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0 INTRODUCTION 

Have you ever found that mathematical symbols seemed to be 
getting between you and the ideas? 

Have you ever found yourself manipulating symbols without 
any idea of what they were about? 

The way to gain confidence with symbols is to make them your own. By investigating 
situations in which symbols arise naturally for expressing your insights, you can begin to 
appreciate how useful they can be. By moving from the manipulation of physical objects to the 
manipulation of symbols which stand for actions on the objects, you can develop confidence in 
the use of symbols. Symbols then become a help, rather than a hindrance. As a result, you will 
feel more confident about using other people's symbols as  well. 

Why are symmetries important in mathematics? What have 
they got to do with numbers? 

What is mathematical structure? 

Mathematics is often mistaken for a set of techniques for manipulating abstract symbols, but 
in fact, the symbols are no more than a language in which to express perceived patterns and 
generalities. The techniques are expressions of insights into how to solve certain questions. 
At the heart of mathematics lies the search for sameness amongst apparently disparate 
situations. Symmetries provide one route towards the idea of structure which pervades 
mathematics a t  all levels, particularly in the form of a group. The activities in this pack lead 
to the idea of a group. 

What has this got to do with my classroom? 

This pack does not provide ready-made classroom activities on standard topics, even though 
many of the activities can be adapted for classroom use. It  is intended to assist you in the 
development of your own mathematical awareness and confidence. The ideas encountered in 
this pack are present in most mathematical topics in the secondary (and the primary) 
curriculum. They are also fairly sophisticated, and i t  is assumed that you have worked on 
several of the other MATHEMATICS UPDATE packs already. By strengthening your own 
appreciation of important underlying mathematical ideas, you will find yourself making 
broader and deeper connections when in the midst of a lesson on some particular topic, and 
this will inform your teaching. 

Each page contains one or more related activities, which are intended to afford access to an 
important mathematical idea. I t  i s  crucial to engage with the activities, because the 
underlying mathematical ideas are the formalisation of intuitions which are based on 
activity. As vague 'senses of become firmer, they eventually emerge as  an articulate 
crystallisation which can be expressed in succinct, manipulable, symbolic form, and thereby 
lead to further development of mathematical ideas. 



AIMS 

To demonstrate that in mathematics objects are often less 
important than actions on those objects. 

To provide numerous situations in which the use of succinct, 
manipulable notation for mathematical ideas is helpful, if 
not essential. 

To provide opportunities to encounter and develop confidence 
in the use of symbols. 

To provide experience of the role and use of notation to express 
actions, leading to the use of strings of symbols (words) to 
express combinations of actions. 

To gain familiarity with the direct manipulation of symbols 
to reveal relations between words, and to simplify complex 
words. 

To draw attention to the role of inverses and identities. 

To introduce the basic ideas behind group theory, as  an 
example of an important mathematical structure. 

To provoke mathematical awareness through reflective 
participation in mathematical activity. 



WAYS OF WORKING 

This pack consists of sections of related activities, each section being centred 
aspect of the use of notation t o  expose mathematical structure. The first 
contains rather more detailed comments and suggestions than do subsequent 

on an important 
activity, Plates, 
activities, and it 

can be taken as a model of what is expected as you pursue your subsequent investigations. At 
the end of each section there is an Abstraction activity, which invites consideration of the 
underlying mathematical ideas, and makes suggestions towards possible abstraction and 
formalisation. These take the place of the more usual exposition sections of standard 
mathematical texts. Terms in italics are explained in the GLOSSARY, which contains 
definitions and remarks about mathematical processes. Where more precise definitions and 
theorems are wanted, recourse to  standard texts will provide them, and more. Your most 
important activity will be the attempt to make sense, to tell yourself a coherent (mathematical) 
story after working on one or more of the suggested activities. You cannot deem yourself t o  
have finished, until you have completed Section 7 THE LAST WORD. 

It is important when working on an activity, not to get lost simply in the 'doing'. Every so 
often there are suggestions for reflection - for pausing, drawing back, and making sense of 
what has been noticed. Drawing together several ideas in the mind, and trying to hold them 
there, can help to integrate them into a whole. There are also some suggestions for pausing 
and considering similarities and differences between the activities. I t  is hoped that such 
pausing will become natural and automatic. It  is impossible to mark in the text every useful 
pausing point. 

Reflection is partly a solitary activity, as you try to encompass a number of disparate ideas a t  
once in your mind. It  is also a communal activity, as you try to express to others the sense you 
have made, in the form of connections, similarities and differences. Your attempts to express 
ideas which are only half formed can certainly help you, and you can gain from the ideas and 
perspectives of others. To prepare for a productive discussion with colleagues, i t  is usually 
useful to'try to write down a few sentences that capture what you think the various activities 
have been about, with any questions or uncertainties that you are aware of. 

Working on an activity, i t  is very possible that you will get stuck. What do you do then? The 
BOOKMARK: What t o  d o  when you're stuck, contains some suggestions. Use it. Use any 
colleagues you have access to, to discuss your stuckness. It  may be that you are not clear what 
the activity involves. If so, then investigate for yourself, formulating your own questions. It  
may be that you are not clear what the activity is trying t o  get at. If that is the case, then try to 
make up some sort of story, write it  down, and compare notes with colleagues. 

After working for a while on a mathematical activity, there is often a strong desire to know 
whether you are 'on the right track'. However, these notes contain no answers as such, for 
many reasons. The most salient reason is that generally there is no particular correct 
answer. There are many things worth noticing, and these are likely to emerge from 
reflection and discussion. It  is essential that you develop your own criteria for deciding when 
you have 'done enough for now'. If you have some nagging doubt that there is more to discover, 
then perhaps it  is worth going back and investigating further. 

More detailed suggestions on ways of working are provided in the TUTOR PACK. In addition, the TUTOR 
PACK contains notes on how to run a series of meetings based on any of the materials in the MATHEMATICS 
UPDATE series. PM751 EXPRESSING GENERALIN, which is intended as a foundation to the UPDATE series, 
also contains further suggestions for tutors and course organisers. 



1 ACTIONS INTO WORDS 

PLATES 

Imagine, or obtain, a stack of (say) four 
matching plates (or saucers, or . . .). 
Imagine you are going to dry them all. You 
dry the top of the top one and the bottom of the 
bottom one. Then you move the top plate to the 
bottom. 

It is important to enter the movement as vividly as possible, either by actually doing it, or by 
imagining yourself doing it and almost sensing the movement of your hands with the plates. 

Focus on the action of moving the top plate to the bottom. 

Call this action something, perhaps W, for Wipe. 

Repeat W several times to get a sense of W as representing an action. 

Pause. This time, keep track of what happens to the plate which starts a t  the top of the stack, as 
you repeat W several times. How many repetitions of W are needed to restore the stack to its 
starting position? This number is known as the order of W (see GLOSSARY). 

EXTENDING Start again. This time, 'perform W twice'. Stop. That is a composite action (in 
that it involves another action twice), but it can also be thought of a s  a single action. This 
composite action could be called something like Doublewipe (to accentuate the fact that it too is 
an action), or it could be called WW or even w2 to reveal i ts relationship to W. How many 
times must that composite action be performed in order to restore the stack to its starting 
position (that is, what is its order)? 

. " 

Start again. Carry out the composite action 'perform W thrice'. That composite action can ,. 

also be thought of as  a single action. How many times must that action be performed in order to 
restore the stack to its starting position (that is, what is its order)? 

Investigate the composite actions 'perform the action W four times', 'perform the action W five 
times', etc. Invent notation for these different actions. 

For four plates, the composite action 'perform W six times' has exactly the same effect as the 
action 'perform W twice'. Work out a rule for deciding when two such composite actions have ' 

exactly the same effect as each other. Use the symbol W to help with calculations. How many 
different actions, in the sense of 'having a different effect', are there? This number is called 
the order of the set of actions. Notice that order is used in two slightly different senses here .(see 
GLOSSARY). 

GENERALISING Investigate what happens with different numbers of plates in the. stack. 
Again, you may find it convenient to develop a succinct notation for composite actions (see 
GLOSSARY). Explore the use of your notation to work out the orders of composite actions, and 



the number of 'different' actions for a given number of plates ( the order of the full set of 
actions). 

B REFLECTING What  other situations might produce similar sorts of questions about actions? 

What  a re  the  main points that stand out  from your work so far? 

D 
Comments Several important observations arising from PLATES are listed here. You may like to bear 
these in mind when working through subsequent activities. 

When in doubt, try a particular, or simpler, case. 

The purpose of an activity with particular numbers or objects is not just to work through that 
activity, but to try to see what might happen more generally. 

Individual actions on objects are of less interest than the set of all such actions on the objects. In 
this case, any two composite actions can be combined to give another composite action, i.e. the set 
of all such composite actions is closed (see GLOSSARY). The set of all such composite actions, 
and the fact of being able to combine any two, to get a third, is what is significant. 

Notation can be critical. It may not seem necessary for just four plates, perhaps, but for 37 plates, 
or more generally, for n plates, it is essential. 

Deciding when to call two things 'the same', such as two composite actions like W7 and W, is a 
fundamental mathematical act, and different decisions often lead to different results. In the case 
of the plates, calling the actions the same because they have the same effect leads to a finite 
number of different actions. 

It is important to develop your own criteria for deciding whether you have invested sufficient 
time and energy in an investigation. In this activity it was intended that you should encounter the 
following important ideas: 

the process of shifting attention from the objects, to the actions on those objects; 

the use of notation to stress what is important and to supress what is not; 

the fact that two actions can be combined to give a third action; 

the use of the technical term order of an element, and order of a group of actions. 

It  was not intended that you should feel confident with these ideas - simply that you should have 
had your attention drawn to them. 

FOR THE BOLD Forget the  drying idea (if you haven' t  already!), a n d  invest igate wha t  
happens if instead of just  putting the top plate to the bottom, you turn it over as well. Set up  a 
name for this action, and investigate how many different composite actions are possible now, 
before the stack returns to i ts  starting state. (You might very well want  to t ry  smaller stacks of 
plates here.) 

F O R  THE V E R Y  B O L D  If each of these composite actions is also combined with all  the Ws, how 
many different actions are possible altogether? 

B 



SHIFTS 

Any objects can be shifted about. Mathematical attention is most usefully directed to the shift 
actions themselves, because similarities between apparently disparate situations are more 
likely to emerge. Numbers are particularly useful a s  objects because i t  is relatively easy to 
keep track of their order. 

Start with a row of numbers: 

1 2 3 4  
Consider the shift action: 

'shift each number to the left one place and put the front one a t  the end' (so that the row of 
numbers stays in the same place). 

The effect of this action can be pictured as 

1 2 3 4  
2 3 4 1  

Focus on the action itself rather than the result. Perhaps call it S for shift. 

Combine two or more S s  and develop a notation which aids such computations. 

Make a complete list of all the different composite actions which can be performed by 
combining S s  together; this is the set of actions generated by S (see GLOSSARY). 

What is the order of S, and what is the order of the full set of all actions generated by S? 

GENERALISING Try changing the number of numbers. 

Try some other shift actions. For example, 'shift each number to the left one place, and put the 
front one a t  the end, flipping it over in the process' has the effect: 

1 2 3 4  
2 3 4  L 

and 'shift each number to the left one place, and replace the front one by (9 minus the front one) 
then move this to the end' has the effect 

1 2 3 4  
2 3 4 8  

or try some other type of rearrangement of the numbers. Any rearrangement of the same . 
numbers is called a permutation (see GLOSSARY); for example, the shift action with the effect 

1 2 3 4  
2 4  13 

Introduce a symbol for the action you choose to explore, and investigate the full set of actions 
which it generates. Represent this set of actions using notation such as  TT or TTT, where T 
represents your chosen shift action. Strings of symbols like these are called words  (see 
GLOSSARY). 



in:-estigate also the full set of actions generated by your chosen shift action together with S 
(again represent this set using words). 

Does the order of combining your shift actions matter? In other words are your shift actions 
commutative (see GLOSSARY). 

D 

D REFLECTING What is the same and what is different about SHIFTS and PLATES? 

D 

FLIPPING CUPS 

Altering the state of an  object has similarities to shifting objects around. Also there is more to 
actions than just the actions themselves, and more even than just combining actions together. 
There is also the question of which configurations can be reached from a given starting 
configuration. An effective notation for actions makes it easier to study questions like this. 

Obtain a number of plastic cups, and place 
them in a row, some 'up', some 'down'. A 
move consists of flipping over two cups - one 
with each hand. Can you, by a succession of 
moves, get all the cups the same way up? 

A combination of moves is an action. Make use of notation to denote the different actions 
available to you. Try to get to the point where manipulating your notation is easier than 
flipping the cups. This should also enable you to see what is going on. 

Comments Good notation provides a way of recording exactly what is happening, as well as symbols to 
denote different actions. Thus, some people here use f,, (where f stands for flip and '12' indicates which cups 
are flipped); others use f ,  e, and b for 'front', 'end' and 'back'; others use f ,  for flipping cups 2 and 3 (since '1' 
stays fixed). Each notation has its own virtues in terms of manipulability, ease of re-interpretation and the 
extent to which it helps to expose the underlying structure. 

GENERALISING Try different starting positions of the cups. 

Try different numbers of cups. 

Try different numbers of hands! 

D 

REFLECTING What stays the same and what changes when the number of cups changes? 

What stays the same and what changes when the number of hands changes? 

D 

D MORE GENERALISING Try using dials, where the dial pointer can have several positions and 
where, during a move, each dial pointer is moved clockwise by one position, in place of cups. 



Again, a combination of moves constitutes an action. Invent suitable notation to denote the 
actions available to you. 

Try having more dials and requiring two (or three, or . . . ) dial pointers to be changed 
simultaneously in one 'move' (this is analogous to the different numbers of hands for the 
cups). 

F EXTENDING If two positions of the cups or dial pointers are connected by an action, then it is 
tempting to call those positions equivalent (see GLOSSARY), and to find out how many 
different or non-equivalent positions there can be. 

REFLECTING AGAIN What is the same, and what is different, about PLATES, SHIFTS, and 
FLIPPING CUPS? Did you focus on the actions rather than the objects? 

Did you use notation to investigate the possible actions available to you? 

Could you calculate with words rather than perform the corresponding physical actions? 

b 

JUMPERS 

Even soft and floppy objects can be thought of as  having certain states, .with ,corresponding .. 

actions which shift one state into another. 

A child's jumper picked up off the floor can be 
found in several states; for example, inside out, 
backwards, one arm inverted, . . . Make a 
complete list of the states of the jumper you wish to 
consider. A succinct but  easy to remember 
notation might be helpful. 

Describe briefly in words, and establish a notation for, all the different actions which, when 
combined together, will restore a jumper in any one of those states back to the 'ready to wear' 
state. 

Comments The use of a succinct but unambiguous notation is often crucial. For example, T might mean 
'turn inside out', or 'turn back to front'; using I0 for 'turn inside out' might be confused with the combination 
of two actions, I and 0. You may need to be a bit careful about how you specify the action of turning inside 
out, since there is room for ambiguity in its relation to the state of back to front. 



F EXTENDING Are there any  states  to which a combination of your actions will take a jumper, 
t h a t  a r e  not already in  your list? If so, your se t  of actions generated is not closed (see 
GLOSSARY),. so augment your list of s tates  and start again. 

Can you get  from any s ta te  to any other s ta te  using a combination of your actions? If not, 
augment your list  of actions and  start again. 

Focus attention on the  available actions, and  how they relate to and combine with each other. 

What i s  the order of each different action? What i s  the  order of the full set of actions? 

Use your notation to perform calculations which mirror physical actions on a jumper. 

F 
Comments In developing notation for composite actions a decision has to be made as to how to interpret 
an expression like BT. Does i t  mean 'T first then B' or 'B first then T'? What are the pros and cons of each 
interpretation? 

P REFLECTING What  is the  same and what  is different about PLATES, SHIFTS, FLIPPING CUPS and 
JUMPERS? 

ABSTRACTION ONE 

REFLECTING ON THE MATHEMATICS Each of the preceding activities concerned a n  object or 
collection of objects. The  activities also involved various actions which changed t h e  relative 
positions or s tates  of t he  objects, bu t  which preserved some overall feature. In  each case, what  
features were preserved? Don't just  think about it - write something down! 

What properties of actions are common to all of the  examples? 

P 
Comments Several points emerge here: 

The use of letters to denote actions makes i t  possible to do computations to find out the overall effect of an 
action which is itself made up of a sequence of actions. For example WW and WWW denote composite 
actions generated by the single action W. They can also be combined, to give WWWWW. Using 

WW=W, and W = W ?  

the combination can be written as  WW or W6. Thus the language of indices seems appropriate to use. 

In mathematics the sequence ACB is usually interpreted as meaning that you apply the action B, followed by 
' C, and then by A. As a 'word' in the alphabet of available actions A, B and C, i t  represents a composite action, 

which is itself an action which can be used in further computations. 

The idea of the order of an action was mentioned. What orders did the various actions have? In each case, 
compare the orders of actions to the order (or size) of the full set of all the different actions. 

Combining actions produces new actions. The collection of all possible actions formed in this way is self- 
contained because the combination of any two actions in the collection produces a third action in the 
collection. Such a set of actions is said to be closed. Of course, if a new action is added, then combining the 
new with the old is likely to generate many more new actions. 



REFLECTING ON NOTATION Think back to moments in the past when you have encountered 
someone else's notation; think back also to moments when working on this section, when you 
gained a facility in working with your own notation. Are there any differences? Try to be 
precise about how it feels for you, rather than being theoretical and general. 

What are the positive features about notation that you would like your pupils to experience? 

b 

F REFLECTING ON WAYS OF WORKING While working on this section were there times 

When you didn't know what to do? 

When it all seemed a bit fuzzy? 
When you didn't know if you had done enough? 

When you couldn't be bothered to carry through the details of the activity? 

When you lost sight of why you were doing what you were doing? 

Comments These are common experiences. I t  is worth simply noting that they happened, without 
passing any judgement either on yourself or on the activities. To pass judgement is to distance yourself from 
the richness of the actual experience. By reminding yourself of these experiences now, you are more likely to 
notice them again in the future. If you do notice your reaction, you may then be able to choose to do 
something about it. 



2 SIMPLIFYING WORDS 

One of the virtues of succinct notation is that it enables you to manipulate the symbols easily, 
without always having to remember what the notation actually means. The following 
activities provide different contexts in which the forming of words, out of single letters which 
stand for physical acts, leads to the possibility of reducing the words to their simplest form, 
and thereby makes i t  easier to see what the overall combined effect will be, without having to 
carry out all the physical movements. From the physical situation, there is a move into 
abstract symbols which capture the essence of the situation. Then rules are employed to 
simplify the 'word' formed from the symbols. Then the simplified word can be reinterpreted 
in the physical situation. 

PAINT BY NUMBERS 

Imagine you have a paint box with four colours, say Red, Orange, Yellow, and Green. 
Imagine also a number line with . . ., -2, -1,0, 1, 2, . . . marked on it. 

-4 -3 -2 -1 0 1 2 3 4 
I I I I I 

Now imagine applying the colours Red, Orange, Yellow, Green, Red, Orange,. . . to each 
number in turn, starting with, say, 1,2,  . . . 
What colour is loo? What colour is 376? 

Formulate a rule to decide which colour a general number will receive, or in other words, find 
a succinct description of all numbers with a given colour. 

What colour should -1 receive? What about -376? If necessary, modify your rule so that it still 
works. 

b 

GENERALISING At some point, now or later, generalise your rule so as to be able to cope with a 
different number of paint colours. 

b 

EXTENDING Return now to the set of four colours. Take any number, such as (say) 3, and add 
i t  to every Orange number. What colours are the resulting numbers? Investigate what happens 
when adding other numbers the same colour as  3, and what happens when 3 is added to 
numbers coloured differently. 

Formulate rules for combining any two colours. 

Commen ts Take your time here. Gain facility with the use of the colours. One purpose of notation is to 
facilitate the computation of things which would otherwise be more complicated or difficult. For example, 
using (say) R for each number coloured red enables the formulation of neat rules such as R + R = ? or RR = ? 
or even R2 = ?, which cover all such numbers. 



REFLECTING What is  PAINT BY NUMBERS really about? 

P 
Comments Starting from numbers, and the operation of addition, there results a rule for combining 
colours. You can combine two numbers and then find the colour of the answer, or find the colours and 
combine them, and still get the same answer. In other words, there is a link or correspondence,between the 
operation of addition, and the combination of colours. 

MORE GENERALISING Using the letters R, 0, Y, and G to denote colours, you can write words 
like RORG to mean 'Take any Green number, add any Red number, add any O r a n g e  
number, and add any Red number'. The answer is always a .  . . number. Use the rules that  
you developed for combining any two numbers, to work out rules which enable you to simplify 
any word down to a single colour. The idea is  to be able to simplify the computation of any 
word using R, 0, Y and G without recourse to numbers. What is the order of each colour? 

Com men ts If in some situation it is found that (say) A, B and C are related by the equation ABA = C, for 
example, then any occurrence of ABA can be replaced by C. This is one way in which notation can be used to 
'simplify' words. 

REFLECTING AGAIN Colours are used here as  a notation for certain sets or kinds of numbers. 
What role do the colours themselves play in the setting up and simplifying of words? 

What i s  the same about, and what is different about PLATES and PAINT BY NUMBERS? 

P 

P FOR THE VERY BOLD Suppose each member of a set A of numbers has  been painted with colour 
A, the members of set B with colour B, and so on. There may be a finite, or possibly infinite, set 
of colours, but  each number has  a unique colour. 

Suppose also that  colour arithmetic works: adding any member of a painted set such a s  A to . . 
any member of a painted set such as  B, always gives the same coloured answer. - . , 

Investigate what sorts of paintings will achieve this; in other words, investigate .which sorts. of 
sets of numbers can be painted in this way. For example: could the set of all prime numbers be, 
painted one colour? . . 

) .  . . 
, . . > , . 

CHINESE JIGSAWS 

Place nine coins or cards in a three by three array as  
shown. I t  i s  important that  you can tell which way up 
the coins or cards are. 



A move consists of turning over the three coinslcards 
in any one- row or column. An action is any 
combination of such moves. 

The object, initially, is to start from any configuration and to try to get all the coinslcards the 
same way up. Alternatively, if you start with them all the same way up, try to get them so that 
all but the middle one are the same way up. 

When you are convinced about what happens here find out how many different actions are 
available to you, using only combinations of the row and column moves. A good notation will 
be one you can reinterpret easily, and yet which makes i t  easy to calculate combinations. 

How many different positions of the coinslcards can you achieve starting from a given 
position? 

F 

F EXTENDING Try starting with all the coindcards the same way up except the middle one, and 
allow yourself to turn over the three on a diagonal, as well as the rows and the columns. Can 
you get all the coinslcards the same way up? Convince someone! 

F EXTENDING FURTHER Try replacing the coinslcards with dice. It  is best to start with all the 
dice in exactly the same orientation, not just the same way up. 

A move now consists of rolling over all the dice in a 
row or column, turning them about the row or column 
axis. What configurations can you obtain now? 

Another direction to explore is to replace the coinslcards, which are essentially two-position 
objects, with three-position objects. Each move consists of advancing the positions of all three 
objects in any one row or column. What configurations can you get to now? How many 
actions (that is, combinations of moves) are available altogether ? 

F 

OVER AND UNDER 

Imagine a long thin strip of paper stretched out on the table in front of you. While thinking of 
something else, you idly fold i t  over, making a crease, then fold i t  under (see figures below), 
again making a crease. Carry on with some sequence of over and under folds. After a while, 
you glue the two ends of the strip together, but are interrupted by a telephone call. Several days 
later you come across a word made up out of 0 s  and Us and remember the strip, which you can 
no longer find. 



OVER UNDER 

Work out rules which enable you to simplify words made up of 0 s  and Us, and to deduce the 
' 

number of twists the strip will have when the ends are glued together. You may have to be a bit 
careful about how the ends of the strip are brought together to permit the gluing! 

b 
Comments Some words will collapse entirely to the 'empty word', corresponding to the action do- 
nothing which is usually called the identity (see GLOSSARY). The words which collapse like this, reveal 
something of the structure amongst the actions. 

GRID WALK 

While browsing in a bookshop, a manuscript falls out of an old volume about pirates. I t  looks 
like a secret code. There is a long sequence of Fs ,  R s  and Ls,  which appear to refer to 
instructions to go forward a certain distance, to turn right and go forward the same distance, 
and to turn left and go forward the same distance. 

Rather than trace out, step by step, what looks like a long and tortuous journey, find rules 
which enable you to simplify such a sequence and to predict the coordinates of where you will 
end up, relative to the coordinates of the starting point. 

Investigate how the rules have to be altered when R and L mean turn right or left through 60 
degrees. 

I) 
Corn rnents See also PM752C APPROACHING INFINITY. 

TRACKED 

Model railroad track tends to come in fixed-size pieces, usually straights, right-bends (which 
are one-eighth of a circle), and left-bends. The straights are usually half the radius of the 
circle made by the bends. Sometimes there are also short straights which are one-quarter of a 
radius. 

To communicate efficiently about different track layouts, one can use the abbreviations S,  R 
and L, and then provide a word made up of the letters S, R, L, to denote the sequence of pieces for 
a given layout. As an editor of an enthusiasts' magazine, you would like to have quick rules 
for checking that a given sequence does form a closed circuit, and for finding how many 
bridges (for crossings) will be needed. Investigate how to tell just by analysing the associated 
word, without drawing the layout. 

Suggestion: Start with an easier problem; for example, start with quarter-turns, or even half 
turns before going on to eighth-turns. In order to link these cases together, you might want to 
change the notation S, R, L to something more convenient. 



REFLECTIVE GEOMETRY 

Draw a triangle, and label the vertices A, B and C, and the edges a (opposite vertex A), b and c. 
Now use the. symbol a(P) to denote the effect of reflecting some point P in line a, and B(P) to 
denote reflecting the point P in the vertex B. (Such reflections may also be seen as rotations 
through 180°.) A sequence of reflections can then be written as, for example, AaBbCc to denote 
the composite action of first reflect P in line c, then in vertex C, and so on. Although the 
reflections specify what happens to a point, they can equally well be thought of as acting on the 
triangle, or even on the entire plane. 

By following the effect of various points P, develop a set of rules for simplifying such words. 
For example, AAA is the same as A. More complicated expressions like ABC have curious 
effects when repeated several times. 

b 

EXTENDING Different kinds of triangles can be characterised by the fact that certain 'words' 
have no overall effect. 

What happens with quadrilaterals? 

FOR THE BOLD The geometrical notion of reflection can be extended to reflection in a circle. 
A point a t  distance D I R  from the centre of the circle with radius R, trades places with the point 
which is on the same ray from the centre, and a t  distance R I D  from the centre. The centre can 
be thought of as trading places with a point 'at infinity'; there is no need to worry about where i t  
goes, a s  long as if you do the reflection twice, i t  comes back again! Denote reflection in circle 
X by X. Investigate what simplifications are possible in words made from just X; from X and Y 
corresponding to two different circles; from X together with names of points; from X together 
with points, and lines; etc. 

b 

ABSTRACTION TWO 

Words formed from strings of symbols can sometimes be collapsed to simpler words which, as 
actions, have the same effect. Words having the same effect are often called equivalent (see ' 
GLOSSARY) because they have an equivalent effect. The most basic collapsing comes from an 
action and what is known as  its inverse (see GLOSSARY). Furthermore, A A-' and A-'A are  
both equivalent, as composite actions, to the identity or do-nothing action. 

The rules for collapsing or simplifying a word consist of statements that two words, as actions, 
have the same effect. Any simplification rule based on the equivalence of two words can be 
converted to a rule specifying that some word is equivalent to the identity. Thus 'ABA = C' is 
the same as ' A B A C - I  is the identity'. 

The words which collapse to the identity, which are equivalent to do-nothing, reveal something 
of the structure amongst the actions. The combination of any two of them is also equivalent to 
the identity, a s  is the inverse of such a word. Indeed, the set of all simplification rules 
themselves may be manipulated in much the same way as a set of actions. In other words, the 
rules for simplification can be generated by (usually a few) basic rules. 



3 G.EOMETRY INTO WORDS 

The geometry referred to in this section is the geometry of the number line and the plane. The 
idea is to study actions on the line and the plane which preserve distances between points, that 
is, the distance between two points is the same after an action is applied as before. There are 
important connections between the actions, and numbers. 

GRID SHIFTS 

Imagine a number line with . . ., -2, -1,0, 1,2,  . . . marked on it. 

-4 -3 -2 - 1  0 1  2 3 4 

Imagine it being shifted 4 positions to the right, then 5 positions to the left. 

Where is the origin now? Where has 3 moved to? 

What about -7? What if you start a t  12? What happens in general? 

Comments A piece of acetate sheet or thin paper may make i t  easier to see what happens with these 
shifts b u t  do try to imagine them first. 

What is  meant by the question 'where has 3 moved to?' More precisely this should read 'where has the point 
gone which was originally labelled 3?' Or even more precisely, 'what is the original label of the point where 
the point which was labelled 3 goes to under the transformation?' Note - this is a good example of why 
formal mathematics looks so complicated. Precision is  not always succinct or understandable! 

GENERALISING Generalise by considering other shifts, and combinations of shifts. Develop a 
notation which aids computation and shows how shifts combine. I t  is wise to refer all 
calculations to the numbers on one fixed copy of the line. 

I 

Comments Using a separate letter for each possible shift results in a profusion of letters, but no clarity. 
Using one letter with a subscript specifying the amount of the shift focusses attention on what is  important - 
t h e  relationship between shifts. Simply using a number to refer to a shift by that amount is  bold and  
insightful, but easily confused with ordinary arithmetic. 



EXTENDING 

Imagine now a square grid with the points 
marked by pairs, such a s  (0,0), (1,2), etc. 

Imagine the grid shifted 3 to the right and 5 
up, then 4 to the left and 7 down. 

Where is the origin now? Where is (2,-1) now? What happens in general? 

P 

SHIFTING LINES 

Imagine a rod, or a line segment, lying on a number line from, say, 0 to 2. 

-4 -3 -2 - 1  0 1 2 3 4 
l 1  I 

The rod can be shifted by a whole number of steps along the line in either direction. 

Develop a notation to facilitate computation of the overall effect of a combination of such shifts. 

Comments For example, S1 for a shift of 1 to the right, and S2 for a shift of 2 tO the right, combine to give 
S2S1 = S?. Alternatively, subscripts could be used: S,  for a shift of 2 to the right, S-, for a shift of 1 to the left, 
etc. 

GENERALISING Generalise to two dimensions. 

b 

b REFLECTING What mathematical similarities and differences are there between SHIFTING 
LINES and GRID SHIFTS ? 

EXTENDING Now permit the rod to be rotated about any point on the number line, through an 
angle of 180°, so that it ends up back on the number line but pointing in the other direction. 

Again, develop a notation to facilitate computation. Combine shifts and rotations. 

What orders do the various actions have (see GLOSSARY)? 
P 



LlNE ROTATIONS 

Imagine a number line with 0, 1, 2, ... marked on it. 

Imagine the line being rotated ,180" about the point 0. (Alternatively, but equivalently, imagine 
the line reflected in the point 0.) 

Where does 3 end up? What happens to -7? What about 12? 

Write down what happens in general. 
b 

Comments You might want to say that 3 ends up facing backwards. But that isn't the point! Focus on 
the position of the point, not its label. See the comments on GRlD SHIFIS. 

P EXTENDING Start  again. Imagine the line rotated 180" about the point 4. Where does 3 end up? 
Write down what happens in general. 

Start  again. Imagine the line shifted 4 to the left, then rotated 180" about the old point 0, then 
shifted 4 to the right. Where does 3 end up? What happens to -7? What about 12? What happens 
in general? 

What is the same, and what is different about the two actions investigated here ? 
b 

Comments You can achieve the same result as a rotation through 180" about 4 by: shifting 4 to the origin; 
rotating 180" about the old origin (where 4 is now); then shifting where 4 is now back to the original position 
of 4. This may seem complicated a t  first, but it is well worth persevering and generalising this idea. In 
symbols, if S., shifts 4 to the origin, R, rotates 180" about the original origin, and R, rotates 180" about the 
original 4, then R4 = S4R$-4' 

b' GENERALISING Star t  again. Imagine the line rotated 180" about the point 5 (or shifted, rotated 
about the old 0, then shifted back), then rotated about the old point 7. Where does 3 end up? What 
happens in general? 

Compare the results with what happens if you rotate 180" about the point 5, then rotate about the 
point where 7 is now. 

Generalise to rotations in succession about arbitrary original points. Develop a notation, and 
investigate how they combine. Modify your notation so tha t  i t  reflects the  geometry. 
Investigate connections and differences between instructions to rotate about original points 
and instructions to rotate about points where they are now. What is the effect of changing your 
starting position in the two systems? 

P REFLECTING What is the same and what is different about LlNE ROTATIONS and GRlD SHIFTS? 

v 



GRlD ROTATIONS 

Imagine a plane with an origin and a pair of axes 
marked on i t  as in GRlD SHIFTS. Imagine the 
plane rotated about the origin through 30°, then 
rotated again about the origin through 60". 

What is the combine1 d effect? What happens in general? 

REFLECTING What is the same and what is different about GRlD ROTATIONS, and GRlD SHIFTS 
of the number line? Develop a notation which helps to show clearly any connections. 

GENERALISING Imagine a rotation through some angle about the origin. Now imagine 
another rotation about a different point, through some angle. 

Investigate the combined effects. 

b 
Comments A piece of acetate sheet or thin paper could be invaluable here. As you develop your notation, 
make sure that you refer to points consistently - either by their original names, or by their current names. 

Focussing on the actions is important. Trylng to calculate with coordinates might get in the way. Think 
instead in terms of rotations about points, and use your experience with GRlD SHIFTS. Concentrate at first 
on whether the combination of two rotations is always a rotation, or whether it might be a reflection, or a 
shift, or something new. 

) FOR THE VERY BOLD Imagine a sphere. Imagine i t  rotated through a given angle about a 
given axis; ,Then imagine it rotated through.another angle about.,another axis. What is the 
combined effect? Compare this with the following. 

Imagine a sphere being rotated a t  a given speed about a given axis. Imagine i t  being rotated 
about a different.axis a t  a different speed. What is the effect of combining the two rotations? 
Suggestion - try special cases first! 

DIAGRAMS 

Take,any diagram such as one of the following, or one of your own. 
5 



Make two copies of your chosen diagram. Label the marked points on one, then label them 
again on the other diagram using the same labels but possibly in different positions, subject 
only to one constraint: if three labels lie on a line in one diagram, then they must lie on a line 
in the second. Take a s  an action, the act of relabelling, that is, of moving from one set of labels 
to another. What might i t  mean to perform a particular relabelling twice? What features of a 
diagram mean that it will have lots of, or very few relabellings? 

EXTENDING Try to build up larger and larger diagrams which admit lots of relabellings. 
Extend the idea to circles - if three labels lie on a circle in one diagram, then they must lie on a 
circle in all relabellings. 

SHIFTING 

Imagine a heavy piece of steel with one end painted red, and the other painted green. I t  is so 
heavy that you can only pick up one end a t  a time, and swing i t  through an angle of, say, 90" 
about the other end. You have two actions available to you: you can swing the red end through 
90" clockwise while the green end stays fixed; and you can swing the green end through 90" 
clockwise while the red end stays fixed. 

By combining these two actions you can move the steel beam around. Where can you get the 
beam to? 

Comments Let R and G denote the two basic shifts. Then a word' made up of R s and G s denotes a 
sequence of shiftings of the beam. For example, RGRGG could mean two G shifts followed by an R then a G 
then an R, or it could mean an R followed by a G, etc. Both meanings can be used. Decide which you will use 
(then stick to it!). 

GENERALISING Investigate how to tell if two words have the same effect on the bar. 

b 

EXTENDING Try replacing the beam by a square chair or by a rectangular sofa which can be 
moved only by rotating i t  about a corner through some fixed angle - say 90°, or perhaps 60°, or 
S . .  

Develop a notation for the basic moves, and work out the effect of various words. Investigate 
which words are equivalent to do-nothing. 

b 
Comments Observe that the set of words equivalent to do-nothing can be combined, to form a complete 
set of &-nothing actions. Any two do-nothings combine to give a third do-nothing. 

(The ideas in this subsection are based on an idea of Geoff Giles.) 

ABSTRACTION THREE 

Each of the activities in this section involved an underlying grid - either the number line, or a 
two-dimensional grid. Sometimes the grid itself moved, and sometimes an object on the grid. 
When an  object moved, the underlying grid was useful as a reference system. When the grid 



itself moved, i t  was necessary to be clear whether actions were specified relative to an 
underlying, fixed (perhaps painted) grid, or in terms of where the moving grid had reached. 

There are definite connections between the two approaches, but the connection is not easy to 
state precisely. I t  is wisest to refer all actions to a fixed, painted, underlying grid. (A similar 
difficulty arises when considering symmetries in the next section.) 

The collections of actions in this section are all infinite. Many of them are remarkably like 
the addition of numbers, and this likeness can be highlighted by choice of notation. For 
example, if RA represents a rotation through an  angle A anticlockwise about the origin, then 
combining RA and RB gives RA+B, which corresponds to the addition of A and B. 

B FOR THE BOLD Imagine a grid in the plane. What sorts of actions are possible which preserve 
the grid structure, other than shifts? For example, a shear (see GLOSSARY) would not preserve 
the grid structure, whereas a reflection would. Try to show that  you have captured and 
described all the actions which send grid lines to grid lines. 

What properties does the set of all grid-preserving transformations have in common with the 
set of grid shifts, or the set of grid rotations about the origin? Focus not on the effects, but on the 
doing of computations with the words which represent the actions. 

B 



4 SYMMETRIES INTO WORDS 

SYMMETRIES 

Cut out a shape and trace a 'box' for it. 

Pick up the shape from its box, move i t  around, put i t  back. 

Put it back differently. Some marks on the object, and on the box, may be helpful in order to 
specify 'differently'. 

Focus not so much on the different ways the object can be put in its box, but rather on the actions 
needed to obtain the different ways. Try simply looking a t  a shape, and both seeing, and 
feeling in your body, the various actions which put the shape back in its box. 

Try combining actions to produce new ones. The set of all such actions is called the group of 
symmetries of the object (see group in the GLOSSARY). 

GENERALISING Make or obtain three-dimensional shapes. Mark them in some way so that 
'different' actions can be distinguished. Imagine the various symmetries of the object. 

Develop a notation to help you locate all the symmetries. 

Check that you have them all by combining the symmetries together. 

P 

REFLECTING What is the same, and what is different about SYMMETRIES, PLATES and 
JUMPERS? 

ABSTRACTION FOUR 

Although this section appears very brief, in some sense it subsumes all the others. The activity 
draws attention to geometrical symmetry as the source of symmetry groups (these are the sets 
of actions on an object which preserve the geometrical shape of the object). Notice how the idea 
of symmetry a s  a property of an object becomes symmetry as an action which is performed on 
an object but which preserves the symmetry of the object. 

When mathematicians find themselves beginning to be aware that in several apparently 
different contexts they are doing the same sort of computation, they start to look for common 
features. In many situations in which there are objects, and transformations of or actions on 
those objects, i t  seems to be the case that there are certain properties of the collection of all such 



actions. These common properties are abstracted by writing them down in a context-free form. 
In this case, one property is: 

any two actions can be combined, to give a third. 

This property is called closure for brevity. A set of actions is said to be closed if any two can be 
combined to give a third. 

Other properties include: 

there is an identity action which has the effect' of 'do-nothing', and which,when 
combined with another action A, has the same effect as  A (such an action is usually 
denotedbye o r E , s o t h a t A E = A = E A ) ;  

to each acfibn A there corresponds an inverse action A-l which undoes A, so that 
AA-1 = A - 1 ~  = E .  

There is one further property which turns out to be necessary, but which is hidden in the 
examples from which the abstraction has been made. If you combine three actions, A, B and C, 
then since you can only combine them two a t  a time, there are two ways to combine them while 
preserving the order A, B, C, namely: 

A with (BC), and W) with C. 

With actions, these two calculations always give the same result.  he property that for any 
three, not necessarily distinct actions, A, B and C, O1B)C = A(BC), is called associativity (see 
GLOSSARY). 

These properties are usually known as  the axioms of a (symmetry) group. 

The root ideas of groups as a mathematical structure emerged from the study of substitutions 
(now called permutations). People were interested in permutations which left algebraic 
expressions unchanged, arising from the work of Evariste Galois in 1828 on the impossibility 
of a formula for the roots of a fifth-degree equation, and of William Hamilton on quaternions 
in 1843. The major mathematical step of abstraction, which was made by Arthur Cayley in 
papers written in 1854 and 1878, and more clearly by Alther van Dyck in 1882, was to turn the 
tables, and declare that any set of objects, whether symbols, actions or whatever, which had 
these properties, constituted a group. Thus a group is any collection of actions or entities with a 
rule for combining them which satisfies closure, identity, inverses and associativity. People 
then proceeded to study the properties of groups using simply these properties, but guided by 
their experience with examples of the sort presented in the activities in this pack. 



5 SUBSETS OF W O R D S  

Earlier activities in this pack involved starting with a few actions, and generating a group, or 
full set of actions from them. In this section, the starting point is a group of actions, and 
attention is focussed on subsets of that group which are themselves closed. The approach is to 
use the idea of painting in order to draw attention to th'e subset of interest. Attention is drawn 
here to actions specified by what they preserve as well as what they change. 

PAINTINGS ONE 

Bring to mind the number line, and the complete set of actions consisting of shifts left and right 
by any amount such as 3,0.5, 213,43 and reflections (that is, rotations through 180") in each and 
every point. 

Now think of the points whose labels are integers as being painted yellow. Which of the above 
actions 'preserve yellow paint'? In other words, which actions send yellow points to yellow 
points and non-yellow points to non-yellow points? What can be said about the set of all 
yellow-preserving actions, in terms of groups? 

P 
Comments Taking a group of actions on a set, and restricting the actions that are permitted, perhaps by 
painting or fixing some features of the set, produces a new group, known as a subgroup of the original 
group. 

P EXTENDING Now think of the even integers as being painted blue, in addition to being painted 
yellow (two paints, not a mixture!). Focus attention on the blue-preserving actions. Do they 
form a group? What relations are there between the yellow-preserving and blue-preserving 
actions? 

Now think of the points 14 and 18 as being painted orange as well. Concentrate on the orange- 
preserving actions. How are the yellow-, blue- and orange-preserving actions related? 

P GENERALISING Try other paintings, such as the odd numbers, or multiples of three, and focus 
on the paint-preserving actions. 

When (in terms of painting) is one set of actions wholly contained in another? 

MORE GENERALISING It  may be that two different paintings give rise to the same group of 
actions, or to groups of actions which are very similar: for example, 

paint only 14 and 18 and paint only 0 and 8; 
0 r 

paint only 4 and 8 and paint only 1 and 2; 
or 

paint only the even integers and paint only the integers divisible by 7; 
or 

paint only the odd integers and paint only the integers 2 more than multiples of 7. 

Investigate what is common to different paintings which produce the same groups of actions. 
P 



F REFLECTING Which different paintings give rise to exactly the same set of paint-preserving 
actions, and which give rise to effectively the same group of paint-preserving actions? Specify 
a rule which classifies paintings as  equivalent in the sense that they give rise to the same set of 
paint-preserving actions. 

F EXTENDING FURTHER Draw a circle and mark a number of points around it, equally spaced. 
Bring to mind the set of all rotations of the circle which take marked points to marked points. 

Paint some of the marked points and consider the paint-preserving rotations. Follow the 
format of investigation of the paintings of a line, to find similarities and differences between 
paintings on the line and on the circle. 

F 

) REFLECTING AGAIN What is PAINTINGS ONE about? Try to  construct a story in your own 
words, and compare notes with a colleague. 

F 

PAINTINGS TWO 

Imagine a square, with a pair of opposite sides painted blue. Which symmetries of (actions on) 
the square preserve the blue paint? In other words, which symmetries send blue-painted points 
to, and only to, blue-painted points? 

What (unpainted) objects have the same symmetries as those of the blue-painted square? 

Comments Two objects have the same syrnmetries if there is a matching of the symmetries of one with 
the symmetries of the other such that calculations done in one set of syrnmetries correspond under the 
matching with calculations done in the other set of symmetries. 

F GENERALISING Try other kinds of paintings, for example, a pair of adjacent sides painted 
yellow. 

Try other shapes, and use different paintings. 

What connections are there between different paintings, and the corresponding paint- 
preserving actions? 

F REFLECTING What is the same about, and what is different about, PAINTINGS ONE and  
PAINTINGS TWO? 

PAINTINGS THREE 

Observe that: 

the symmetries of a rectangle are the paint-preserving symmetries of a square 
when pairs of opposite sides are painted the same colour. 



Take any other group of actions on a set of objects encountered so far. What larger group of 
actions and corresponding set of objects can be found so that the original group arises as the 
paint-preserving actions in the larger group? 

P 

P REFLECTING What is the effect of painting some features of objects? 

P 

FOR THE BOLD Can every shbgroup of a group of actions be achieved by painting some 
features of the objects? 

P 

ABSTRACTION FIVE 

A subgroup of a group is a subset of the group which forms a group in its own right, using the 
same operation. Thus in order to be a subgroup, a subset must contain the identity element, 
must be closed, and must contain the inverse of each of its elements. Associativity will be 
inherited from the larger group. 

When a group is presented as a set of actions on some object, painting is a way of producing a 
subgroup. The set of actions which preserve the painting form a subgroup. 

Finding all of the subgroups of a group can be difficult if the group is a t  all large or 
complicated. Many of the theorems which constitute group theory - the study of groups - are 
really statements about the existence and properties of subgroups of groups. 

The set of paint-preserving actions of some painted object can be thought of as symmetries, in 
the sense that the actions leave certain properties of the object unchanged. Ordinary 
symmetries concern geometrical properties based on length. All of the groups encountered in 
this pack can be thought of as symmetries in the sense that the actions preserve certain 
properties of the sets and objects. What is preserved is, in some sense, a symmetry. 



6 FOR THE BOLD 

GRAPHS 

Imagine the graph of some function such as: 

F(x) = x2,  or F(x) = sin(x), 

or something more complicated. Include in your image, the X -  and y-axes. It  might be helpful 
to  sketch your function; because the next step involves moving it about. 

4. 
Imagine now that another sketch of your function is superimposed on the first, but the scale of 
the new sketch has been changed on both the X -  and y-axes, say by a factor of one-half. 

Where is your function now? Try to express in words what has happened to it. 

F 
Comments If in doubt, specialise! Focus attention on one point, say (2,0), on the original sketch and ask 
where it will appear in the new sketch. 

F GENERALISING Investigate the effect on a function F of scaling the x-axis by one factor, and 
the y-axis by another. What happens if these scalings are combined? 

What about shifting the function sideways, and up and down? -.,Try to hold in mind the 
complete set of graphs obtainable from your original using shifts and scalings. 

Repeat with other functions. 
. . F 
' -. 

F REFLECTING What connections are there between the graph of y = F(;) and the graph of 

y + d = bF(m + c)? 

b 
Comments See also PM752D PICTURING FUNCTIONS;~~ the MATHEMATICS UPDATE series. 

ARGAND 

Imagine a number line. 

Think of the line' as lying in a 

Imagine the number line being rotated through 90° about the origin, staying in the plane. To 
denote the .place that, say, . 3  ends up, Argand proposed the name 3i, which he thought of a s  
multiplication by (or transformation by) i. 

By extension, everyspoint. in the plane can be lab'elled.by reference to. the two axes - the original 
number line, andthe i-axis. 'Thus 3.+ 2i i's the Argand name whichirefers to the point whose 
Cartesian coordinates ,&ould be. (3,2). 

What is the effect of following i by i? 

In what sense is 'multiplying' a reasonable name for what is happening? 
F 



EXTENDING Investigate the effect of multiplying Argand names such as  1 + 2i by i, both 
geometrically as a rotation, and then computationally. Determine and express a rule for 
multiplying any Argand name a + bi by i. 

GENERALISING Investigate the effect, in geometric terms, of multiplying 1 + 2i by Argand 
names such a s  2, 1 + i, (43 + i)/2 and, more generally, by cos (8) + i sin (8). Determine and 
express a rule for multiplying together any two Argand names. 

What is the effect of multiplying b y j  twice, thrice, . . . in succession? 

Try the same idea for other Argand names. 
b 

EXTENDING FURTHER Sketch several shapes in the plane which are sent back to themselves 
when the Argand names of their points are multiplied by i (that is, shapes which are 
symmetric under multiplication by i). What do the shapes have in common? 

Try the same idea with multiplication by other Argand names. 
- 

Comments See also PM752B DOING AND UNDOING in the MATHEMATICS UPDATE series. 

HAMILTON 

Hamilton, while pondering how to represent actions in space and time arising from physics 
problems, discovered that Argand's idea is interesting in four dimensions. There are four 
axes (hard to imagine), mutually a t  right angles, and labelled 1, i, j, k. I t  turns out.to be 
critical to get the order of operation correct, so all actions are represented by multiplying on the 
left. Thus 

Multiplication by i sends: 
1 on the l-axis to i on the i-axis, 

j on the j-axis to k on the k-axis ( i j  = k), 
k on the k-axis t o  -j on the j-axis (ik = j) .  

Multiplication by j sends: 
1 on the l-axis to j on the j-axis, 
k on the k-axis to i on the i-axis (jk = i), 
i on the i-axis to -k on the k-axis (ji = -k). 

Multiplication by k sends: 
1 on the l-axis to k on the k-axis, 
i on the i-axis to j on the j-axis (ki = j), 
j on the j-axis to -i on the i-axis (kj = 4. 

Points are labelled as, say, 1 + 2i + 3j + 4k. 

Investigate combinations of i, j and k. What 'shapes' in the four-dimensional space are left 
invariant (see GLOSSARY) by all combinations of i, j and k ? 

b 



7 THE LAST WORD 

Work on this pack cannot be considered to be completed unless and until some overall sense 
has been made. In this pack, a number of technical terms have been introduced. Therefore, 
the best way to develop a sense of the mathematical ideas is as follows. 

D ACTIVITY 1 Think back over the various activities undertaken in this pack. What is similar 
about them, and what is different? 

D ACTIVITY 2 Make a list of all the technical terms you can recall using or coming across. Now 
try to construct sentences which connect these terms together, and which describe what you 
found happening in the various activities you encountered. 

D 
Comments This technique, which is often known as reconstruction, is useful at the end of a section, the 
end of a lesson, the end of a sequence of lessons, and before an examination. 

D ACTIVITY 3 The introduction contains a list of aims. Look back over them and see to what 
extent each aim has been achieved. What are the gaps, and how might something be done 
about them? 

D 

ACTIVITY 4 Although the main aim of this pack was to help you to work on your own 
mathematical thinking, there are implications for the classroom. 

Pick one or two activities that you worked on, and consider what mathematical ideas you came 
up against as  a result, either about the use of notation, or about mathematical structure. Now 
pick any topic you teach, and look for aspects of the use of notation or the presence of structure, 
which underlie that topic. 



8 GLOSSARY 

ANY The expression '. . . holds for any number' means that for any number you choose it will 
hold, or in other words, for all numbers you could choose, it will hold. 'These two actions have 
the same effect on any . . .' means that no matter which . . . you choose, you will find that the 
two actions will both have the same effect. 

ASSOClATlVlTY A set of actions is said to be associative if for sky three, A, B, C (which need 
not actually be distinct), the calculations (AB)C and A(BC) always give the same result. In 
other words, the actions can be associated in either order. Associativity is one of the critical 
properties which make a group. Since all of the groups considered in this pack come directly 
from actions, associativity follows automatically, because the formation of composite 
functions is automatically associative. 

CLOSED A set of actions is said to be closed, if the combination of any two of them (in either 
order) is also an action in the set. I t  follows then that the combination of any finite number of 
the actions in the set will itself be an action in the set. 

COMMUTATIVE Two actions A and B are said to commute if the compound actions 'A 
followed by B' and 'B followed by A' always have the same effect as actions. A set of actions is 
said to be commutative if every pair commute. There are links here with-the word 'commuter', 
meaning 'back and forth'. 

COMPOSITE ACTION An action which is formed from several other actions can be thought of 
either as  an action in its own right, or as  a composite action made up of others. 

EQUIVALENT Often in mathematics a certain sameness is detected amongst a number of 
examples which distinguishes them from the rest. I t  is usual to call two things equivalent if 
they share the property being attended to, meaning that as far as  the features considered 
important, the two things are indistinguishable. The recognition of an equivalence is an act 
of classifying, of distinguishing some things as  being the same, and some as  different. To 
permit classification, it is necessary for a proposed equivalence to satisfy three properties: 

each thing is considered to be equivalent to itself; 
ifA is equivalent to B, then B is equivalent to A; 
ifA is equivalent to B, and B is equivalent to C, then A is also equivalent to C. 

These three properties are exactly what are needed in order that a classification into distinct 
classes emerges from a perceived sameness. 

EMPTY SET The empty set is the (rather peculiar but nonetheless important) set which has no 
members. 

DO-NOTHING The action which in fact does nothing is called the identity. Despite its 
apparent uselessness, it is an extremely important action - so important that it is mentioned 
explicitly in the definition of a group. 

FULL SET of actions. See group. 

GENERATED A collection of actions can be used to form words, made up of sequences of those 
actions. The collection of all actions so formed is called the set of actions generated. A single 
action generates a collection of composite actions, which will necessarily form a group. Such 
an element is called a generator of the group. See also closed. 



GROUP A set of actions which is closed, or in other words, is a full set of actions, is called a 
group if it satisfies the two further properties that there is an identity (do-nothing) action, and 
that for each action there is a corresponding inverse action. 

IDENTITY The identity action do-nothing is usually denoted by E (from the German 'eiden' = 
'same'). If A is any action whatsoever, then E followed by A is the same as  A followed by E ,  
and both are the same (have the same effect as) the action A. In words, EA = AE =A. 

INVARIANT A property or relationship is invariant under an action if the action preserves 
that property. In other words, the action leaves that property invariant. One view of 
mathematics is as the study of invariance and invariants of different actions. 

INVERSE An action A has an inverse B, if BA =AB = E, the do-nothing or identity action. 

NOTATION A succinct notation (often a single symbol) can assist mathematical thinking in 
several ways. Where repetition is involved, notation can save time and effort in making 
records and representing physical actions. For example, WWW or W 2  or W3 are common 
forms of mathematical nbtation for repetition. They are more succinct than, say, Wipe Wipe 
Wipe, which would be tedious to write frequently. A useful notation stresses what is important 
(in this case the number of repetitions) and suppresses the unimportant (that W stands for 
Wipe). 

Notation can also facilitate a transition from physical actions being recorded by the notation, 
to doing calculations with the symbols as a surrogate for physical activity. Often this leads to  
the seeing of pattern and structure, because notation helps to stress what is significant, and to 
ignore what is actually unimportant in a particular situation. 

ORDER Order is used in three senses, two of which are related. 

First: the actions 'A followed by B' and 'B followed by A' involve using A and B in different 
orders. See commutative. 

Second: the order of an action A is the least number of times that it is necessary to repeat A 
until the resulting composite action is the identity action, which has no effect on anything on 
which A acts. If the identity is never reached, the action is said to have infinite order. 

Third: the order of a set of actions is the number of actions in that set. I t  is usually used for 
sets of actions which are closed. 

If you take a single action A, and compare its own order with the order of the set of actions i t  
generates, you can see the link between the second and third uses of the word order. 

PERMUTATION Apermutation of a set of objects is a rearrangement of those objects in some 
(usually but not necessarily different) order. To perform a permutation is to perform an 
action which permutes. A symmetry of an object can be thought of as  a permutation of the 
vertices (or the edges, or the faces, or . . .) which preserves certain relationships between those 
vertices etc. 

REAL NUMBER A real number is any number which can be expressed using decimal notation. 

SHEAR A shear is  a transformation which stretches points in a direction parallel to a fixed 
straight line by a variable factor (which depends on the distance of the point from the line). 

SUBGROUP A subgroup of a group is a subset of the elements of the group which themselves 
form a group in their own right, using the group operation inherited from the larger group. 
Thus, to be a subgroup, a subset must be closed, must contain the identity, and must contain the 
inverse of each of its members. The associative property is automatically inherited from the 
larger group. 

SUBSET A subset of a set consists of some, perhaps but not necessarily all, of the members of 
the original set. An important subset of any set is the empty set. 



SYMMETRY Symmetry  is, first of all, a property of an object. A physical object has a 
symmetry if it can be picked up (mentally) from a tight-fitting box and put back. Thus every 
object has the identity or do-nothing symmetry, and some objects have more than one. The 
idea of symmetry as a property becomes symmetry as  an action performed on an object. The 
set of symmetries of an object form a group - the symmetry group of the object. Any group can 
be thought of as  the set of actions on some set which preserve certain properties, and so in some 
sense, every group is a symmetry group. 

TRANSFORMATION Actions on geometrical figures are often called transformations. It  is 
usually helpful to think of the action or transformation as a transformation of the entire plane 
rather than just of the object. 

WORD A word is a sequence of symbols (usually letters), each of which stand for actions. 
The word stands for a composite action made up by applying the individual actions one by one. 
It  is usual to apply actions from the right. Thus the word ABC means apply C first, then apply 
B, then apply A. The individual symbols may themselves represent words made up from other 
symbols. One of the uses of 'words' is to find rules for simplifying them which do not require 
recourse to the physical actions which they represent (see notation). 



STUCK? 

Good! RELAX and ENJOY it! 
Now something can be learned 

Sort out 
What you KNOW 

and 
What you WANT 

SPECIALISE 

GENERALISE 

Make a CONJECTURE 

Find someone to whom to explain 
why you are STUCK 



WHAT TO DO 
WHEN YOU ARE STUCK! 

The following suggestions do not constitute an algorithm. They have been found helpful by others, but 
they will only help you if they become meaningful. The way to learn about being stuck is to notice not 
only what helped to get you going again, but also what contributed to you getting stuck in the first place. 
Such 'learning from experience' is then available for use in future situations. 

b Recognise a n d  acknowledge that you are STUCK C 

Record this in your working as  STUCK! In so doing, you will have broken out of the familiar experience ' of going round in circles, retreading unfruitful ground, and will have focussed your energy and 
attention on devising a strategy to get unstuck. 

b Write down t h e  headings KNOW a n d  WANT 
Under KNOW, make a list of everything that  you know that  is relevant. Where helpful, replace 
technical terms with your own words and include some examples. 

Under WANT, write down your current question in your own words. You may need to go back to the last 
time you wrote down a CONJECTURE to see ifyou havelost sight of where you are in the question. Hence 
the value of recording conjectures as you work. 

Your new task is to construct a bridge, an argument linking KNOW and WANT. Sometimes the act of 
listing under these headings will be sufficient to free you from what i t  was that was blocking progress. 
Sometimes you will need to narrow down your question to a sub-question that you feel you can tackle, 
or you may find i t  useful to articulate the prompts 'If only I can show/get/do . . .I. If you are unable to 
progress, you may need to SPECIALISE further. 

b SPECIALISE 
Replace generalities in KNOW and WANT with particular examples or cases with which you are 
confident. Try to get a better picture of what is going on in the particular cases, with an eye to 
generalising later. 

SPECIALISING has two functions: 

to enable you to detect an underlying pattern which can lead to a generalisation, perhaps in the form 
of a CONJECTURE; 

to simplify a question which is giving you trouble to a form in which progress can be made, leading 
to a fresh insight on your original problem. 

Be SYSTEMATIC, and collect the data or examples together efficiently. A pattern is less likely to emerge 
from random specialising, or from a jumble of facts and figures. Draw clear diagrams where 
appropriate. 

SPECIALISE DRASTICALLY by simplifying wherever possible in order to find a level a t  which progress 
can be made. Sometimes this involves temporarily relaxing some of the conditions in the question. 

b If you are still stuck, you m a y  n e e d  to TAKE A BREAK 
Simply freeing your attention from the problem - or explaining i t  to someone else - can lead to a falling 
away of the block. 
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