


engineer must make the best of a difficult situation. There is a reasonably 
simple modification to the frictionless model which will tell us a lot about 
the effect of friction. The improvement is to add a friction term which is , 
proportional to the speed. Figure 9 shows the corresponding free-body 

r [ ' *+*) 
diagram. Then is an extra force c f  opposing the velocity. This choice is a 
good compromise between ease of analysis and accuracy of estimates. i 1 1 *' 

SA0 4 
What are the S1 units of c? 

How will our theoretical vibration model behave with this extra force? 
Earlier we had two physical parameters, k  and m. Now we have a third, c, 
called the damping cwscient.  a--- 
For the free body of Figure 9, along X :  

Rx= - k x - c f = m = &  

so & + c i + k x = O  

When c = 0 this is the same as our earlier model. Again this is a commonly 
occurring differential equation, the solution of which can be looked up in 
any mathematics handbook. 

For this purpose it is convenient to rewrite the equation as 
* + z a i + r u z x = o  

where 
c  

I=- 
2 6  

is called the damping ratio to distinguish it from the damping coefficient c. 
(The symbol I is the Greek letter zeta.) I will discuss the physical 
significance of a little later. The other change in the equation of motion is 
the introduction of a, the natural frequency (in rad S-') which you met in 
the previous section. 

Can we anticipate the solution of the equation of motion by physical 
considerations? We are concerned with an oscillation whose amplitude is 
declining, as illustrated in Figure 10(a). 

Figure lqb)  shows the amplitude alone, plotted against time. This should 
be familiar - it looks like an exponential decay, which you have certainly 
met before, for example, in the kinematics of Unit S. An exponential decay 
model of the physical amplitude would be 

A = A, e-' 0 

where A, is the amplitude at t = 0,  a is a measure of the speed of the decay 
(large a means rapid decay), and e is the base of natural logarithms (2.718). 

Our simpler (undamped) vibration model was 

X = A sin(at + E )  

so if I now allow for the variable amplitude I get lbl 
mpl~tudn. A 

X = A, e w e  sin(wt + e) 

Physically this is plausible, but is it a solution to our differential equation? 
Strictly speaking the answer is no, although it is close. The amplitude 
variation is of the right form but it turns out that there is a small reduction 
in the vibration frequency. The undamped natural hquency was U; the o S 10 1s 20 
damped natural frequency is ru, (in rad S-', fd in Hz). F i p e  I0 



Figure 11 

The full mathematical solution to the equation shows that the damping 
factor a depends on the physical parameters c and m (but not k): 

Indeed the full mathematical solution is 

which can also be written as 

x = e-i"'[B, sin wdt + C, cos w,r] 

where 

~,=m 
and tan E = Co/Bo. 

If you wish, you can confirm this result by substituting the expression for x 
into the equation of motion and showing that the equation is satisfied. The 
damped natural frequency is given by 

As in the case of undamped, natural vibration, the coefficients B, and C,, 
and hence the parameters A, and E ,  are determined by the initial 
conditions. In contrast, the damped natural frequency od (or h) is 
independent of the amplitude A =  A, e-'"' and is determined by the 
physical parameters of the system, namely, m, k and c. 

Let me clarify physically what has happened. The introduction of the 
damplng coefficient c to our model has caused two effects. Firstly, the 
amplitude decays according to A = A, P-" where the damping factor 
a = c/2m = cw. Secondly, the damped natural frequency is less than the 
undamped value. Nevertheless in many practical vibrating systems the 
damping ratio c is much less than unity, so that 

Thus in these cases the damped natural frequency is approximately the 
same as the undamped value. 

SA0 5 
Specify the S1 units of: (a) a, (b) o,, (c) c, (d) a, and (e) c. 

From the three physical parameters (k, m and c) I have derived an 
undamped natural frequency o = J(k/m) (in rad S-l)  and the damping 
factor a = c/2m = [W (S-'). You can think ofw as a rate of oscillation and a 
as a rate of damping. If a is much less than w then there is not much 
damping, so we expect to see lots of oscillations (Figure lla). If a is larger 
than o then there is no oscillation at all and the mathematical form of the 
solution for x is different. The damping wins and the mass just settles back 
to its equilibrium position without ever being allowed to oscillate 
(Figure l lb) .  For moderate values of a, oscillation will occur, although the 
frequency is slightly reduced, w i  = w 2  - a2 (Figure 1 lc). We can also 
express these observations in terms of the damprng ratio c, which we have 
seen is equal to u/w. F~gure 12 shows the vibration that occurs for various 
values of c. The case of 5 = 1 is called critical damping. For c>  1 the 
damping is large enough to prevent any vibration - t h e  object just settles 
back to its equilibrium position. For c c I the damplng is lower and so we 
actually see vibration. 

These parameters are only of value in so far as they help us to understand 
and predict what will happen in real systems. First we will need to 



calculate the parameters o and I (and if required K) from the physical data 
m, k and c. Then od can be found and the frequencies can be expressed in 
Hz ifrequired (fandf,). Can we now sketch the vibration? Yes, bccausef, 
is the number of cycles in one second, and the amplitude is multiplied by 
e-# ( = ]/em) in one scwnd. 

However, a more convenient way is to first calculate the time for the 
amplitude to be divided by e ( = 2.718) which occurs when e-a  = e-l, so 
~t = 1, that is in the time l/@ seconds. The amplitude can now be sketched 
(Figure 13a). How many cycles occur in ]/K seconds? The frequency isf, so 
the number of cycles is 

( a 1/Zn( for light damping) 

This number of cycles can now be marked on the sketch (FLgure 13b). If ir 
is a large number there is no need to draw in the exact number of cycles. 
but the number should be indicated. 

If the damping is moderate (0.1 <( < 1.0) it may be more convenient to 
calculate the amplitude ratio over one cycle. The time for one cycle (the 
damped period) of the damped vibration is T,, = IFd, so the amplitude ratio 
over one cycle is 

R = A2/A, m C-"* 
- - e-.ll. 

This can also be useful for measuring the damping from an experimental 
vibration graph if the amplitude ratio over one cycle can easily be 
measured (Figure 14). 

What sort of values of the damping ratio are met in practice? The 
internal damping of metals is very low, typically 0.0005. For plastics it is 
rather higher at typically 0.02. Fabricated metal structures using common 
fastening techniques usually lie in the range 0.0005 to 0.005. Thus damping 
ratios greater than 0.1 arc only likely to be met in cases where a deliberate 
effort has been made to introduce damping. These low values a n  one 
reason why variation of the real damping from the idealized d propor- 
tional term is not normally a serious problem. 

To summarize, we have identified three important physical parameters for 
the system, namely: 

k stiffness 

m mass 

c damping nxmcient 

From these physical quantities we can define four important vibration 
quantities: 

o undamped natural frequency, ,& 
o, damped natural frequency, 4 1 -  (2)112 = (a2 -a2)"' 

K damping factor, c/2m ( = 50) 
C K I damping ratio, - - 

2&-W 

Figure 13 

Figure I4 

The basic equation of motion is 



Figure I5 

Figure 16 

which can also be expressed as 

x + 2 ( w i + o 2 x = 0  

The general solution is 

x = A,  e-#  sin(odt + E )  

or x = e-*[B, sin wdt + C, cos wdt] 

where the decay factor e - l  can also be written as e-W. 

The undamped and damped natural frequencies and the damping ratio are 
easily calculated from the physical parameters m, k and c, so it is quite easy 
to get an estimate of the behaviour of nal systems 

Note that for small values of( the damping hardly affects the frequency at 
all. Figure 15 shows a graph of wd/w against 5 -it is an arc of radius 1. For 
(=0.1, the natural frequency is reduced by only 4%. For practical 
engineering purposes this is negligible, so cud % o is a useful simplification 
for the many real systems having 5 0.1. They are called lightly damped 
systems. 

Indeed it is customary to use the terms natural frequency and period for 
values estimated from models or systems in which damping is ignored. 
Conversely values measured for an actual vibrating system unavoidably 
include the effects of any damping in the system, and so to be correct we 
should call them the damped natural frequency and the damped period. 
Colloquially the terms are often used interchangeably for lightly damped 
systems, but you should always keep in mind the distinction between the 
undamped and damped values. 

SA0 8 
(a) What value or damping ratio would reduce the natural frequency to 

half of the undamped value? 
(b) If wd/w = 0.95 what is the damping ratio? 

The answer to SAQ 6 part (b) again illustrates the importance of 
estimating the undamped natural frequency W. Here even when ( = 0.31, 
which is quite a high value, wd is only 5% less than o. 

Example 
Figure 16 showsa model ofa damped vibrating system. The new symbol is 
an idealized dashpot - a piston in a cylinder providing damping but no 
mass or stiffness. (Real dampers can be constructed rather like this, with a 
piston usually moving through oil, although of course damping in real 
systems has many other sources. Nevertheless in mathematical models of 
vibrating systems, damping, no matter what its source, is often represented 
diagrammatically by a dashpot.) The physical parameters are m = 35 g, 
k = 10 N m-', c = 0.003 N s m-'. Calculate the frequency and damping 
ratio and sketch the natural vibration. 

w = (k/m)U2 = (10/0.035)112 = 16.9 rad s-'  (j= 2.7 Hz) 

w, % w = 16.9 rad S- l (f, z 2.7 Hz) 

&/a = 63 cycles (Figure 17) 
Figure 17 



SA0 7 
For the following values of the physical parameters mass, stiffness and 
damping coefficient, estimate the natural vibration behaviour (calculate m, 
X a, C, w,, f,, l / a  and fJa) and sketch it. Caie 3 is acar, the others are parts of 
structures. 

Case 1 2 3 4 

m/Lg 0.01 20 800 0.3 
k / N  m-' 144 32 X 103 50 lo3 800 
c /N  S m-' 0.3 20 9 X 10' 0.003 

In many practical cases the value of the damping coefficient c is not known 
in advance. In fact it is generally true to say that c is only known where a 
damper has been deliberately designed into the system, and then the value 
will usually be fairly high, greater than 0.1. For many practical cases the 
damping must be found from experimental measurement. The frequency 
and damping factor are easily found by measuring the number of complete 
oscillations N in a convenient time t,, and using the relationship 

from which 

To find the damping ratio, sketch in the amplitude 'envelope'- the line just 
touching the 'peaks' of the experimental curve, and pick two points on it 
with values in the ratio e ( = 2.718). This must take a time t ,  given by 

If there are very few oscillations, because there is substantial damping, it 
may be easier to measure the amplitude ratio R over one cycle (Figure 14) 
which we know must be mven hv e-''fd - 

e-O/Id = R 

- a / !  = log. R 
R=A,lA, 

a =  -hlo&R 
Figure 14 (repeated) 

The amplitude is reducing, so R c 1. Your calculator should therefore give 
log, R as a negative n&bcr and cr will come out positive. (Note: log, 
means the logarithm taken to base e, possibly shown as In on your 
calculator.) Whichever approach you adopt, having estimated a from the 
experimental results, thk-dampi& coefficient can be calculated from 
C = 2m. 

The result of practical tests of this kind is frequently a plot of displacement 
or acceleration against time, depending upon the instrument used. From 
the equation of motion 

we have 

For systems with low damping (l< 1) this expression can be approximated 
by 

This approximation is valid for most of each cycle of vibration and is 
certainly so at the extremes of the motion, when X and X have maximum 
values and i = 0. In these circumstances for a constant value of m, a plot of 



X against time t looks very like the plot of x against time, although the 
peak values will be w' times the corresponding maximum displacement 
values. 

Exsmple 

Figure l8 shows the i-I trace measured from a part of a beam after it was 
struck with a hammer. The effective mass of the beam was 20 kg. Estimate 
the natural frequency, damping ratio and damping coefficient. 

Figure I8 

Solutlon 

There are about ten cycles in one second, so f, = 10 Hz and w, = 2x X 

10 = 63 rad S-' .  It takes about 1.25 s for the amplitude to reduce by the 
ratio e, so a = 111.25 =0.8 S-'. I can tell that the damping must be quite 
low, just by looking at the figure, so w PZ U,. (Compare it with Figure 12.) 
However, we can actually calculate it as follows: 

wi=w'-a' 
a 2 = w : + a 2  

w = (632 + 0.82)L'2 = 63.005 rad sCL 

The very slight difference is insignificant. (The accuracy of my original 
estimate of w, could have been out by much more than that.) 

The damping coefficient, from a = c/2m is 

c = 2 ~ m  

= 2  x0.8 X 20 

= 3 2 N s m - l  

Example 

Figure 19 shows the natural vibration of a driver sitting in a car. Estimate 
the natural frequency, damping factor and damping ratio. If the driver's 
mass is 80 kg, estimate the seat stiffness and damping coefficient. 

""pp-%-* 1.611. One Solutlon cycle takes 0.5 S, so fd = 2 Hz is the natural frequency. The amplitude 

ratio over one cycle is 0.25, so 
Fiarre 19 

a = -f, log, R 

To find I need W, so using w: = w2 - a' where a, = 2nfd = 12.57 rad S- l, 

w2=w:+a2 

w = 12.87 rad S - '  

[=a/w=0.215 

Using o2 = k/m, k = mm2 = 13.25 kN m-' is the stiffness. 

Using a = c/2m, c = 2am = 443 N s m-' is the damping coefficient. 



SA0 B 
Figure 20 shows a natural vibration trace from a 3.4 kg aircraft instrument 
panel mounted on springs. Estimate the natural frequency, the damping 
ratio, and the damping coefficient. 

Figure 21 shows a vibration trace from a water tower disturbed by a 
ground tremor. Estimate the natural frequency, damping ratio and 
damping coefficient. The effective tower mass is 250 Mg. 

Figure 21 

E+ 2&t$+wax-0 

The undampai ~ t w a i  heqvcadoy n a, && or f=- 
Ths damping Eedor isa=cj2m 
.W dam- ratk, is b=.cr(ar The aaznpsd natural freqwcy h 

whm L-*=c-@'. 

Unless the damping is heavy, the frequency is virtually unchanged by the 
damping. For C B 1 there is no oscillation at all and the solution to the 
diflerential equation has a different mathematical form. 

Values for (damped) natural frequency and (damped) period derived from 
practical measurements relate to real systems with their inherent damping. 
The natural frequency and period calculated for a model system in which 
damping is ignored will often provide good approximations to the 
corresponding real damped values. 




