I = Cm,r: = 1 kg X (0.5 m)2 + 1 kg X (0.5 m)I 

1=0.5kgm2 

Remember that to get this result we had to neglect the sim of the marbles 
compared with their spacing. 

M = + (2 X 0.5) + (1 X 0.5) N m 

M = + 1 . 5 N m  

M = I a  

Strictly angular acceleration is a vector quantity, so having calculated the 
magnitude a = 3 rad S-l, I have expressed the solution finally as the vector 
d = 3 rad S-'>. The direction of the angular acceleration in plane motion 
will be either clockwise or anticlockwise. Here the symbol > indicates a 
clockwise angular acceleration. 



For the second assembly: 

I = Cm,$ = 1 kg X (0.25 m)' + 1 kg X (0.25 m)' 

M 1.5 
(I=-=-- 

1 0.125 
- 12 rad S-' 

If you have not met the concept of second moment of mass before you may 
need some convincing of the effect of mass distribution on the angular 
acceleration. Jfyou wish you can build a sort of Earthbound version of our 
marble craft using a couple of blobs Plasticine or Blu-Tack mounted on a 
ruler or knitting-needle. Hold the ruler or knitting-needle at the point of 
balance, G, and spin it like a propeller. You should be able to feel a 
significant increase in the moment needed to accelerate the assembly, when 
the mass is distributed towards the ends rather than when it is near to the 
centre. 

For objects such as the mechanism component in Figure 21, the mass is not 
conveniently concentrated into a few discrete lumvs. but is 'continuous', at 
least above holecular size. For regular shapes of continuous material, the 
value of I may be estimated by integration: 

where the limits of integration are chosen:to cover the entire mass of the 
object. 

We will be discussing this technique later. I hope, however, that by now you 
should be able intuitively to recognize differences in mass distribution and, 
therefore, in I. 

The pairs of objects in Figure 24 have the same mass. In each case decide 
which has the greater second moment of mass about the axis shown 
through the relevant centre of mass. 

Ha) 

13a) m '3>77j 
Figure 24 



.-, 
SA4 7 
For the assemblies shown in Figure 25: 
(1) Identify the position of the centre of mass, G. 
(2) Construct the free-body diagram (including axes, moment convention 

and G). 
(3) Calculate the total mass. 
(4) Calculate the acceleration of the centre of mass. 

rb) (5) Calculate the second moment of mass, I (about an axis through G, 
perpendicular to the page). 

1 b 

1 7 7  
(6) Calculate the total moment of the forces about G. 
(7) Calculate the angular acceleration. 

1.5 Summary 
F i p  25 

The study of Dynamics is based on Newton's laws of motion, particularly 
the second. 

In order to avoid ambiguity about the different accelerations of points on a 
rotating object we have introduced the particle: a geometric point having 
constant mass. 

Newton's Second Law of Motion (for a particle): 

"If there is an unbalanced force acting on a particle, the particle 
experiences an acceleration in the direction of the force, propor- 
tional to the force and inversely proportional to the mass of the 
particle." 

I suggest the following procedure for deriving the equation of motion, the 
relationship between the forces acting and the resulting accelerations of an 
obiect. 




