
2 How to approach problems In 
Dynamics 

2. l Forces on a free body: free-body ~ I B Q ~ B ~ S  
The equations governing the motion of the centre of mass, 

R = &  
and the angular acceleration, 

M = la 
are the basic relationships which you will need in order to handle the 
problems in this Block. Once you have constructed the free-body diagram 
the equations of motion are produced by applying these relationships just 
as you have been doing in the SAQs of Section 1. However, the 
identification of forces acting in less idealized situations than those you 
have met so far is often a source of difficulty. It is probably worthwhile 
then, before going on to analyse more realistic problems, to spend a little 
time reminding yourself of what we mean by force. 

A force is the action of one object on another which, when acting alone, 
causes motion. When this action occurs through direct contact between 
the surfaces of objects we refer to them as surface forces. In contrast weight FiWre 26 

is an example of an interaction force which does not depend on contact. In 
the terrestrial environment the weight of an object arises from the (81 

gravitational attraction between the Earth and the object without there 
necessarily being contact between them. Other examples are magnetic and 
electrostatic forces. These forces act on the molecules or particles through- 
out the object, rather than on a limited contact surface. The weight forces 
distributed throughout a body such as the crate in Figure 26 are illustrated 
in Figure 27(a), while the resultant of these forces W, the weight force. is ibl 

shown in Figure 27(b). 

You have already met in Statics most of the surface forces which you will 
need to apply here. The crate resting on the floor is supported by a normal FigYle 27 
reaction in Figure 28. If the crate is pushed (Figure 29), movement is 
opposed by another surface force, friction, up to the point where either 
tipping or slipping occurs (Figure 30). In Dynamics we will be studying 
the motion that results after, say, slipping has occurred and so we will have 
to look at what happens to these surface forces when there is relative 
motion between the surfaces. Another surface force that will be introduced 
in this Block is the drag force experienced by objects moving through the 

which it moves. 

Q 
atmosphere. Here the 'surface' is between the object and the air through Figure 28 Reaction - a surfaceJorce 

When faced with a problem in Dynamics you have first to decide what 
relevant forces are likely to be acting. Using the above definition of force 
you can see that the search is for objects which are interacting with the 
object in which you are interested. Notice that we are talking about an 
'interaction'; forces always exist in pairs. Just as the crate in Figure 29 
pushes down on the floor, the floor pushes with an equal and opposite 
force on the crate (Figure 30). in accordance with Newton's Third Law. As 
the crate slides across the floor, motion is resisted by the frictional force figure 29 

and, of course, the floor experiences an equal and opposite friction force 
tending to move it in the direction of the crate's motion (Figure 30). So 
that we can start deriving the mathematical relationship between the 
forces acting and the motion, we must isolate the object of interest from its 
environment and examine only the forces acting on that object. As we 
remove everything that is interacting with the object of interest, we 
effectively split the force pairs to leave only the forces acting on the object. 
In this way we construct the now familiar 'free-body diagram', after which 
we can proceed with the mathematical analysis. Note that in a free-body 
diagram (like those in Figure 30) an object is shown in profile only, with no 
internal detail. Figure 30 
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SA0 8 
Figures 29 and 30 were designed to show the way in which foras occur in 
pain and the way in which 'splitting the pain' leads to the free-body 
diagram. Thus the frictional force F c acting on the crate is accompanied 
by the fora  F -r acting on the floor. 

- 

Figure 31 

9 
The weight forcc acting on the crate is shown as WJ. Where is the other 
wmponent of this fora  paiff 

SA0 0 
Figure 31 shows a car accelerating uphill. Figure 32 shows its free-body 
diagram. 
(a) What do you think each fora  vector repnscnts? 
(b) Which an the surface foras? 
(c) Can you think of any other foms that wuld be important? 

2.2 The relatlve rlgnlflcance of forcer: the 
example of hlllng bodler 

In the free-body diagram of the car in SAQ 9, I omitted the resistance 
which the wheels experiena in rolling over the road. Is the free-body 
diagtam 'inwrtect' with these foras missing? It is difficult to tell. It 
depends on how significant these forccs am w m p a d  with the other form 
acting, how accurate an estimate of the motion I am attempting to achieve, 
and whether I have any reliable data regarding these foras. Faced with 
this typc of modelling problem in an industrial or research environment 
you would probably be able to w m p  the ptedictions provided by the 
model with expctimcntal data. If there was unacceptable disagreement 
thcn you would examine the model to set if you wuld h d  any sources of 
fora  which you had overlooked. The 'wrrect' modd would be one which 
provided close enough agreement with experimental observations for your 
particular purposes. In the artificial environment of a teaching text the 
best I can say is that the wrrcct model is usually the one which uses all of 
the data provided in the question. In other words, in T235, use the data 
you an given. You can generally neglect effects for which you are given no 
data. 

As an example to demonstrate the relevant significance of forces, I will 
look at an apparently simple problem. Consider the following question for 
a while before reading on. 

l v Q 
Figure 33 

0 1 ~ s t h :  U you dropped objects of unequal mass from a height of a 
couple of metres would you expect them to reach the ground at 
the same time? 

The answer is actually quite complex, and depends on several factors. To 
begin with, iI you feel that objects of greater mass will fall more quickly 
than objects of lesser mass you might like to try the following experiment. 
Take a 2p and a l p  coin and release them simutaneously from about head 
height. You should find that they hit the ground at the same time; they fall 
at the same rate. Drawing a free-body diagram and applying Newton's 
Second Law explains immediately why this occurs. Figure 33 shows the 
free-body diagrams for the coins at some instant after release. 

The only forces which I am considering to be important are the weight 
forces on the coins. Rccalligg the law applied to the translation of the 
antre of mass, K =  mil, for the l p  coin: 



But W = mg. Therefore: 

'W = may 

q=g=9.81 Nkg-I =9.81 ms-' 

In simplifying the units here I have used the result which I established 
earlier in this Block that 1 N = 1 kg m S-'. Of course, exactly the same 
applies for the 2p coin. Thus, in both oases, the predicted acceleration is 
9.81 m 1. You may well consider this to be an obvious result, but you 
should remembe-r that this Tact' was the subject of heated debate as late as 
the seventeenth century. Thii free fall 'aaelcration' or 'acceleration due to 
gravity' explains why you often see the units of g quoted as m S-' (rather 
than the N kg-' which we have used previously in this course). 

This question concerning the motion of falling bodies with different mass 
can be subjected to a conceptual experiment in addition to a physical test. 
Consider two ldentioal bodies of equal mass. You would expect that, if they 
are released simultaneously from the same height, they will fall together. In 
those circumstances if the two bodiss are joined together, there is no simple 
reason for expecting the motion of the new combined body to be dierent 
from the two maller bodies falling separately. On this basis therefore the 
falling motions of two bodies, one body having twia the m w  of the other, 
will apparently be identical. I will show shortly, however, that if other 
forces, such as drag or nsistana are induded in the mathematical model, 
then this simple deduction is open to question. 

Show that the alternative units quoted for g, m S-' and N kg-', are 
identical. (Hint: Try fitting units in Newton's Socond Law.) 

If, when asked about the rate offall of unequal masses, you immediately 
replied that both would fall with an acceleration of g and, therefore, hit the 
ground at the same time you might like to consider the following. Take a 
piece of paper, about a quarter of an A4 sheet, and crumple it loosely to the 
size of a golfball. If you compare its rate offall with that of a 2p coin there 
is a very noticeable difference. If you drop a postage stamp there is an even 
more marked change in behaviour. So what has gone wrong? If we use a 
free-body digram for the paper ball or stamp similar to those in F i  33 
then we must predict an acceleration of 9.81 m S-'. 

Figure 34 shows an experiment in which I dropped a p a p  ball and a golf 
ball, captured at various instants by 'strobe' photography. Each image is 
separated by 0.04 sccond internals. If the distance between any two 

Golf Ball 

Figure 34 
P w r  Ball 
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successive images is S m then the average velocity during that period is 
(25 X S) m S-'. The graphs of velocity against time for the two experi- 
ments are shown alongside the photographs. 

SA0 l1 
From the graphs of Figure 34 estimate the acceleration of (a) the golf ball 
throughout the period of the fall, (b) the paper ball just after release, (c) the 
paper ball 0.5 seconds after release. 

Figure 35 

1 
a--(W-D) 

m 
Figure 36 

So, how do we explain these very different velocity-time graphs? To 
understand what is going on you will need a quick preview of the section 
on aerodynamic drag. Considering one of the balls in my experiment 
pushing its way past the air molcoules, it seems reasonable that the force it 
experiences would be related in some way to the size and shape of the 
object and the sped with which it travels. The size. and shape of the two 
balls is more or less the same, and towards the end of the fall the velooity of 
the golf ball is higher, so the drag experienced by the golf ball is probably 
going to be slightly greater than that experienced by the paper ball. So why 
is the effect on the paper ball apparently greater? 

Consider the free-body diagrams shown in Figwe 35. The drag force 
acting on the two objects at some instant has now bwn included. The 
length of the weight and drag force vectors @ves some indication of their 
relative size. I hope that you can now see where the differena occurs. It is 
not in the actual magnitude of the drag force, which is similar for the two 
experiments, but in their magnitude compared with the other form acting. 
The difference is that the drag force on the golf ball was not significant 
compared with its weight, whereas the ~oceleration of the paper ball could 
not be accurately estimated without considering the drag. A golf ball has a 
mass which is approximately 46 g and a weight of 0.046 x 9.81 N = 0.45 N. 
In contrast the piece of paper forming the paper ball has a mass of 1 g and 
a weight of 9.81 X 10-' N = 9.81 mN. The weight of the golf ball is about 
46 times that of the paper ball. 

Referring again to Figure 35, I can derive the equation of motion for either 
ball by considering the resultant of the forces in the y direction. 

Ry= W-D=may 
So 

a,=(W-D)/m 
or 

a,=g- D/m 

Note that this is not a constant acceleration. As I said earlier the drag force 
D is some function of velocity (as you will see later it is approximately 
proportional to the square of the velocity). 

As the velocity increasm, the drag force inoreases and the acceleration a, 
reduccs. This is what happens in the paper ball experiment. The golf ball 
showed no sign of this reduction in acceleration but if I dropped it from a 
$reater height, say from a high building, then the much greater velocity it 
would eventually attain would certainly make the drag force significant. 
So when modelling the falling golf ball the question of whether drag is 
sigdficant depsnds on how far it is allowed to fall. 

The increase of the resistance or drag force with velocity has a further 
interesting implication. Consider again the paper ball experiment. The 
free-body diagram and the equation of motion which I derived from it are 
shown again in Figure 36. Remember that as the velocity increases so the 
drag term D increases. 

What do you t h i i  happens when D = W? 



The acderation bsarmsr m, 80 that the velocity becomes conotant. If 
the velocity becomes constant, then the drag force remains constant, so 
that 

D=W 
indcfinitcly. The body no longer accelerates, 
If we dropped the ball from sulkient height the velocity-time plot would 
look something like the one shown in Figure 37. Hence we have another 
situation in which the foras arc in equilibrium. In this cane the object is 
not stationary but mom with constant velocity. Thia is known as the 
tmnid wkeity. as you saw in Unit 5. 
Thia result is compatible with Newton'r Fa Law which cows this 
condition of constant velocity: 

"A body m m i ~  at rat, or continues to move in a straight line 
with a constant velocity, if there is no unbalanced force acting on 
it." 

#A0 12 
The drag force D on a steel sphere falling through air varies with velocity 
M shown in the graph of Figure 38. The mass of the sphere is 0.1 kg. 
(a) What is its aeakration under p v i t y  the instant after release? 
(b) Whatistheacoekrationwhenu=SOms-'? 
(C) What is its terminal velocity? 

GmWuctk a model for the lPUins wrtanc stamv would be more - .~ ~~ ~~ - ~ ~ ~ - -  

complex. If iou did the experiment you probebTy foun&hat it rotated as it 
fell and drifted under the action of air movement which you could not feet 
Obviously in this casc d y n a m i c  forces are highly eigdcant and no 
worthwhile estimate of the motion could be made without hem. 

I hope that this section has demonstrated that the only reasonable answer 
to the question 'would o b h b  of unepual mass M at the same rate?'. h 
that rhm is insu6kht &ta It &pc& upon the shape of the objc*. its 
mw and the speeds involved. These lactom dictate the signyicMce of the 
forces acting. Thia question of which forces to indude m the anal* of a 
Dymmka probkm may well be diaioult even for romeone e x p e r h d ,  
and is oRen very di5icult for someone new to the subject. Is the drag on a 
road vehicle s i ~ c a n t  at 70 km h-', =km h-', 5 km h-'? Don't worry, 
you will be given plenty of guidance in the questions in these Units, but do 
try and look at your answers critically to attempt to obtain a feel for how 
significant the various forces an. Only in this way will you develop the 
skii of an engineer rather than that of a textbook probkm solver. 

t 3  Frame8 of referem: muklng a rultable 
cltoh 

You have setn that you must always add a sst of w-ordimtc axs to the 
fm-body digram. They an used to provide orientation and positive 
scnw for the components d the foras and suk#lmt ncderations. The 
choice of orientation of the axis system is uaually up to you; a good choice 
dmplim the subwquent analyeis. A general rule to follow is to align one 
of the axes parallcl to any known, or anticipated acderation, espeoially a 
zero value of WUISC 

For a car accdrmting along a level road (F- 39). I would UEC an axis 
system aligned such that a, = 0, that h y h vertical.$ ho-, the car was 
accekrating uphill (Figure 40). a similar horizontal/vertical system would 
not be the best choice. It would be much better to align the x-axis with the 
direction of the inclined aoakration, as shown in Figure 41, so that again 
a, = 0. 

c tll 
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Figure 41 



We measure the acceleration, velocity and displacement of the car relative 
to the frame of reference, represented by the axis system. This frame is 
considered to be stationary. But what do we mean by stationary? In this 
case it would be wnsidcred to be fixed to the road or the Earth. However, 
we know that the Earth spins and moves around the Sun, so to an observer 
elsewhere in space this axis system is far from stationary. 

When you introduce an axis system into an analysis you are stating the 
'frame of referenceCC in which you are going to work. Thus, when analysing 
the car, you am measuring from a point on the road. 

When Newton formulated his laws of motion, based upon observations of 
the planets, he implied that there was a reference frame fucd absolutely in 
space, an 'inertial reference frame'. This is anidealized frame which we do 
not usually use in pmctice. For practical purpow what we do is to find a 
reference frame which is su6iciently inertial for the purposes of the 
problem in hand. When studying, say, the motion of a Moon probe a 
frame centred on the Sun and fixed with respect to distant stars is often 
used, the Suwta r  frame. For Earthbound problems such as the car, a 
frame fixed to the surface of the Earth is usually -table. This is known 

 ref fa arc^ as a terrestrid r#erencefime. 

810 13 
Insert a set of co-ordinate axes in each of the following diagrams in the 
orientation and sense which you think would be most us& in suhsequcnt 
analysis. 

10) Id) 

2.4 Procedure ior solvlng Dynamlcs problems 
As I mentioned in the introduction, the vast range of problems which may 
be analysed using the simple relationships based on Newton's laws can 
create difficulties. Faced with a new problem it is often hard to decide how 
to 'get started'. The aim of this section is to propose a logical step-by-step 
proocdure which may be followed for all the problems in this Block. 

A crucial step in the analysis of any problem is the construction of a free 
body diagram with the significant f o m  and a co-ordinate axis system 
inserted. A useful preliminary step is to make a sketch of the problem 
including relevant dimensions, even if it is little more than a repeat of a 
diagram presented with the question. At the same time it is worth 
assembling any known data regarding, for example, the mass or second 
moment of mass of the object under analysis in S1 units. Just producing the 
sketch often gives a better feel for what is going on and at least you feel 
that you have made a start. 

Once the free-body diagram has been constructed the equations of motion 
are derived from an application of the two relationships: 

You practised using these relationships earlier in this Block. You will also 
find that you have to apply some of the kinematic relationships which you 



have met in Unit 5. I will refer to these as the 'kinematic constraints'. o 

Consider, for example, the vertical wheel rolling on the plane in Figure 43. (01 

The velocity of the centre of the wheel is parallel to the plane so that v = v, 
and the angular velocity is a, (ace Figure 438). Due to the translation and 
rotation of the wheel the point P on the circumferena, which is 
instantantcously in contact with the ptaM, has a velocity 

v-a,r=v,-cur 

as shown in Figure 43(b). The point Q on the plane which happens to 
coincide instantaneously with P has no velocity, as the plane is stationary. 

Q / 
If there is no slipping, the points P and Q have the same velocity. As long 
as the wheel rolls without slipping, therefore, the motion is constrained so 
that we can write: / 

I 
where v, and v, an the components of the velocity of the antre of the 
wheel G. Differentiating these conditions with respect to time gives (cl 

a=-ar=0 

4 = 0  

where a, and a, are the components of the aCEO1eration of the centre of the 
wheel parallel and perpendicular to the plane respectively. Finally, 
therefore, the kinematic constraints can be written as Figure 43 

If, in later problems, you have difficulty in applying these relationships you 
should refer back to the relevant part of Unit 5. 

Sina I do not think you can apprcoiate a problem-solving procedure if 
you have not actually tried a repnsentative problem, the next SAQ is 
designed to guide you through a typical d y d r  The photograph (Figure 
44) shows the problem to be analysed. The baseboard is about halfa metre F,we long and is tilted at an angle of 20". How long do you estimate it would 
take the empty M g coffee jar to roll to the bottom of the board when 
releasat 0.1 S, 1 S, 5 s? Everyday experience allows us to make a 'guess'; I 
think you will agree that 1 second is the most probabk of those three, but I 
should not like to choose between 0.5 S, 1 9, and 1.5 S. 

In order to make a m n a b k  estimate we have to resort to dysis.  Keep 
in mind the approach: identiry the ~~t forcca, construct the free- 
body diagram and then wre the dynamic relationships to produce the 
resulting equation of motion for the antre of mass. From the 
aCEO1eratioptime curve we can then derive the velocity and 
displaocment-time plots to arrive at the required estimate. It may help you 
to understand the analysis better if you have a similar sort of jar to hand. 
Just rolling it across a desk top or down an A4 pad may clarily such 
questions as the direction of the friction force and the relationship between 
a and a. 

(Check your answers to each step before continuing) 

(3 Sketch the situation and include the following dimensions: A s d l e  ia(onnotion 

Jar diameter 60 mm (remember to convert to basic S1 units). Plane 
is 0.5 m long. For the moment call the mass of the jar m, the 
relevant second moment of mass I ,  and the angle of the plane to the 
horizontal 8. 



CofIstruct the free-body diagram 

Kinematic constraint on the 
motion of G 
Force equations 

M = l a  

Kinematic constraint on rotation 

Equation of motion 

Evaluation 

Kinematic analysis - the motion 
curues 

(b) Draw the free-body diagram including the position of the centre of 
mass G and a set of co-ordinate axes in what you consider to be the 
most useful orientation. You will also need a convention for the 
positive sense of moments and rotations. The significant forces are: the 
weight force W, the friction force causing the jar to rotate rather than 
slide (call it F) and the normal force of the plane on the jar (call it R). 

(c) Apply Newton's Second Law for the motion of the centre of mass, 
R = m& in terms of the two components 

R,=ma, and R, = 5. 

(d) Consider the kinematic constraint on the motion of G. Wbat is a,? 

(e) Do you know whether F = F,, = pN can be applied or not? 

(f)  What is M, the sum of the moments about G, of the forces? 
(Remember to indicate the sense.) 

(g) Apply the moment equation for the rotation, M = la .  

(h) Consider the kinematic constraint on the rotation of the jar. What is 
the relationship between the radius of the jar r, a,  and a? 

(i) The analysis has so far provided the following relationships: 

WsinB-F=mX 

Fr = l a  so F = Ia/r 

a, = ra so a = aJr 

Combine these three equations to produce an equation for a, in terms 
of W, m, I, r, and B. (Do this by eliminating F and a from the 
equations.) The result is the equation of motion for the centre of 
mass, G. 

U) For my coflee jar I measured the mass as m = 200 g = 0.2 kg. On this 
basis I have estimated that the second moment of mass I is approx- 
imately 180 X 10-6 kg m'. (This estimate will be discussed further in 
SAQ 38.) With the plane inclined at B = 20" what acceleration does 
our model predict? 

(L) Does this acceleration change as the jar rolls down the plane? 

This concludes the dynamic analysis. You have derived the equation 
of motion and estimated the acceleration. Since, in this case, the 
predicted acceleration is constant the subsequent kinematic analysis is 
relatively simple. 

(I) Sketch the motion curves (acceleration-time, velocity-time and 
displacement-time) and use the kinematic relationships governing 
constant acceleration to estimate the time taken by the jar to reach the 
bottom of the plane (0.5 m) after release from the top. 



2.5 Dynamic analysls procedure: summary 
If you managed to find your way through SAQ 14 you will already have a 
pretty good idea of the approach which I am suggesting for the analysis of 
problems in Dynamics. I have laid out this procedure below in the form 
of a block diagram or flow chart. You may find it useful to make a copy of 
this since I will refer to it many times in the course of these Units. 

I do not expect you to be able to use the procedure yet to solve problems. 
In these Units I will discuss the steps which are new to you, leading up to 
the stage where, hopefully, you will have confidence in tackling problems 
which you have not met before. In these first two sections you have been 
given an overview; now we can go on to look in more detail. 

GETTING STARTED 

Sketch the situation and assemble information regarding mars. 
second moment of mass, dimensions, etc. I 
DYNAMIC ANALYSIS 

t 
Step 5 Apply equations relating to the f m .  I 

I 

Slep 2 

Slrp 4 

I 
Step 6 , Apply M-/a I 

1 

Consrmn the free-body diagram, Include paition of G. 
, m-ordinate axes, moment convention and significant force 
, vecmn. 

Apply kinematic constraints regarding the tradation of G. I 

Step 7 I Apply kinematic mnstraints regarding rotation. p 1 

I 

Evaluate I Combine equations and introduce data from Step l I 

Sketch the motlon curves and extract my required estimates of I velocity or diriaament. I 




