
Figure 48 

Figure 50 

A shafi is a m e m k  carrying a torque, which means that a twisting 
moment is applied around the longitudinal axis of the member (Figure 48). 
(Be oanful to distinguish this from the moments applied to a beam - 
Figure 4.) Two examples of wmmon objects in torsion arc a screwdriver. 
and a drill bit. Naturally torsion can be applied to members of any aoss- 
section. One of the most wmmon uses of shafts is to transmit mechanical 
power, for example the typical motor car drive-shaft. The longest torsion 
members that I know of are the very long tubes used for drilling for oil, up 
to 10 000 m long. 

To design shafts we need the appropriate equations, and for that we need 
to look at the stress and strain as we did for beams. I shall only deal here 
with circular shafts which have a constant cross-section, solid and hollow, 
but in fact this covers the great majority of practical -. 
Figure 49 shows a thin-walled shaR in torsion. The result is that end B has 
rotated relative to end A by B radians. (I shall call A the 6xed end, but it is 
only the relative rotation of B that matters, so it would not matter if the 
shaft were rotating at wnstant angular velocity.) The line AB, previously 
parallel to the shaft axis, has now rotated by the angle y. B has moved by 
RB, so y = ROIL You should ncognizc y as shear strain. 

Provided the material is within its linear elastic region, this is associated 
with a shear strew of value T = Gy, w h m  G is the shear modulus. Hence 
T = Gy = GRB/L This shear stnss acts around each section of the tube 
(Figure SO), in opposite directions on opposite sides of the cut, of course. 
The value of stress must be such as to balana the applied torque T. The 
average circumference is 2uR and the wall thickness t, giving an area 2uRt 
at an average radius R, so the torque is 

T ~ z x 2 u R t  x R = 2 u R 2 n  

We also found that 7 = GROIL So 

T = 2nR2t X GRBIL - 2nR3t X GB/L 

Rcprescnting 2nR3t by J gives T = JGBIL or 

T GB -=- 
J L  

Note that J = 2uR3t = 2nRt X R' = A X R2 where A is the cross-sectional 
area. Hena  J is another second moment of area rather like l. However, J 
is measured about the longitudinal axis and is called the polar second 
moment ojarea, whereas I was measured about the transverse bendi i  axis 
(Figure 51). 

SA0 .ll 
(a) What arc S1 the units of J? 
(b) Check the units of the equation T/J = GBIL 

SA0 91 
A 2 m long tube of diameter S mm is made of a material with maximum 
permissible shear strain y = 0.001. Through what angle can the frce end of 
the wire be twisted in torsion? 



Now what happens if the shaft does not have thin walls, or is solid? 
Figure 52 shows a thick-walled shaft which we can imagine to be made 
up of many concentric thin-walled shafts. The twists of these imaginary 
tubes must occur so that they do not slide over each other, because the 
material is not damaged - the twists must be compatible. Hence each 
thin tube has the same angular rotation, with a radial line remaining ~ncompat~ble compatible 

t w Q S  tmllts 
radial. Since B is the same for each tube, the nth tube contributes a torque Figure 52 T, = J,GB/L. The total torque is therefore 

where J is the total polar moment of area. J was given earlier for a thin 
tube as J = 2nR3t. If I change the thickness t to an incremental thickness 
dR then I can find J for a thick wall by integrating: 

where R, and R, are the inner and outer radii. For a solid rod R, = 0, so 
J=*nR4. If you know that J=fnR4 for a solid shaft, it is easy to 
remember it for a hollow one - you just subtract the J of the missing 
piem 

ate J = f r(K4 - k4) 
I Find material shear modulw G from tablm. 

Calculating J is a common source of arithmetic error, so do be careful. The 
quickest way to get a fourth power on my calculator is to press the x2 key 
twice. Watch the units - convert to metres before substituting, or convert 
as 

Example 

A saloon car propshalt of steel has outer diameter 75 mm, wall thickness 
1.5 mm, length 1.5 m, and is transmitting a torque of 80 N m. Estimate the 
angular deflection. (Use G = 80 GN m-2 for this steel.) 

solullon 
The shaft external and internal radii are 37.5 mm and 36 mm. 

J =f n(37.S4 - 364) mm4 = 4.68 X 10' mm4 = 4.68 X 10-' m4 

From 



SA0 39 

A steel wire (G = 80 GN m-') of 20 m length and 0.5 mm d i e t e r  is 
twisted 10 revolutions. What torque is required? 

SA0 34 

A tube of aluminium alloy (G = 30 ON m-') has inmr diameter U) mm, 
wall thickness 2.5 mm, and length 5 m. (a) What is the J value for this 
hlbe? (b) If the tube is twisted 0.4 radians, what is the toque? (c) What is 
the shear strain? 

The other important value that we need to be able to predict for a shaft is 
the maximum torque that it can transmit without damage. The usual S i t  
on this is the material capabilities - the shear yield stress 7, or shear 
failure s m s  zp .  This will h t  OCCUT in the outermost material, at 
maximum radius, because that is where the strain is maximum. 
(Remember y = ROIL, Figure 49.) Substituting 7 = Gy (definition) into 
y = ROIL gives GO = 1 4 R .  Substituting this into T/J = GO/L gives 

The maximum stress T,, occurs at the maximum radius R,,,, so the 
maximum torque is given by T/J = 7, J R .  

where 7 is the material limit s t m  7, or 7,. and R, is the maximum (outer) 
radius. You should see that this equation is closely analogous to M = 
am..l/ym.. for a beam. The stiffness of the shaft is proportional to J,  but its 
strength is proportional to J/R,. 
I I 

1 w=MeJ=intg-Rf) 
2 Find materid stna~ limit from tables. 

The saloon car propshah of a previous example was steel (7, = 
160 M N ~ I - ~ )  with outer diameter 75 mm, wall thickness 1.5 mm. 
Estimate the maximum elastic torque. When the propshaft is transmitting 
80 N m, what is the load safety factor? 

Safety factor = ZOOO/80 = 25. 

SA0 95 

A screwdriver has a 3 mm diameter solid steel shaft (r ,  = 250 MN m-l). 
What toque can it transmit? 



A power transmitting shaft made from steel (7, = 160 MN m-', G = 
80 GN m-l) has 30 mm outer diameter, 3 mm wall thickness and is 6 m 
long. (a) Calculate the J value. (b) Estimate the maximum elastic torque. 
(c) Estimate the angular deflection for the maximum torque. (d) Calculate 
the maximum shear strain in the shaft when transmitting maximum 
torque. 

SAQ 37 
How will the maximum torque that a solid shaft can carry be changed by 
each of the following (alternative) design changes? (a) Double the 
diameter. (b) Double the length. (c) Same amount of material in hollow 
shaft of twice the outer diameter. (d) Change to material with 50% higher 
yield stress. 

Summary of Sectlon S 
Circular shafts have a maximum torque T = rJ/R. where J = frr(R: -R:) 
and 7 is the limiting stress. The torsional deflection 0 and torque T are 
related by T/J = GO/L The shear strain y is related by y = ROIL 



Glossary 

Term 
Text 
reference Explanatim 

Beam 1.2 
Bending moment 3.2 

Bending-moment diagram 3.3 

Buckling 4 
Calculated failure load (CFL) 1.3 

Cantilever 3.1 
Column 1.2 
Critical (buckling) load 4 
EncastrC support 3.1 
Euler formula 4 
Flexural rigidity 4 
Load safety factor (LSF) 1.3 

Maximum elastic moment 3.2 

Neutral axis 3.2 

Neutral plane 3.2 
Polar second moment of area 5 

Safe workiig load (SW) 1.3 
Second moment of area 3.2 

Section modulus 3.2 

Shaft 1.2 
Stability 1.1 

Stiffness 1.1 

Strength 1.1 

Stress safety factor (SSF) 1.3 

Structure Intro. 

Strut 1.2 
Tie 1.2 

Member carrying loads which tend to cause bending 
Moment acting at a section through an elastic beam, which 
causcs bending 
Graph showing the distribution of bending moment along a 
beam 
Failure of a member through instability in wmpmsion 
Load, estimated by calculation, which is expected to just cause 
failure through a single steady application 
Ream 6 x 4  at one end, free at the other 
Vertical member in w m p m i o n  
Compressive load which just causes buckling in a strut 
A support at which a beam is clamped (sec Figure 6) 
Lowest critical load for a simple strut, P = naEI/L2 
El,  a measure of a member's stiffness in bending 
Factor by which a load could be increased before reaching the 
calculated load limit 
Maximum moment within a beam that will not cause 
permanent plastic deformation 
Intersection of the neutral surface in a beam with a chosen 
cross-section 
Plane of zero stress within a beam 
The integral J = j2nR3 dR for circular or annular cross- 
sections 

Load which is cansidered safe ia proper use 
The integral I = jy2 dA over a cross-sectional area A, where y 
is the distance from the neutral axis 
Z = I/y-, where I is the second moment of area and y,, is 
the maximum distance of material from the neutral axis 
Member in torsion 
Ability of a structure to carry applied wmpmsive loads 
without buckling 
Ability of a structure to carry applied loads without too much 
distortion 
Ability of a structure or material to carry applied loads 
without yielding or breaking 
Factor by which the calculated stress could be increased before 
exceeding some chosen limit 
An assembly of members connected together to carry applied 
loads 
Member in compression 
Member in torsion 



Answers to Self-Assessment Questions 

SA0 1 
Failure load= 1000 kg X LSF- IOOOO kg 

Failure tension = 10 000 kg X 9.81 N kg-' = 98 kN 

SA0 8 
(a) m' X m'=m4 

(b) m4/m=m3 

SA0 2 SA0 10 
Maximum load weight = 3500 kg X 9.81 N kg-' = 34.3 kN R = 0.015 m 

LSF = 500 kN134.3 kN % I5 (a) From Table 5 l - uR4/4 = 4 X 10-g m* 

SA0 S 
(b) Z = lly, y = 0.015 m, Z - 265 X 10-6 m3 

Crosssectional area = 100 X n X (0.5 mm)' SA0 11 
= 78.54 X 10-6 m2 R, = 0.015 m, R, = 0.01 m 

Working stress = 4WON =51x106Nm-' 
78.54 X 10-6 m' 

SSF = 
280x 106 
51 X l06 

Stms safety factor is acceptable. 

Extension e = 4000x100 t0.024111 
210 X log X 78.54 X 10-6 

Extension is acceptable. 

For extension e = 2.5 mm = 25  X 10-S m 

A =  
100 X 50 

200 X 109 X 2.5 X 10-3 

The minimum cross-donal area is 10 mm'. 

(a) 1 =%(g - R:)/4 - 3.2 X 10-s m4 

(b) Z-lly, y=0.015m, Z = 2 1  X 10-6m3 

(c) uR4/4 = 3.2 X 10-', R = 0.0142 m, D = 28.4 mm 

(d) uR3/4=2.1 X 10-6, R-0.0139m. D=27.8 mm 

SA0 l2 

(3 Doubled (consider two beams alongside each other). 

Figure 53 

(b) Trebled. 

(C) See Figure 54. 

(C) Calibrate the tape for a known tension, say M N. and 
try to use at that tcasion. 

SA0 5 
Then sre various other possible combinations of fora  Figure 54 
and moment, e.g. a moment only, but these are rarely met 

. 

in practice. Twia the fora  at hvia the moment arm gives four times 
the moment. 

SA0 B 
(a) Tbe fibre is on a circle ruc of radius R + y 

(b) Lcagth=(R + y)0 

SA0 7 
(a) Extension = (R + y)0 - R0 - yfl 

(b) SUain = $/R0 = y/R 

SA0 8 
(1) and (2) R&r to the Unit text. 

Similarly, from Z - h'/6 (a is the depth here) doubling a 
gim four times Z. 

SA0 19 
Weight (and mass) am proportional to cross-sectional 
area. 

(a) Double, treble and double. 

(b) Yea Four times thc moment and twia the weight, 
gives hvia the strength/weight ratio. 

(3) (a) top or bottom, (b) bottom, (c) bottom, (d) top, 



SA0 14 
Thc moment is d m  furthn away from tbe root so the 
amount of material can be d u d  Actually the moment 
is proportional to the distma from the forcc, M = Fx, so 
Z -  ab2/6 could be proportional to X. Therefore either 
make a proportional to X or make b2 proportional to X .  

SA0 16 
(a) 1 = ab3/12 = 6.67 X m4 

y=b/2=O.Olm 

Z - 6.67 X 10-' m3 

(For this simple d o n  you could just use 
Z = ab2/6.) 

M=oZ=3M)x1O6x6.67x 10-' 

=MONm 

This is not adcquatc. 

(b) 'sal~ty lactor. is m/zso = 0.8 (not safe) 

(c) Double width, a = OBZ m. Z = 1.33 X 10-6 m3, 
M = W N m  

Then LSF =400/250 - 1.6 

(d) Double depth, b = 0.04 m, Z - 2.67 X 10-" m', 
M = 8 0 N m  

Then LSF = 800/250 = 3.2 

For the whole beam 

Moments about A: 

6Wx1+300x3-RDx5-0,  soR,=+MON 

Vertical e~~ 

R,+R,-BM)-0, soRA=+600N 

~C+-pJN 
M C ~ + ~ N  

-JM 
Figure 56 

(b) MaximumBM=+600Nm 

(c) For a safcty factor of Bve, elastic moment = 3000 N m 

SA0 17 
(a) Weight = 80 kg X 9.81 N kg-' = 785 N 

Maximum BM h 3.14 kN m. Thin oxcadd the bepm 
capability, so it will yield. 

(b) For LSF = 4, BM capb'ity -4 X 3.14 kN m 
-12.6kNm 

(c) Maximum applied moment 2 kN m/2= 1OM)N m 

For 785 N this win oaw at 1.27 m 

For the whole beam 

Moments about B: 

-MOxO.5+300~1+100~2-R2x2-200-0  

R,= + 1 0 N  

Vertical equilibrium 

R,+Rz-200-300- 1 0 = O  

R, = +rnN 



Figure 62 

(b) Maximum BM = 200 N m 

(C) LSF = 2501200 = 1.25 

(3 

Figure 63  

From equilibrium of whole beam: 

RA=4kN. &=ZOkN 

2 6 k ~  
Figure 64 

Figure 65 

(b) Maximum BM = 16 kN m 

(c) LSF = 2 The beam will not collapse. 

Figure 66 

30kN 16kN 12kN 25kN 

W 
Figure 67 

Figure 68 

(b) Maximum BM = 6 kN m 

(c) For LSF of 4, minimum beam elastic moment 
=24kNm 

For mild steel say, ry = 240 MN m-' 

Z= M/ay = 1.0 X 10-' m' 





SA0 &3 
Radius R = 0.25 mm = 2.5 X 10-4 m 

J =fnR4 = 6.136 X 10-"m4 

O=lOxZnrad 

T = GJOIL = 0.0015 N m 

SA0 94 
R. = 12.5 mm - 0.0125 m 

R, = 10 mm = 0.010 m 

(a) J=fn(R:-R:) 

= 2.264 X 10-a m4 

(b) T =  GJOIL = 54.3 N m  

(C) y = ROIL m 10-3 

SA0 35 
Radius R = 0.0015 m 

J - 7.95 X 10-" m' 

T = 1.3 N m certainly cannot be exceeded. 

SA0 38 
R. = 0.015 m. R, = 0.012 m 

(a) J =4.7 X 10-B m4 

(b) T=rJ /%=MONm 

(C) B = TLIGJ = 0.8 rad 

(d) y = r/G = 0.002 

or y = ROIL = 0.002 

SA0 97 
Maximum torque T = r J / k  

For a solid shaft JIR. = fnR:/R, - fnRa 

(a) Double diameter, torque eight times. 

(b) No change. 

(c) For same cross-sectional area 

n(R: - R:) = nR2, so R: = - R' 

hut R, = 2R, so R: = 3Ra, R, = & R 

J = f n ( ( 2 ~ ) *  -($ R)') = bR4(16 - 9) = inR4 X 7 

The J value, and hence the maximum torque, is 
increased by a factor of 7, but is doubled, so 
strength is 3.5 times. 

(d) 50% higher. 



Index to Block 6 
actual load (AL) 42 
actual worst load (AWL) 42 
allowable sness (AS) 42 

beam 5438 
beam maximum bending procedure 63 
beam sections 60,61 
bending moment 59 
bending-moment diagram 64 
bending-moment diagram @ure 68 
brittleness 14 
buckling 69.70 

calculated failure load ((3%) 55 
cantilever 58 
circular shaft maximum torque procedure 76 
circular shaft torsional deflection procedure 75 
column 69 
complementary shear suess 12 
compressive suess 8 
critical load 70 

direct strain 9 
direct stress 8 
ductility 14 

elastic limit 14 
element 12 
encasot support 58 
Euler formula 70 
expected failure load (EFL) 21 
expected load (EL) 21 

failure stress (FS) 21 
flexural rigidity 70 
fracture stress 16 

Griffith crack theory 21 

homogeneous 16 

isotropic 16 

limit of proportionality 
load factor (LF) 
load safety factor (LSF) 
lower yield point 

maximum elastic moment 
maximum shear stress 
maximum shear stress procedure 
modulus of elasticity 
modulus of rigidity 
Mohr's circle procedure 
Mohr's stress circle 

necking 
neutral axis 

neotral plane 
normal suain 
normal stress 

permanent set 
plane stress 
plane stress element 
plane stress transformation equations 
hisson's ratio 
polar sccond moment of area 
predicted suess (PS) 
principal planes 
principal stresses 

resistance factor (RF) 
resistance factor - load factor method 
RF-LF method 

safe working load (SWL) 
safe working stress (SWS) 
sccond moment of area 
section modulus 
shaft 
shear force 
shear modulus 
shear strain 
shear soress 
St Venant's principle 
stability 
stanchion 
stiffness 
suain-hardening 
strength 
stress 
seess component pair 
SUWS 
stress safety factor (SSF) 
stress-strain curve 
structure 
strut 

tensile stress 
test load (TL) 
tested failure load (Tn) 
tie 
tie design check procedure 
transformation equations 
transverse strain 

ultimate sness 
upper yield point 

working suess (WS) 

yield stress 
Young's modulus 




