
Technology: A Second Level Course 
Engineering Mechanics: Solids 

Block 8 
Vibration 

The Open University 



Englneerlng Mechanics: Sollds, Course Team 

Alec Park inson  Professor of Engineering Mechanics, T235 Chairman 
Rosalind Armson Lecturer in Engineering Mechanics 
Derek Cooknel l  Consultant 
John Dixon Senior Lecturer in Engineering Mechanics 
Kei th  Martin Lecturer in Engineering Mechanics 
R a y  Morgan Staff Tutor. Technology 

External Aue.oor 
Prof. J. B. Roberts University of Sussex. Dept. of Mechanical Engineering 

Alan  Dolan Course Manager 
G a r r y  Hammond Editor 
Richard Hoyle Graphic Designer 
M a r k  Kesby Graphic Artist 
Andrew Millington BBC Producer 
Ted Smith BBC Producer 
M a r t i n  Wright BBC Producer 
B o b  Zimmer Institute of Educational Technology 

T h i s  course is based largely on t h e  Open University course  T232 
Engineering Mechanics: Solids. Acknowledgement  is made t o  t h e  
members of that course team whose work now f o r m s  part of T235 
Engineering Mechanics: Solids. 

Contents of the Course 
Block 1: Geomet ry  o f  mechanisms 
Block 2: Stat ics  
Block 3: Kinematics 
Block 4: Dynamics 
Block 5: Acceleration 
Block 6: Structures 
Block 7: Energy a n d  momentum 
Block 8: Vibrat ion 
Block 9: Design s t u d y  

The Opsn University. Walton Hall, Milton Keynes, MK7 MA 
First published 1990. 
Copyright i(7 1990 The Open University 
All righls m w e d .  No pan of this publication may k rcprcdud. s t o d  in a retrieval 
systm or transmitted, in any form or by any mcans, without written permission from the 
publisher or a licence lrom the Copyright Licensing Agency Limited. Details of such lianrrs 
(for reprographic reproduction) may k obtained from the Copyright Liansing Agency Ltd 
of 33-34 Allred Place. London. WC1 E 7DP. 
Designed by the Graphic Design Studio of the Opn University. 
Typset and printed in Great Britain by H. Charlesworth of Huddnsfield, Yorkshire. 
This text is one component ola multi-media Open University course. If you have not carolled 
on thiscoursa and would like to buy this or other Opn University material, please write to: 
Open University Educational Enterprises Ltd. 12 CoReridge Close. Stony Stratford. 
MKll  IBY. Great Britain. U you wish to enquire about enrolling as an Open University 
student, please wrile 10 The Admissions ORKS The Open University. PO Box 48. Walton 
Hall. Milton Keynes. MK7 6AB. Grenl Britain. 
ISBN: 0 7492 6036 X 
Edition 1.1 



Unit 14 
Vibration 

Contents 

Alms 
O b / ~ v e s  
Notatlon 
lntroducllon and Study Oulde 

1 Natural vibration 

2 Damped natural vlbratlon 

S Forced vlbratIon 
3.1 Forced harmonic vibration by ground motion 
3.2 Forced harmonic vibration by applied force 

4 Damped h& vlbrallon 
4.1 Vibration by applied force 
4.2 Vibration by ground motion 
4.3 Summary 

5 Vlbratlon control 
5.1 Total vibration and transients 
5.2 Vibration tolerance 
5.3 Control methods 
5.4 Vibration isolation 

Summary 
G l o s ~ r y  
Answan to Sell-Assemment Ouesti01). 
Index 



Aims 

To introduce the fundamental concepts of vibration analysis and so 
explain the basic features of natural and forced vibration. 

To present the principles underlying procedures for vibration control 
and isolation. 

Objectives 
When you have worked through Section I, on natural vibration, you 
should be able to: 

Describe the natural vibration of a simple spring-mass model system. 

Calculate values for natural frequency and period from data for mass 
and stiffness (SA@ 1, 2, 3). 

Calculate the amplitude of natural vibration for given initial conditions 
(SAQ 3). 

When you have worked through Section 2, on damped natural vibration, 
you should be able to: 

Explain the elTect of damping on natural vibration and calculate the 
damped natural frequency, the damped period and the damping ratio 
for given mass, stiflness and damping values (SA@ 6.7). 

Sketch the natural vibration curve (SAQ 7). 

Interpret a natural vibration trace and hence estimate the various 
system parameters (SAQs 8,9). 

When you have studied Section 3, on forced vibration, you should be able 
to: 

Estimate the steady-state amplitude response of a system in forced 
vibration (SAQs 11, 12, 14). 

Perform simple design calculations for a system to meet specified 
vibration requirements (SAQs 12-14). 

After studying Section 4, on damped forced vibration, you should be able 
to: 

Estimate the magnification ratio or the transmissibility and hence 
calculate the steady-state amplitude response (SAQs 15-17). 

Estimate the phase of a damped forced vibration (SAQs 17,19). 

Caay out simple design calculations to achieve a specified forced 
response (SAQ 18). 

Finally, on completing Section 5, on vibration control, you should be able 
to: 

Estimate maximum vibration levels for human exposure (SAQs 20,21). 

Calculate the force transmitted to the support of a vibrating system 
(SAQ 22). 
Design a simple vibration isolating mounting to meet specified perfor- 
mance criteria (SAQs 23-29). 



Notation 

Svmbol Ouantitv S1 units 

A amplitude m 
c damping coefficient N s m - l  
e equilibrium extension m 
e base of natural logarithms (=2.718) - 
f undamped natural frequency Hz 
h damped natural frequency Hz 
Fo driving force amplitude N 
k spring stiffneaa N m-' 
m mass kg 
M magni6cation ratio - 
N number of cycles - 
PO transmitted force amplitude N 
R amplitude ratio - 
t time S 

t~ time for N cycles S 
T transmissibility - 
X displacement m 
X forcing displacement m 
x o  forcing displacement amplitude m 
a damping factor S-' 

e phase angle rad 
F damping ratio - 
T undamped period S 

Td damped period S 

4, $ phase lag rad 
D forcing frequency rad S-'  

o undamped natural frequency rads-l 
"Jd damped natural frequency rad S-' 



Introduction and Study Guide 
You may experience, or see the effects of, vibration in your domestic, social 
or work activities. 

For example if you travel by train you will feel the train swaying as it 
crosses a set of points or other track irregularities. You may also have 
difficulty trying to drink hot coffee or tea on a train moving at high speed 
due to the swaying motion. Have you heard the cutlery on tables in the 
dining car rattlig on such trains? Alternatively in travelling by car you 
may see the interior mirror vibrate at certain road speeds (strictly engine 
speeds). Again at other road speeds vibration can be felt through the 
steering column, due to unbalance in the front wheels which produces a 
vibratory force. 

In the domestic environment a pendulum clock operates through vibra- 
tion, and the loudspeakers of a music centre depend upon vibration for their 
effect (pleasant or otherwise). Spin-driers in domestic washing machines 
often demonstrate violent vibration. 

Vibration can also be a problem in complex industrial machinery and 
structures. Almost all machines, such as machine tools, experience vibra- 
tion in certain circumstances and such vibration can lead to reduced 
performance, increased wear (and lowered reliability), and even dangerous 
failures. An aircraft gas turbine engine, for example, may vibrate and 
transmit vibration to the aircraft. It can also suffer a vibration-induced 
failure which can lead to a serious accident. Suspension bridges and 
industrial chimneys have suffered structural failure due to aero- 
dynamically excited vibrations. 

Vibration is therefore often regarded as a source of trouble and danger, but 
there are many examples where vibration is beneficial, so that it may be 
designed into a system deliberately. A modern electronic watch or clock 
contains a quartz crystal whose oscillation (that is, vibration) is the key to 
cheap and reliable time-keeping. Industrial mixing and sorting devices 
also usefully employ vibration. 

We have seen that vibration occurs widely, but in this Unit my aim is to 
provide an introduction to vibration in the context of simple systems. 
Indeed, we will only meet systems with one degree of freedom. A system 
with one degree of freedom requires only one variable, or coordinate. to 
specify. I will mainly work in terms of a simple model comprising a mass 
supported on a spring, so that the position of the mass defines the single 
motion coordinate. I will introduce and discuss the important basic 
concepts of vibration, such as frequency, period, damping and resonance. 

My onedegree-of-freedom model serves this purpose well, but it has 
further significance. Many practical vibration problems arise in systems 
which have many degrees of freedom - a suspension bridge for example. 
Such systems have many modes (or ways of vibrating), but very often the 
motion of a complex system in any one of its modes is analogous to the 
vibration of my one-degree-of-freedom model. The results of this Unit can 
therefore give a good insight into vibration behaviour and hopefully will 
give you a sound foundation on which you can build further study. 

In Section 1 the simplest form of vibration is introduced in which a 
spring-mass model oscillates freely under the action of a spring force, but 
there is no applied, external vibratory force. Such motion is termed 
'natural'or 'free'vibration, and its principal characteristic is its frequency - 
that is the number of times the system oscillates per second. The inverse of 
the frequency, namely the period of a vibration, is also introduced. 

All real vibrating engineering systems have energy losses due to frictional 
effects. In Scction 2 therefore damping is added to our model to take 
account of these losses. The e k t s  of damping on the natural vibration are 



described, and expressions developed for the damped natural frequency 
and the damped period. 

An important class of vibration is that produced by an externally imposed 
excitation, such as an applied sinusoidal fom. Fomd  vibration is 
investigated first in Section 3 for the undampcd modclfor two kinds of 
external excitation. The analysis is extended to the model with damping in 
Section 4. We will sec in both sections that the magnitude of the vibration, 
called the amplitude, is an important factor in quantifying fomd, 
hannonic vibration. The amplitude also plays an important role in the 
description of ice vibration. In particular, I will introduce the idea of 
resonance at which the amplitude of fomd vibration is large. Another 
important Iactor for describing forced vibration is introduced, namely 
transmissibility, which relates the input on one side of the spring in our 
model to the resulting output on the other side. 

Finally, in Section 5 various techniques for reducing and controlling 
vibration, especially forced hannonic vibration and resonance, are 
reviewed. 

The use of mathematics in analysis has been minimized where possible in 
this Unit, although all the results can be subjected to rigorous proofs. My 
intention is to emphasize physical understanding. Once again, gmat 
emphasis is placed on acquiring problem-solving techniques through 
attempting the SAQs. 



Figure 2 

Figure 4 

1 Natural vibration 
The simplest mechanical system that can exhibit vibratory behaviour is 
one containing a single stiffness and a single mass (Figure 1). This could 
represent a real object on a spring but it can also be. a model of other real 
physical systems. Of c o r n  a real object on a spring can swing sideways 
and twist too - it has six degrees of fodom. In my model the component 
with mass is only allowed to move up and down - it is a single-degra-of- 
freedom model. The extent to which it represents the behaviour of a real 
system will be limited by the propensity of the real system to move in other 
ways. In this Unit you will be studying the theoretical behaviour of this 
single-degree-of-freedom model and comparing it with real behaviour. 
This simple system exhibits most of the important features of vibration, 
and can give you considerable insight, even into much more complicated 
systems. 

As you saw in Unit 3, when a real object such as a lead ball is hung on a 
real spring, the spring stretches. The ball has an equilibrium position 
w h m  it stays if carefully released there (Figure 2). If the ball is pulled 
down, through an extra distance X, the force from the (linear) spring 
becomes k(e + X). The total resultant force on the ball in the x direction is 
then (Figure 3): 

The extra displacement X has caused a force kx towards the equilibrium 
position. The direction of the force is indicated by the minus sign. It is 
called a restoring force. If it is approximately proportional to the 
displacement it is described as linear. Restoring forces do not have to be 
elastic ones - they can arise from buoyancy (ships), aerodynamics 
(aircraft), weight (pendulum), and so on. 

The resultant force is towards the equilibrium position, so if the lead ball is 
released it acaleratcs that way, until it reaches there with a speed v. 
However, there is no reason for it to stop, so it goes on. The restoring force 
is then downwards, towards the equilibrium position, decelerating the ball, 
eventually managing to stop it and send it back again. This continues 
repetitively, the ball moving up and down and up and down (Figure 4). 
This is vibration. The system required two properties to do this. Firstly it 
needed a restoring force (stiffness here). Secondly it needed mass (to make 
it overshoot equilibrium). That is the reason for my opening sentence to 
this section. 

You saw in Unit 3 that every structure has mass and stiikcss. Hena every 
structure can vibrate, and hence the engineer's great conarn with 
vibration problems. 

O n a  the lead ball is released, it vibrates without any further external 
influence being required. This is called natural vibration orfree vibration. 
Vibration in response to a continuous external stimulus is called forced 
vibration, and we shall look very closely at this later. F i t  you need to 
understand some of the features of natural vibration. 

Experimenting with a lead ball and spring quickly shows some interesting 
features of the vibration. Figure 5(a) shows the position-time graph for 
release from rest at 5 mm from equilibrium. The first notable feature is that 
for a reasonably short time at least the ball always travels a given distance 
from the equilibrium position before stopping. This distance is called the 
amplitude A, 5 mm in this case. The ball moves through a total range of 2A. 
By definition the amplitude is always positive. The motion from any 
given position until the ball next occupies the same position and is moving 



Figure 5 

in the same direction is called a cycle. Thefrequency of the vibration is the cr& 
number of cycles made in one second. For my lead ball and spring released fquaq 
with an amplitude of 5 mm I measured almost 28 complete cycles in ten 
seconds, that is 2.8 cycles S-'. In S1 units the cycle per second is called the 
hertz (abbreviated Hz), named after the German academic Heinrich Hertz, Lcm 
so the natural vibrationfrequency is f = 2.8 Hz. The period is the time for d rRtia 
one cycle. I shall represent this by 7, the Greek letter tau, so pior 

If the ball is released from rest further from equilibrium then a larger 
amplitude, A,, results (Figure 5b). Also a startling new fact emerges. The 
frequency is the same as for the smaller amplitude. Although the ball has 
to travel further, it goes correspondingly faster. This is a surprising result, 
and so important that I shall repeat it. To an excellent approximation the 
frequency does not depend on the amplitude. The frequency also remains 
constant throughout the oscillation. 

What then does the frequency depend on? The two principal physical 
parameters are the stiffness and the mass. By hanging two balls on the one 
spring I can double the mass without changing the stiffness. The result is a 
frequency of about 2 Hz, which is certainly reduced but not halved. Two 
springs in series (Figure 6). have half the stiffness. With a single ball on the 
pair of springs, f =  2 Hz, so a reduction in stiffness produces a lower 
frequency, but again not in simple proportion. It will be very important to 
us later on to be able to estimate natural frequencies, so it is important to 
find the pattern behind these results. To do this we need to return to the 
idealized system of Figure 1 and analyse it theoretically. 

Our theoretical model has a perfectly linear 'spring' of no mass, and a mass 
that is perfectly rigid. It operates without any friction or drag (until later in 
the Unit). Figure 7 shows the restoring force on the mass when the 
displacement is X. Applying Newton's Second Law (Block 4 procedure) 
along X: 

R,=mg-k(e+x)=ma 

mg-ke-kx=ma 

-kx=ma 

Now, using the dot notation for time derivatives (a = i), 
-kx = M 

which is usually rewritten in the form 

mY+kx=O 

This is the differential equation of motion. Our problem now is to find the 
solution to this equation. The solution will tell us the motion of the model 
mass which will be our estimate of the motion of real vibrating objects. 

2.8 Hz 2 Hz 

Figure 6 

Figure 7 



As indicated in the Introduction, this Unit is not intended to present a 
detailed mathematical analysis of vibration. Nevertheless a basic under- 
standing of the procedures is helpful and I hope that sufficient guidelines 
are given for you to take the matter further if you wish. Fortunately there 
are a few basic equations that keep cropping up in vibration engineering, 
and the answers are well known. They can be looked up in any good 
handbook. 

In this case if 1 write 

then the equation of motion becomes 

which is the well known equation for simple harmonic motion. For a 
solution we need X as a mathematical function of time which, when 
direrentiated twice, gives an expression for 3 which is proportional to X. 

Two possible functions of this type are sin At and cos At. For a solution 
therefore I will try 

X = B sin h + C cos At  

Differentiating this expression gives 

X = BA cos At - CA sin At 

and differentiating again gives 

X = - BA2 sin At - CAZ cos At 

= -A2[BsinAt+CcosAt] 

= - A'x 

If I substitute this result into the equation of motion 

-A2x+w2x=0  

or (W' - A2)x = 0 

At most times during the vibration X is non-zero, so my solution is valid if 
,,,-A'=O 

The solution therefore is 

What exactly is o ?  Sin ot and cos ot go through one full cycle in 360", or 
2 n  radians, so in the time of one period ( r ) ,  WT = 2n. We already know 
that the period 7 = Ilf, where f 1s the frequency in cycles per second, so 
0 7  = o/f = 2%. that is o = 2x5 So o is the natural frequency expressed in 
radians per second: 

in rad S-' 

Now we can calculate the vibration frequency of our model in terms of the 
physical parameters of stiffness and mass, and we can begin to make 
predictions about real physical vibrations. 

We have seen that w depends upon the mass and stiffness of the system. 
The parameters B and C in our solution depend upon the init~al 
conditions, that is the way in which the vibration is started at t = 0. For 



example, if the system is nleawd from.rest at t = 0 with a displaamcnt of 
5 mm from its equilibrium position, then the initial conditions arc: 

From the general solution therefore we have at t = 0 

x=Bsincu t+Ccoscu t -C=5m 

f = h c o s o t - C o s i n c u t = h = O  

as sin cut = 0 and cos cut = 1 at t = 0. In this case the solution simplifies to 

where C = 5 mm, which corresponds to the motion depicted in Figun 5(a) 
with an amplitude of 5 mm. 

Alternatively, if at t = 0, X = 0 and f - U, then similar calculations would 
show that the vibration solution is 

This time, thedore, the vibration has an amplitude of magnitude u/o. I 
will not go through the details of the mathematics here, but the general 
vibration mult  

can be rewritten as 

when 

A = JB'TC? 
tans = C/B 

This alternative form is shown in Figure 8, where A is the amplitude ofthe 
vibration and 7 = 2nlo is the period. Notia that the period is defined by 
the time after which the vibration repeats itself, shown for example by the 
points P and Q. O n a  again A (and the other parameter E )  depends upon 
the initial conditions, w h m a s  o is an inhmnt property of the system. 
Thus another very satisfying feature emerges lrom the analysis. The 
frequency does not depend on the amplitude, in apemcnt with our earlier 
urpwiments. 

Of course this is only in our model - there are practical limits to real 
vibration. Nevertheless, the theory sug~tsts that the amplitude can take a 
wide range of values depending upon the initial conditons, and that is 
what we find in practice. 

The very simple model containing only stifmcss k and mass m has 
produced results in encouraging agreement with experiment. However, the 
big test is yet to come. Can it predict the natural frequency of real 
vibrations? 

SA0 1 
(a) Check the units of W = ,/(k/m). 
(b) Estimate the natural fnqucncy (a, and f )  of a 35 g lead ball hanging 

onaspringofstilfoers 10Nm-l.(Rnnembercuisin rad S-', f =  o/2u 
in Hz) 

(C) Compare your estimate with my experimental value of 28 H z  
(d) What is the period? 






