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Fa me~hanical m b I y  capable of MW vilnution is stimulated 
by an oxternal murcswfvilnution then it win vibrate. Tbe frequency 
of the rmponm is the m e  as t b t  of the forcing vibration. The 
811)fitudc of the tGBponse dopends on the forcing amplifudc and the 
Reqwnoy ratio Q/@. 

When the wdra of vibration is a force acting on the objeut, the 
rQspoose mp1itude is 

.:. A w M F , / k  

.:Wthe soura is dieplaoansa with amptttude X*, the 
respom anlplitmia Is 

A =  TX, 

When 6) = m  the asacarbly is h monana d the mpome ampli- 
tude bec large (infinite in terms of the undampcd model). 

4 Damped forced vibration 
As we saw earlier, all real systems have some damping, although it is often 
very small. Even small damping forces affect the forced response, especially 
around resonance, so it can be helpful to be able to incorporate them in 
our theoretical model and investigate damped forced vibration. I will follow 
the same method as for natural vibration, adding damping forces to the 
previously undamped model. I will consider first the vibration caused by 
an applied harmonic force, as the analysis is somewhat simpler than that 
required for ground excitation, when damping is incorporated in the 
model. 

As in Section 3,I will only be looking for the forced vibration part of the 
complete solution to the equations of motion in this section. The total 
vibration is discussed briefly in Section 5.1. 

4.1 Vibration by applied force 
If I add damping to the system of Figure 25 the new model is the one 
shown in Figure Zqa), and Figure Zqb) shows the modified free-body 
diagram. 

The equation of motion for displacement of the system from the equilib- 
rium position of the spring is 

R,=F,sinOt-kx-ci=ma=mZ 

which can be re-arranged to give 

mx+ci+kx=F,s inOt  

The presence of the c i  term means that the previous 'undamped' solution 
x = A sin Ot is no longer valid. We can, however, find a solution of the 
form 



If this trial solution is substituted into the equation of motion, we find that 
it is a valid solution for 

This solution is rather complicated in appearance, but if I substitute C = 0 
into the expressions for B and C they become 

B = Folm Folk 
w2 - Q2 = 1 - (nlw)' 

so that the solution reduces to the previous one for an undamped system. 

The form of the solution can also be simplified by using the technique 
which I introduced in Section 1 of this Unit for combining trigonometric 
terms such as sin wt and cos wt. In this case the forced vibration response 
can be written as: 

In addition to the hqucncy l2 therefore there are two factors which 
describe the forced vibration, namely A and 4. The first of these, A, is the 
amplitude and 4 is the phase lag. Strictly, - # is called the phase angle. 
Both A and 4 depend on the frequency ratio Q/w and the damping ratio C. 
In addition, the amplitude A can once again be expressed in terms of a 
magnification ratio M so that 

but n o r  " :B given by: 

Thus M depends upon n/w and C. For ( = 0 it simplifies to the result we 
met in Section 3.2 with a positive value. 

Figure 27 shows graphs of M for various damping ratios. With damping, 
M is no longer infinite at resonance. For ( greater than l/ 42 there is no 
resonant peak in the response curve. You should recall that for > 1 there 
is not even a natural vibration. In such cases a forced vibration will occur, 
but its amplitude cannot exceed Folk .  Figure 28 shows how the peak value 
of M depends on C. 



Strictly, the maximum value for M occurs at a frequency B = W-, 
which is less than the (undamped) natural frequency o, but for lightly 
damped systems the difference is slight. In addition this maximum value 
for M at Q = m can be shown to be 

M =  
1 

2C(l - c=)1'= 
so that for small damping ( I  < 0.1) a good approximation for the peak M 
is 1/21, which gives a way of calculating F if M can be measured experi- 
mentally. Incidentally, for Q/w = 1, M = 1/21, the approximate peak value. 
Consequently in practice resonance is still usually associated with a 
frequency ratio B/o = 1. This conclusion is a further demonstration of the 

Figure 28 importance of the natural frequency w in vibration analysis. 

The variation of the phase lag 4 is shown in Figure 29. For small damping 
([<0.1) you can see that 6 varies rapidly for small changes in the 

'0.375 frequency ratio B/OI when B is close to w and the system is close to 
resonance. Also, at low excitation frequencies (BJw* l), 4 =0; for 
Q/a = 1 (resonance), $ = x/2; and for high frequencies (Q@ % l), g 

L approaches =. 
0 1 2 3 4 5  In monitoring a forced vibration then arc two possible warnings of 

frequency ratio, nlo resonance - a large amplitude and a rapid change in phase lag with 4 
Figure 29 approaching 4 2  radians. 

I must at this stage offer some advice for when you are required to 
calculate 4 from a known value of tan 4. First note that 

(i) if Q/o < 1, tan 4 z 0 and 0" 4 4 c 90" 

(ii) if B/o > 1, tan 6 c 0 and 90" c 6 4 180" 



Most calculators, however, in computing 4 from tan 4 in case (ii), will give 
a value for 4 between -90" and O0, rather than between 90" and 180". For 
example, try keying the following computation on your calculator for 
4 = 125": 

4 = 125", tan 4 = - 1.428148 

but tan-' ( -  1.428148) = - 55" 

and the original value for 4, namely 125', can be retrieved by computing 

-55" + 180" 125" 

The confusion arises because tan 4 is negative for Q in case (ii) above, but 
also for Q in the range - 90" G Q G 0". 

I am specifying 4 in accordance with (i) and (ii) above. If you are using a 
calculator, therefore, I suggest that you apply the following procedure: 

(a) tan 4 > 0: computation of the inverse tangent for 4 gives a positive 
angle B between 0" and 90" and 6 = B  is the value for the phase lag; 

(b) tan 4 < 0: if computation of the inverse tangent for 4 gives a negative 
angle -8, where 0" 6 B 6 W", then 4 = -B + 180" is the value for the 
phase lag. 

Check this procedure with a few numerical examples. Thus 4 = 11 1.8". 
123.7". 153.4" and 26.6" when tan 4 = -2.5, -1.5, -0.5 and 0.5 respec- 
tively. Remember that I am defining the phase lag 4 such that 
0G4Q180°. 

Figure 30 illustrates the physical significance of the phase lag 4. The 
sinusoidal force excitation is shown as a function of time in Figure 3qa) 
and the response is sketched in Figure 3qb). For a given point on the force 
plot (zero value for example) the corresponding point on the response 
graph occurs at a time 4/Q later. The response is said to lag the input by 
the time +/D and 4 is the phase lag. 

Let us now return to the significance of an apparently negative value for 
M, when Q/o > 1, for an undamped system. When f = 0, the phase lag Q is 
defined as 

Thus the undamped forced vibration is described by 

X = A sin Ot Cl/w< l 
x=Asin(Qt-n) Q/w>1 

= -Asinat 

Strictly, therefore, when 6210 > l in an undamped system the minus sign 
indicates a phase lag of rr radians, while the amplitude A, and hence M, is 
positive. The forced response is described by the sinusoidal curves in 
Figure 30, but the peaks in (a) are aligned with the troughs in (b) and vice 
versa. 

Finally, to complete this introduction to the forced response of the system 
in Figure 26 let us evaluate the force P which is transmitted via the spring 
and damper to the fixed support. This can be expressed as 

P=kx+cf  

which in terms of the vibration solution for x is 

Figure 30 

P = kA sin (Qt - 4) + cQA cos (Qt - 4) 



I will not go tkou$b the calculation in detail bere, but the kdmiquc usad 
in Seaion 1 al this Unit to eaabine trigonometric terms can be applkd to 
sin (at - +) and cos(Qt - 9). The r d t  is as idlows 

Swtion 4.2 in relation to Figure 32 Note at tb stage, howewr, that if in a 
partiwlar problem I have M y  calculated the maenification ratio. M, 
then I can wntbm the calculation to evaluate T from 

For cam-, in the result for P above, the angle 6 is dcfinal by 

tan 6 - ~ & ~ J c u  

although I will not consider the implieations ofthin additiod phasc angla 
Funher hera 

4.2 V/brailm by ground moUm 
In thin asc an must add a dashpot to the system in Figurc 23. Thc revised 
system and the acw free-body diagsm arc shown m Figure 31. Fmm the 
frw-body diagram I can write the equation of motion as 

I I 5 & l  ~ + r + x - X  which cm be armpi to give 

When the ground is given a sinueoidal diaplacunent 

X = X, ria Ot 

the equation of motion bemncd 

~+c i+kr=kXes inQt+cX&cosa(  

The solution of thia equation fobws a similar procedure to thc one I used 
hi the previous section, but 1 will &a not gin the da& hers. Tbe 
solution for the mation of the w a s  can be shown to be as foitcros: 



i i Pk, fnwwnwrnlin 
a 

F & m  32 TmmddIity (Unrra %ales) 

Here T M once peain the .dampod' transmiaaibility which I intrcduwd at 
the end of the pmiowscotion. The p b  lap $ c C h k  letter pgi is again a 
funotiondnJu and l, but its variatbn in not as simple as rhat for 4 which 
we looked at carW. I wU not consider (I. further hem. 

Th: tmmmhibility depends not only on the lnqwncy ratio q w  but &o 
m the dampkg ratio E KC=O then the upation for the rcspom ampli- 
tude bcauna 

A -= 1 

X, 1 - ( n t ~ ) l  

agrssing with the &pod model of W o n  3.1. Ona agab any minus 
8ign apparently ocGurring for Tin the undampcd model M associated with 
a phaw lag of U radiaas md not a negative amplitude. 

Doocl this equation for T, and haroc for the ~~ amplitude A = TX,, 
pladiot my interesting ncw bbhaviout? Figure 32 shows how T depmda on 
the lnqucacy ratio for aevaPl value8 of damping ratio. The pmk amplitude 
rapomonoLangaoccnnatexDctlyO/a=l.Achrollytge~for 7, 
amplitude, lpced and adoration occur at slightly diffsrsnt ~~. 
However, for praotical purposes, w h  the damping is low, the ditlcmwa 4 
uc@#Meandtboresonanoe~~cmbetelt~11simflyas#111.1to 
thc mhmpcd natural froqomcy, a. M m  interatin& the p k  ~~~pom 
M n o L o p e m i n f i n i t t , s o i n t k n r p e c t t h e d u a r t a i n l y m o m ~  

3 

F i 3 3 S h m h o u t h e ~ v s l u c f o r  T ~ & o n t h c d a m p k g n t i o .  
For lmnll damping (C < 0.1) a good approximation for the peak T M 1/2(, z 
althougb here of ooutse even for R/w = 1, 

l 

T= 
21 z 

I n o w m u t , i n t h e p r e v i o u s ~ n M w a r d y  f/2Cfori2/w=l.Ifthe 
pmk T cm be meesurcd sxpchmtdy ,  thin M a usdul way to atimate C. Figure 33 

29 



4.3 Summary 

Fipre  34 
Transmissibility rlogarithmic scales) 

How well do these theoretical estimates of response amplitude compare 
with real system behaviour? Broadly speaking very well. Probably the 
main discrepancy is that the damping of real systems is not exactly 
proportional to speed. However, for light damping (1 < 0.1) this does not 
matter too much, and an effective damping ratio will probably have been 
calculated from experimental results anyway. 

Possibly the most important feature of Figures 27 and 32 is that for light 
damping (1 < 0.1). as applies to most structures, the response curve lies 
close to the zero damping curve, so resonance is certainly very dangerous 
and liable to be disastrous. 

To estimate the forced vibration response it is necessary to find the 
frequency ratio R/w and the damping ratio (the latter may often he 
approximated as zero in the absence of specific data). The response graph 
(or equation) then gives the transmissibility or magnification ratio which, 
multiplied by the forcing displacement X, or static deflection Folk as 
appropriate, gives the estimate of response amplitude. Experience or  
further calculation then indicates whether this is acceptable. Figure 34 
gives the transmissibility curves plotted on logarithmic scales, which 
enables it to cover a wider range of frequency ratios. 

frequency ratio Q/w 



SA0 l5 
Using the value Q/w = l, estimate the peak magnification ratios for 
systems with the following damping ratios: 

- - 

SA0 l6 
A 35 g lead ball hangs on a spring of stiffness 10 N m-', with an 
experimentally measured damping ratio of 0.0025. The spring mounting 
is vibrated up and down with an amplitude of 5 mm. Estimate the 
transmissibility and the response amplitude for the following forcing 
frequencies: 

(a) 10 rad S-', (b) 17 rad S-' ,  (c) 100 rad S-' .  

A car engine of mass 140 kg is subject to a sinusoidal force of amplitude 
1600 Nand frequency 50 Hz. It is mounted on rubber blocks with stiffness 
22 kN m-'  and damping ratio = 0.025. 

(a) Estimate the response amplitude and phase lag of the engine. 
(b) If the engine were to run at the resonance speed, what would the 

magnification ratio be? 

(C) At resonance s p e d  the force amplitude is 3 N. Estimate the response 
amplitude and the force transmitted to the car from the engine at 
resonance. 

(d) If the resonance response amplitude of the engine must not exceed 
1 mm, what is the maximum M acceptable? 

(e) What damping ratio would be required? 
(I) If the damping was incorporated, what would be the vibration 

amplitude in normal running? 

SA0 18 

A delicate measuring instrument in a workshop is mounted on springs and 
a damper to isolate it from the supporting structure which is vibrating 
because of the operation of machinery. The instrument has mass 6 kg. The 
weight of the instrument compresses the spring by 30 mm. The damper has 
a damping coefficient of 12 N s m-'. 
(a) Estimate the mounting stiffness. 

(b) Estimate o,f, K, l, W, andf,. 
(C) Sketch the natural vibration. 
(d) The attachment point of the mounting to the ground is subject to 

vibration of amplitude 2 mm at frequency 12 Hz. What is the response 
amplitude? 

(e) The instrument must not have an amplitude greater than 4 mm when 
subject to 1 mm ground amplitude at the resonance frequency. What is 
the minimum damping ratio acceptable? 

(f) What damping coefficient must the damper have in order to provide 
this? 

(g) What then will the response amplitude be to 1.2mm amplitude 
ground motion at 10 Hz? 



A variable speed motor on flexible supports is vibrating vertically due to a 
vertical harmonic force applied to the motor. Measurement of the 
harmonic response shows that the phase angle has values of -40" and 
- 155"t excitation frequencies of 50 Hz and 55 Hz respectively. 

(a) Est~mate the undamped natural frequency of the motor and its 
supports. 

(b) Estimate the damping ratio. 

(c) If the response amplitude at 50 Hz is 15 mm, predict the response 
amplitude at resonance. 

5 Vibration control 

- 
perfectly regular. The response will always have minor transients affecting 
it, so you are reminded again that the theoretical steady-state solution is 

5.1 Total vibration and transients 
In explaining the forced vibration response I have not been telling the 
whole story. Even for a single-degree-of-freedom model there can be a 
natural (free) vibration and a forced response at the same time forming the 
total vibration. For example, if a component vibrating in its steady-state 
response to a forcing vibration were hit by a hammer then it would also 
perform a natural vibration. In time, this natural vibration would be 
damped out to leave only the steady-state vibration. 

Consider a case in which the mounting is vibrating steadily, but the mass 
Ibl 

in our model is being held stationary. It is then released. What happens? If 
by sheer chance it was released having the appropriate speed and 
displacement and the correct phase to agree with its steady-state forced 

only an approximation to the true behaviour of a real system. The steady- 
state solution does, however, indicate the importance of resonance and its 
potential dangers. 

ICI 

You should also note in this context that in certain circumstances the 
damping in a system can lead to an increasing transient vibration rather 
than one which dies away. This situation is more likely in systems with 
more than the one degree of freedom, to which I have restricted this 
introduction to vibration so far. An increasing transient is associated with 
instability in a vibrating system. Typical engineering examples are aircraft 
wing flutter and wheel shimmy. We do not, however, have the time to 
discuss instability further in this Unit. 

response then it would proceed to perform just that. However, normally 
the release conditions will not agree with the steady-state requirement. In 
Figure 35, say that it is released with zero speed and zero displacement at 
t = 0, when the steady-state response wanted it to be at X = -A, 
Figure 35(a). The result is that it performs a natural vibration of initial 

Figure 35 amplitude A, Figure 35(b), superimposed on the steady-state vibration, 
Figure 35(c). Because this natural vibration is damped and dies away it is 

cniac called the transient. In due course there remains only the steady-state 
forced response. This is a particularly simple example of a transient, but it 
is intended to illustrate to you that a transient can arise whenever the 
responding object is disturbed from equilibrium or from a steady-state 
vibration. This can happen either because it has been acted on by 
additional forces, for example an impact, or because the forcing function 
changes in some way (amplitude, frequency or phase). A very common 
case is when the forcing vibration comes from a starting machine. 
However. even when the vibration source is runnine steadilv it will not be 




