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0 INTRODUCTION 

Take any action connected with getting dressed, such as  
putting on a shirtlblouse and jumper. There is a 
corresponding action when getting undressed which 'undoes' 
what was done in getting dressed. 

With any doing, there is an associated undoing which often leads to useful mathematical 
ideas. 

Having found a general method for solving a type of problem, 
can you now reverse the process; that is, if you know the 
solution, what was the question? 

This is typical of doing and then undoing. Sometimes a problem can be solved by treating it as 
an undoing, and then studying the doing, first. Equation solving is an example of trying to 
undo calculations which someone has already done, or which someone could do if they knew 
where to start. 

Take any sequence of calculations with a given starting 
number. The doing of the calculation can be written down. 
But how can the undoing be written down if you don't know 
where to start? 

Symbols are often used to record, as Mary Boole suggested in the 1870's, 'the fact of our 
ignorance'. Using a symbol for 'the as-yet-unknown', the doing of the computation can be 
written down, leading to algebra. 

The study of doing and undoing in the abstract, of solving equations algebraically, led 
ultimately to the study of mathematical structure, and the powerful twentieth-century 
mathematics required for computing. 



AIMS 

To show by discovery how apparently routine calculations 
can generate interesting and significant mathematical 
questions by shifting emphasis from doing to undoing. 

To promote awareness of the widespread presence of the theme 
of doing and undoing in mathematics, and to show how to 
exploit it. 

To provide a variety of number-like objects and to explore 
operations on those objects. 

To show how appreciation of the significance of concepts like 
factorising and prime numbers can be deepened by studying 
the same ideas in other contexts. 

To explore the theme of doing, or performing operations on 
numbers, and undoing, or performing the inverse operations, 
in order to return to the original. 

To explore the solution of equations in several number and 
number-like contexts. 

To introduce number situations in which undoing can be 
achieved only by introducing new numbers which extend the 
old ones. 



WAYS OF WORKING 

Since PM751 EXPRESSING GENERALITY is intended as a foundation pack for the MATHEMATICS 
UPDATE series, i t  is probable that you have already had experience of working with some of the 
UPDATE material before starting on DOING AND UNDOING. 

If that is the case, then you will recall that we recommend ways of working which aim: 

to assist you and your colleagues to work effectively together; 

to help you to reflect on your experience in order to establish the relevance of that 
experience for your own classroom practice. 

The purpose of these notes is to remind you of particular aspects of these ways of working which 
we had in mind when devising the activities upon which DOING AND UNDOING was based. 

(If you are new to the MATHEMATICS UPDATE series, then you will find a fuller discussion of 
ways of working in the TUTOR PACK, available from LMSO, The Open University, Milton 
Keynes, MK7 6DH.) 

As with all packs in the MATHEMATICS UPDATE series, DOING AND UNDOING contains a large 
number of activities, so i t  is appropriate to make some comments here on how we envisage you 
tackling them. Firstly, don't feel that you need to work through all the activities; concentrate 
on those that  interest you most. Secondly, working through activities one after another will 
not, in itself, ensure that anything is really learned or remembered. I t  is common experience 
for students to find that what has been achieved on one day cannot be recalled on the following 
day. Working on activities should not be a case of simply working through them; it should 
also entail reflecting upon and articulating what the activities are about and what it is that 
links them together (within any subsection, section or, indeed, the pack as a whole), so that as 
you work through the pack you develop your own personal account of what DOING AND 
UNDOING means to you. 

To help you with this, some of the activities are specifically labelled reflecting, although there 
may also be many other instances where you feel i t  appropriate to pause, step back and assess 
the meaning of what you are doing, and you should try to build such pauses into your ways of 
working wherever possible. 

But i t  is not enough just to pause and reflect; the way in which you work on all activities is 
important. When working in a group with your tutor, you can use your colleagues to help you 
work out the meaning of activities, and you can assist them to do the same, provided you work 
in a conjecturing atmosphere: a supportive atmosphere which involves listening to and 
accepting what others say a s  a conjecture which is intended to be modified. (The TUTOR PACK 
provides a fuller discussion of what is meant by a conjecturing atmosphere). Also, don't 
underestimate the value of talking to yourself - out loud if possible - when working alone. 
Such 'expressing' can help you clarify for yourself what is only vague and fuzzy in your 
mind, and can help you recall what you have learned, even when no one else is present to 
listen and encourage. 

Finally, as  with all packs in the MATHEMATICS UPDATE series, part of your time and attention 
will be be needed to explorerthe relevance of your work on this pack to your own classroom 
practice, with subsequent reflection upon what happens when you try to use or adapt activities 
and new ways of working with your pupils. Section 6 THE LAST WORD is particularly aimed 
a t  such exploration and reflection though again there are may other implicit opportunities for 
this. 

(Detailed tutor notes on how to run a series of meetings based on any of the MATHEMATICS UPDATE packs 
are provided in the TUTOR PACK. Brief notes are also included in PM751 EXPRESSING GENERALTTY.) 



1 HERE'STHEANSWER-NOWWHAT 
WAS THE QUESTION? 

The essence of doing and undoing lies in recognising and working on questions which arise 
after you have solved some problem, by starting with the answer, and trying to find what the 
question was. The activities in this section illustrate some examples of this movement. 

RECONSTRUCTIONS 

To subtract 4641 from 21514 (perhaps with the aid of a calculator!) is the doing. Given the shape 
or structure of the subtraction, but with the digits replaced by asterisks a s  in the first 
calculation below, i t  is impossible to reconstruct the original question; there are many 
different subtractions that have the same shape. Even if you are given the answer, 16873, the 
remaining digits could not be reconstructed. 

ABCBD SEVEN 
- DEDB - NINE 

BEFGH EIGHT 

You might however, be given some information, such a s  'all the l ' s  that  appear', a s  in the 
second calculation. More interestingly, and more helpfully, you might be given that each digit 
0, . . ., 9 has been assigned a letter, and the result is then shown in the third subtraction. Some 
people like to replace the letters to make words, giving the fourth subtraction. There is still 
more than one solution, despite all the constraints, but not nearly a s  many a s  with the 
asterisks. 

F SOME FAVOURITES In each case, can you undo the hidden addition and recover the digits? 
Focus on what you are doing - the thinking processes (see the BOOKMARK) - while you are 
working. 

SEND HAVE 
+ MORE + SOME 

MONEY HONEY 

THREE CROSS 
+ FOUR + ROADS, 

SEVEN DANGER 

Some of the following are impossible, while others can be solved. Justify any decisions you 
come to! 

SEVEN ELEVEN SEVEN SANTA 
- NINE - THREE + NINE - CLAUS 

EIGHT EIGHT EIGHT XMAS 

The following two come together as  a pair: 

NINE NINE 
- TEN - ONE 

T W O  ALL 

F 

F REFLECTING What aspects of mathematical thinking are called upon by these puzzles? ' 

D 



Corn men t S The BOOKMARK has brief suggestions about the thinking processes which might help when 
you get stuck on a problem. In PM750 LEARNING AND DOING MATHEMATICS, there are longer descriptions 
of the basic thinking processes and how they relate both to doing mathematics and to learning mathematics. 

WHAT'S MY NUMBER? 

P THE ANSWER IS 7 This activity can be done in a group, mentally, in response to hearing the 
instructions read out loud. Don't spend a long time on each question: the. idea is to build up to a 
complicated example, and to become aware of how you undo the doing of the instructions. You 
may wish to keep track of the instructions. If you cannot keep both the question and the solution 
method in your mind at the same time, write down the numbers and the operations involved, 
both in the question and in the solution. Then look for patterns connecting them. The activity 
can also be done alone, but lt helps to speak the instructions out loud. 

I am thinking of a number. When I take away 3, the answer is 7. What is my 
number? 

I am thinking of a number. When I multiply by 2 and then take away 3, the answer 
is 7. What is my number? 

I am thinking of a number. When I add 4, multiply by 2, then take away 3, the 
answer is 7. What is my number? 

I am thinking of a number. When I divide by 6, add 4, multiply by 2, then take away 
3, the answer is 7. What is my number? 

REFLECTING In each case, how did you find the starting number; in other words, what did you 
do to 7, in order to get the answer? 

If possible, get one person to repeat the question (for example, 'divide by 6, add 4, . . .'), and get 
someone else to repeat the corresponding answer (in this case, 'add 3, divide by 2, . . .'). 
Repeat this several times until you see a connection between the two. 

Think back over the questions, and look for a pattern which connects the order and kind of 
operation in the question, with the order and operation done to 7 to find the answer. 

Now try to express the connection a s  a general rule; you might like" to make up, and try, 
several other similar sets of operations in order to reach and test a conjecture. 

Comments The statement 2.z + 3 = 7 can be thought of in at  least two different ways: as a set of 
instructions applied to an as-yet-unknown number to get 7, or as the statement that two numbers are equal. 
Focussing on the left side, there is an instruction: 'take a number, double it, and add 3, which gives an 
answer, 7. This can be carried out on lots of numbers though only one will give the answer 7. This is the 
doing. Now reverse the process. Suppose the answer is 7. What was the starting number? How can you go 
from the answer, 7, to the starting number? This is the undoing. 

P DISCUSSING How many pupils see 2;c + 3 = 7 as  an operation having been carried out on an as- 
yet-unknown number, with the answer known, and how many pupils respond to 2u + 3 = 7 by 
locking into automatic equation-solving routines? What are the implications for teaching and 
learning? 

P 



CREATIVE ARITHMETIC 

Adding two numbers is easy, especially with a calculator. Take this a s  the doing. Now, given 
the answer, what was the question? That i s  the undoing. 

F TWO SUM Observe that: 

This i s  the doing. Star t  afresh with 10. How much choice is available for filling in the slots of 

Comments The choices available depend on what numbers are permitted. If you stick to only positive 
whole numbers, then there is limited choice for filling in the first slot. Movement to negatives, or to fractions, 
offers infinite choice for the first slot. But, once the first slot is filled, there is no choice for the second slot -if 
it is possible at all! 

EXTENDING Observe that: 

This is the doing. How much choice (confine yourself to positive whole numbers) is available 
for filling in each slot in turn  of 

Now take away the operations. 

How much choice is there now? 

F 
Comments The point of this activity is to experience the choice available, rather than to calculate 
numbers of choices. Awareness of possibilities and choices is one of the root awarenesses behind algebra. It 
is triggered by the move from doing to undoing, on the way to finding an unknown. 

F BRACKETS Observe that: 

( 2 + 5 ) x 3 +  l = 2 2 .  

How many other answers can you get by inserting the brackets in a different way,.in the . 
sequence 

BRACKETS G A M E  Turn BRACKETS into a game. Starting with 

22 = ?, 

players take i t  in turns  to adjoin a number followed by an operation on the right-hand side. 
Thus, a first move might be: 

2 2 = 2 + ?  

A player loses if, when putting down a number, the equation can be completed by the insertion 
of appropriate brackets. 

b 



Comments BRACKETS GAME is useful for developing awareness of the significance of brackets, for 
experiencing a creative rather than routine side of mathematics, and for experiencing a range of choices. Its 
relevance here is in how a shift of attention from a routine doing, to an undoing, produces a potentially 
interesting and useful activity. 

EXTENDING Place five points around a circle. How many different ways are there to draw 
chords between these points so tha t  the polygon is divided up  into triangles? 

P 
Comments No, this question is not out of place here. The answer is connected to the number of different 
ways there are to put brackets in a sequence of six numbers separated by operations. What exactly is the 
connection? 

WHAT WAS THE QUESTION? 

Very often, a fruitful investigation arises from taking the  answer to a calculation as the result 
of a doing, and then trying to undo it. 

PAIRS OF QUESTIONS In each of the  following, convince yourself and a colleague, that the  
doing statement is always true. Then investigate the undoing. 

doing Form the product of any two consecutive numbers. The answer is  even. 
undoing Can every even number arise as t h e  result  of the  product of two 

consecutive (whole) numbers? If so, show how; if not, characterise (see 
GLOSSARY) those which can, and those which cannot. 

doing Form the  product of any two consecutive odd numbers. The answer i s  
always odd. 

undoing Can any odd number arise a s  the  product of two consecutive odd 
numbers? 

doing Form the product of any two numbers which differ by three. The answer 
always leaves a remainder of one when divided by three. 

undoing Which numbers arise as the product of two numbers differing by three? 

doing Form the product of any three consecutive numbers. The answer is  
always divisible by six. 

undoing Can every number divisible by six be the  product of three consecutive 
numbers? If so, show how; if not, characterise those which can and those 
which cannot. 

Comments Even though the doing is straightforward, the undoing can be extremely difficult. It may 
require the invention of new techniques, new notation, and new mathematical ideas. For example, in the first 
undoing, one possible method might be to list all such products and then simply to look to see if the proposed 
number is in the list. However, lists must be finite. It is more elegant and more powerful to provide some 
sort of test which can be applied directly to any number. In this case, a number is the product of two 
consecutive numbers if and only if four times the given number is one less than a perfect square. In other 
words, to test whether a number is the product of two consecutive numbers, multiply i t  by four, add one and 
take the square root. If you get a whole number, then that number, times one more than that number, is the 
number you started with. Alternatively, the whole number part of the square root of a given number, 
multiplied by the next bigger number, must be the given number. 

REFLECTING What is  the same, and what is different about, WHAT WAS THE QUESTION? and  
WHAT'S MY NUMBER? 

What mathematical thinking processes were involved in all the activities in this section? 

Express on paper andlor to a colleague, what doing and undoing signify to you at present. 

P 



2 PRIMES AND' FACTORISING 

Taking multiplication of whole numbers a s  the  doing, there are  two important ideas which 
emerge from considering the undoing. The idea of factorising (see GLOSSARY), which means 
'breaking down into components', leads to the idea of the simplest or atomic components which 
cannot themselves be broken down further. In the case of whole numbers these components are 
called prime (see GLOSSARY). 

PRIME 

) UNDOING PRODUCTS Finding products i s  straightforward (especially with a calculator): 

Here, multiplying is the doing. What is the undoing? 

1092 - Comments Given any number such as 97, or 1001, or even 2 1, can it be broken down into factors? 
In other words, is it prime? Mathematicians have long sought fast ways of detecting whether a number is 
prime, precisely because the primes are the multiplicative building blocks of numbers. It has been known 
since Euclid (300BC) that there are infinitely many primes, because it can be shown that there cannot be a 
largest prime, but no-one knows whether there are infinitely many twin primes (see GLOSSARY). This is one 
example of how the complexity or difficulty of doing and undoing can be quite different. 

The difficulty of factorising large numbers into primes has been turned to practical use in the construction of 
secret codes. Anyone can be told a method of turning a message into a sequence of numbers, using a 
specified very large number. Thus, that anyone can encode a message. However to decode this message, 
the prime factors of the specified number must be known and because it can take a long time to factor a 
number, the coded message is fairly safe. 

FOR THE BOLD Develop a strategy for testing whether a given number is  prime. Try to find 
as  many shortcuts as  you can, in order to reduce the number of operations needed to carry out 
your procedure. 

Comments You might not need to test every number less than n, to see if it divides into n. You could keep 
a list of all the primes you have found so far, but for numbers of several hundred digits, such a list might take 
up both space and time to process. 

EXTENDING Confine (see GLOSSARY) yourself to numbers of the form 3n + 1, namely, the set 
P3 = (1, 4, 7, 10, . . .). Convince yourself that  the product of any two members of this set i s  again 
a member of the same set. Take this type of multiplication as  the doing. Get used to using these 
P3 numbers, and confining your attention to them, as  if no other numbers existed. 

A P3-prime is a member of P3 which can only be written a s  a product of members of P3 by 
choosing itself and one. Find some P3 primes, and the P3-prime factors of some non-primes. 

GENERALISING There are a t  least two senses in which there might be other sets like P3. 
Firstly, you could confine yourself to numbers of the  form a n  + 1 for any a ,  giving, for 



example, P6 = ( 1, 6, 11, . . .). Secondly, you could change the starting number and investigate 
numbers of the form 3n + b for some b other than 1, giving, for example, the set (2,5,8, 11, . . .). 

Investigate other sets like PS. Be sure to check the doing before launching into the undoing! 

F FACTOR-TREES A factor-tree is formed by joining a number to the sum of its proper factors 
(see GLOSSARY). For example, 16 has proper factors 1,2,4, and 8, and 

1+2+4+8=15 .  

Now find the sum of the proper factors of 15, and repeat the process to obtain: 

X + E + 9 + 4 + 3 + 1  

This is the factor tree of 16, and it leads to 1. Take the forming of such a factor tree as the 
doing. Now, what number has a factor tree which leads to 16? 

FACTORISING 

F PRIME FACTORS Working again with all the whole numbers, what are the prime factors of 
360, and how many times does each factor appear? The number of times that a prime factor 
appears is known as the multiplicity of that factor (see GLOSSARY). Work out the prime 
factors of 360 in several different ways. Will different routes always give the same answer? 

b 
Comments If you are told the factors of a whole number (i.e., the prime factors and how many times 
each i s  repeated), you can work out the original number. Anyone who works it  out will get the same answer 
(unless they make a mistake). Also if you are told the number, you can find all the prime factors. Again, 
anyone will get the same set of primes together with their multiplicities. This is known as  unique 
factorisation; it seems perfectly reasonable and innocuous. 

F EXTENDING Explore the property of unique factorisation in PS What about P,? What about 
P7? 

GENERALISING For which values of n does P,, have unique factorisation? 

F 

F REFLECTING What light have the activities in PRIME and FACTORISING shed on whole 
numbers? 

What sorts of questioning led from the relatively well-known (of all the whole numbers) to the 
surprises of restricted sets of numbers? 

F 



SQUARE DIFFERENCES 

F DIFFERENCES OF SQUARES You can square any two numbers, and take their difference. For 
example, 

2 52-22=21 and 32 -1  =8. 

That is the doing. Now, given any number, can i t  be written a s  the difference of two squares 
(one of which might be O)? That is the undoing. Characterise (see GLOSSARY) the whole 
numbers which can be written as  the difference of two squares. 

b 
Comments Begin by forming differences of squares (specialising). Next, try to see if you can be sure 
you have all such numbers less than say 20, or 30. Then try to find properties of those numbers which 
distinguish them from numbers which cannot be expressed as the difference of two squares. 

F EXTENDING The expressions 
2 2 5 - 2  = 2 1  and 32-12=8 

can be used to show that 

Try to convince yourself, and someone else, that this always happens. Start by clarifying what 
the this is. 

F 

F GENERALISING The product of two numbers, each the difference of two squares, is itself the 
difference of two squares. Take as  the doing the multiplication of any two such numbers. For 
convenience, denote the set of numbers which can be written as  the difference of two squares by 
D (for Difference). The undoing is factorising, but you are confined to using numbers in D as  
factors. A D-prime is a number in D which cannot be factored further by members of D. Find 
some D-primes, and factor some numbers in D into D-primes. 

Try to find some general rules for identifying D-primes. 

FOR THE BOLD The same investigation can be made with numbers which are each the sum of 
two squares. Characterising these numbers is quite difficult; a number is the sum of two 
squares if and only if each of its prime factors, which are of the form 4n + 3, occur with even 
multiplicity! The rest of the investigation is similar to that above. 

.F 

POLYNOMIALS 

.) QUADRATICS Take as the doing, the multiplication of 

(2x - 1) and (X + 2). 

The undoing is then the factorising of the quadratic 

By doing such multiplications in lots of specific instances (i.e., by specialising), look for 
patterns connecting the coefficients in the product and those in the factors. Develop a facility 
for spotting the factors of a quadratic (see GLOSSARY). 



REFLECTING What is the same, and what is different about learning to factor numbers and 
learning to factor quadratics? 

EXTENDING Try extending your knowledge of quadratics, to cubics (the product of three 
factors). 

P 

UNIT FRACTIONS 

SUMS The sum of 

3 1 
is relatively easy to find. That is the doing. Now, given, say, 30, can you find unit fractions 

(see GLOSSARY) which add up to to give that fraction? That is the undoing. In this case, 

31 1 - = 1- 
30 30 

as well, so there can be several different ways to undo. 

By considering lots of examples, find a strategy for breaking down a fraction into unit 
fractions. 

b 
Comments When an undoing can be done in more than one way, it is usual to try to find the simplest, or 
standard answer, in order to reintroduce uniqueness. Sometimes this is possible, sometimes not. 

P EXTENDING Adding algebraic fractions is very similar to adding numerical fractions. For 
example, 

That is the doing. The undoing is breaking down complex fractions into simpler ones. 

By adding together various unit algebraic fractions and looking for patterns, work out a 
method for recognising and undoing such sums. 

P 



3 NUMBER SYSTEMS 

SQUARE ROOTING 

Squaring a number is easy, especially with a calculator: 

13 X 13 = ? l l x  l l = ?  

101 X 101 = ? Ill X l11 = ? 

If squaring is the doing, what exactly is involved in the undoing? 

CALCULATING ROOTS What number squared gives 256? What number squared gives 
1234321? What are the square roots of each of the following? 

15129 1522756 152399025 15241383936 1524155677489 . . . 
Find methods of using a calculator to compute (a) the squares of numbers too large to fit in a 
calculator display, and (b) the square roots of perfect squares (see GLOSSARY) which are too 
large to fit in a calculator display. 

C o m m e n t s  Finding square roots of square numbers is straightforward, especially with the aid of a 
calculator, at least until the numbers get large. Then you have to start thinking about how large numbers are 
made up, and how the bits interact. 

ROOT EXTENSIONS 

Finding the square roots of numbers, which are perfect squares, is relatively straightforward. 
Unfortunately or perhaps fortunately, numbers like 2, 3, 5, 6, 7, 8, . . . do not have exact square 
roots. Even with fractions available, i t  is not possible to solve exactly equations of the form 

2 2 
X = 2 o r x  = 3 .  

Mathematicians have, however, invented symbols to enable such equations to be handled as 
though they could be solved exactly. For example, the symbol 42 is used to stand for that 
positive number whose square is 2. In other words, the single property of 42 is that 42 X 42 = 2. 
Defined in this way, the symbol 42 can be manipulated a s  if i t  were a number, even though it  is 
a symbol. 

PRODUCTS What is the product of 5 - 42 and 2 + 342 ? Will the product of any two numbers 
like 5 - 42 and 2 + 342 always be expressible in the same form? What exactly might be meant 
by 'the same form'? 

b 
C o m m e n t s  It is important to express in your own words what you mean by 'same form'. If you are not 
sure, try playing with numbers in order to get a sense of sameness.It is convenient to use R2 (R for root) to 
denote the systcam of numbers of the form a + bd2 where a and b are integers. 

EXTENDING Work out the following products, as well a s  others of your own devising. 

(1 + 1/2)(1 + d2) (3 + d212 (-1 + d212 (5 - 2421~. 



Squaring numbers is the doing here. Now for the undoing. Find square roots of the following 
numbers in R2. 

3 + 242 3 - 242 17+12\/2 17 - 242 6 + 442 

Hence try to characterise those numbers in R2 which are themselves squares. 

D 

D GENERALISING Find the following products, and generalise. 

(-1 + d2)(- l - 42) (3 + 242)(3 - 242) (17 + 1242)(17 - 1242) 

(7 + 542)(7 - 542) (1  + &)(l-  42) 

Comments There are at leas: two different patterns to observe and generalise here. Firstly, the answer is 
always 1 or -1 in these cases and this results from the fact that the two numbers multiplied differ only in the 
sign in front of the 62 term. Thus, you might try to characterise all such pairs of numbers in R,. Pairs of 
numbers like these are sometimes called conjugates (see GLOSSARY). The second pattern to note is that the 
product in each case is a whole number, and this might set you off exploring the question of just when the 
product of two numbers in R, is a whole number. 

D EXTENDING Show that if two numbers in R2 both have the property that when multiplied by 
their conjugate, the answer is 1, then their product also has this property. 

D REFLECTING What special role is being played by 42 in numbers which, when multiplied by 
their conjugate, give the answer l? 

Comments Replacing 62 by 63 to give a set of numbers which could be labelled RS produces different 
numbers but gives rise to the same sort of behaviour. 

D FOR THE BOLD What happens if you use 42 and 43 together, and work with numbers of the 
form a + bd2 + c43 + d46? The notation R2,3 could be used to stand for this set of numbers. 

Com men ts What is 42 X 431 How do you know? What evidence can you put forward for your answer, 
bearing in mind that all you know about 62 and 63 is that they solve certain equations? 

B REFLECTING What is the effect of adjoining 42 to the integers, in terms of developing a new 
number system, or extending the old? 

What aspects of mathematical thinking were highlighted for you in exploring the number 
system R2? 

EXTENDING FURTHER Initially, the integers were extended by using symbols such as  42 to act 
as  if there were a solution to the equation x2 = 2. What happens for the equation x2 = -2? Take 
the plunge! Invent a new symbol to stand for the solution. Why not 4-2? What relationships 
are there, or should there be, between d-l,d2,.1-2,43,4-3,46, and d-6? 

D 
Comments It is usual to let 6-1 be denoted by i (or j if you are an engineer). The only usable property of i is 
that i2 = -1. The set of numbers of the form a + bi, where a and b are real numbers, is called the set of complex 
numbers. When a and b are required to be integers, we get the complex integers. One of the peculiar 



properties of complex numbers is that any equation with complex coefficients can be solved using only 
complex numbers. In other words, there is no need to extend the complex numbers because of a need to 
solve polynomial equations. 

b REFLECTING A little care is needed when assuming tha t  one can simply extend a number 
system with a new symbol, and expect that  arithmetic can still be carried out. Consider for 
example the  following argument: 

4-1 X 4-1 = - l ,  just a s  d2 X d2 = 2. 

Therefore, 

= since both are just 4-1. 

Therefore, 

41 4-1 

and so 

41 X d 1  =.I-1 X 4-1 by cross-multiplying. 

But then, 

1 = -1, which is a little awkward! 

Wherein lies the difficulty? How confident are you now that  42 X d3= d6? 
B 

ROOT PRIMES 

In ROOT EXTENSIONS, Rp was used to denote the set of numbers of the form a + bd2 where a and b 
a re  whole numbers. Take multiplying such R 2  numbers a s  the doing. What then is  the 
undoing? 

b DIVIDING What does i t  mean to say that  4 + 1342 is divisible by 5 - d2? What would be aprimo 
number in R2? 

Comments When thinking about factorising whole numbers, i t  may be useful to look at the relationship 
between numbers like 2 + 42, its conjugate which is the number 2 - 42, and their product, which is 2. 

b EXTENDING Does R2 have the unique factorisation property? 

GENERALISING Investigate what happens with sets of numbers of the form R, for any a. Look 
for primes, and find out if the property of unique factorisation holds. Try negative numbers as  
well a s  positive ones! Particularly interesting sets to investigate are R-1, RIO and R5. 

EXTENDING FURTHER Why not extend R2 to R2,3? R2.3 consists of the set of all numbers of the 
form a + bd2 + cd3 + dd6. What happens to primes from R2 and R3 in R2,3? 

b 



EXTENDING STILL FURTHER The Mathematical Association sells scarves with a design that  is 
derived from the primes in the system of numbers of the form a + bd-l , or a + bi where i  stands 
for d-1. Here is  a small part of it. 

The centre square corresponds to 0, and the nearest shaded squares to i t  correspond to 

l + i ,  l - i ,  - l + i ,  - l - i .  

Give an  account of the pattern as shown, show how to extend it, and design other prime-scarves. 
P 

b REFLECTING What  l ight i s  shed on ordinary primes by considering other systems of 
numbers? 

b 

REMAINDERS 

What is the remainder upon dividing 37 by 5? Take that  calculation as  the  doing. Whereas 
the d o i n g  is straightforward, and gives a unique answer, the  undoing  is  not quite so 
~tra i~htforw'ard ,  and there may be more than one answer. These activities look a t  pinning 
down numbers by knowing their remainders. Problems such a s  these have amused people 
throughout recorded mathematical history. 

REMAINDER THREE Find a general description of all numbers whose remainder upon 
dividing by 7 is 3. 

) EXTENDING Find a general description of all numbers which have a remainder of 1 when 
divided by 2, and a remainder of 2 when divided by 3. 

GENERALISING Generalise, t .her remainders,  to other divisors, and  to  more 
remainderldivisor informatio 

EXTENDING FURTHER The Chinese Remainder theorem states that  under certain conditions, 
i t  is possible to find a number which has  given remainders when divided by given divisors. 
Formulate and justify such a theorem for yourself. 

b 



P MEDIAEVAL EGGS A woman going to market observed that  if the eggs she was carrying were 
divided into lots of two, three, or five, there would in each case be one left over. How many eggs 
might she be carrying? 

b 

CONFINED PLUS 

Sometimes you can do a n  operation, but you find that  you cannot always undo it. One example 
is given by squaring and square rooting. The first of these operations can always be done; the 
other cannot, at least it cannot always be done when you are confined to whole numbers. 
Mathematicians take 'difficulty with undoing' as  a n  opportunity to extend ideas by inventing 
new mathematical objects which solve the  undoing problems (see, for example, ROOT 
EXTENSIONS). Once you have mastered a situation, however, i t  is not always so easy to see i t  as 
having a t  one time presented this sort of challenge. These activities look a t  the evolution of 
negative numbers from the desire to be able to undo the operation of addition. 

F DEBTS If a customer runs  up a bill for E30 and has  only £10 available, he  has  a problem. 
People have been doing this sort of thing for centuries, and people have invented a way of 
dealing with it. They invented 'credit', which corresponds to negative assets. 

Suppose that  A owes B £10, B owes C £10 and C owes A £10. Then, if I lend A £10, she gives i t  to 
B who gives it to C who gives i t  to A who gives i t  back to me, and all the debts are paid off. What 
is happening? 

F 

P SOLVING EQUATIONS Suppose you are confined to the positive whole numbers. You can 
certainly add any two numbers and get an answer. This is the doing. One form of undoing is 
to start  with the 'answer', and work backwards. Can you solve any equation of the form 

a + x = b  

where a and b are fixed positive whole numbers? 

Note that the point of this exercise is to re-enter the experience of not being able to solve and then 
casting around for a way to deal with the problem. 

P 
Comments A first reaction is to try some examples: 

Oops! The last one has no answer in the positive whole numbers. 

This observation is often used as a reason for inventing new numbers which will solve such equations. 
Again, new numbers are introduced to enable equations to have solutions that did not have solutions 
previously. It is thought that the main impetus for negative numbers did indeed arise in this way, as a result 
of Venetian traders needing a way to notate, and do arithmetic with debts. 

DISCUSSING What is  the role of a and b in SOLVING EQUATIONS? 

Suppose the equation had been 

x + a = b ?  

What effect would this have on your method of solution? 
F 



Comments The letters a and b are variables (see GLOSSARY), in the sense that their values can be varied. 
Indeed their presence signals a generality. Yet they are different from X, which is also a variable. 

Pupils can often solve 3 + x = 7 but not x + 3 = 7, because the first equation gives a number from which to 
count on, but the'second requires counting on from an unknown starting point. 

Whatever the original impetus to invent negative numbers, most pupils now have access to 
calculators, so they can observe that  in order to solve x + a = b, the a is subtracted from the b to 
get the answer. In the case of 

2 - 4 comes up  as '-2' on all calculators. The '-2' i s  a name for the answer to the question 'what 
added to 4 will give 2?' In fact '-2' is a name for the solution to a whole class of equations: 

Mathematicians have taken the bold step of declaring '-2' to be a symbol for the  solution of all 
such equations. In other words, '-2' has  the property tha t  when i t  i s  added to 2, i t  gives 0. The 
set of all negative numbers results from generalising such declarations. And the glory of 
negative numbers is  that  they, too, can be used to 'do arithmetic'. 

EXTENDING The aim of th is  activity is  to examine different sets of numbers, and  to 
investigate what property guarantees tha t  when doing addition is  possible, the undoing, 
represented by solving the equation 

with a and b chosen from a given set of numbers, always has a solution from the same set. 

For some or all of the following sets, consider first whether the doing (adding) can always be 
accomplished. That is, determine whether the result belongs to the set. Then, if the doing 
always works in this way, describe whether the undoing i s  possible. 

(whole numbers greater than 10) 
(even numbers, positive and negative) 
(odd numbers, positive and negative) 
(multiples of 3, positive and negative) 
(one more than a multiple of 3, positive and negative) 
(fractions of the form p/2 for p a whole number) 
(fractions of the form p/3n for p positive or negative and n a positive whole number) 
(numbers of the form p + q./5 'where p and q are any whole numbers) 

. .  . b 

) REFLECTING What is i t  about thocc sets in which both the doing and the undoing can always be 
done. (i.e., in which equations i1.1 ~ l v i n g  addition can always be solved), which distinguishes 
them from sets in which such equations cannot always be solved? Make some conjectures and 
test them out on examples. 



PATTERNS 

F ADDING AND SUBTRACTING Observe the following: 

1 + 1 - 1 = 1  1 + 2 - 2 = 1  1 + 3 - 3 = 1  . . .  

What connections can you see between the rows and the columns? What overall stories can you 
formulate to try to capture what these statements are telling you? 

Comments Making bigger by addition is the doing. What is the undoing? Can the undoing be done using 
only the operation of addition? 

F MORE PATTERNS Fill in the gaps in the following and extend the columns for four or more 
rows. 

4 +  1 = 5  5 - 1 = 4  

3 + 2 = ?  5 - 2 = ?  

2 + 3 = ?  5 - 3 = ?  

Express in words to yourself or to a colleague any connections that you see between the two 
columns. 

Comments Since adding 1 and subtracting 1 are inverse operations (see GLOSSARY) i t  seems sensible 
to introduce a number that when added to 1, will produce 0, namely, the result of subtracting 1 from 0. In this 
way, the negative numbers make their appearance. 

EXTENDING What properties should negative numbers have? One place to look is in other 
patterns. Extend the following table. For each column, establish the pattern, and comment on 
the result in the row marked with an asterisk. 

5 - l =  5-4= -5-4= 

Comments Numbers are abstractions which have proved fruitful to human beings. The rules by which 
they are manipulated are up to us, and if we want to introduce new numbers, we are a t  liberty to do so. In 
each case the asterisk marked row is the row in which the symbol -1 can usefully be used to represent 'that 
number, which, when added to 1, gives 0'. 



F EXTENDING FURTHER Seek out several diffei-ent similar patterns of statement which invite or 
suggest how (-1) - (-1) could or should be most appropriately calculated. 

F 

CONFINED TIMES 

The theme of extending number systems, begun in CONFINED PLUS, i s  illustrated again with 
multiplication. 

SOLVING EQUATIONS Suppose you are confined to the positive whole numbers. Can you solve 
any equation of the form 

where a and b are fixed positive whole numbers? 
F 

Comments As with CONFINED PLUS, a natural approach is to try examples. You quickly find values of a 
and b which do not permit the equation to be solved with positive whole numbers. 

EXTENDING What happens if you try other sets of numbers? For each of the following sets, 
consider first whether the doing always gives a result which belongs to the set. Then, if the 
doing works in this way, decide whether the undoing is possible. 

a '  (numbers with remainder 1 when divided by 7) 
(numbers with remainder 3 when divided by 7) 
(numbers with remainder 0, 3 or 6 when divided by 9) 

F GENERALISING Investigate the sets 

(numbers of the formp + qd3 where p and q are whole numbers) 
[numbers of the form p + q./3 where p and q are fractions) 

Note that ( p  + qd3)(p -q.\j3) = p2 - 3q2. 

b REFLECTING What is the $ame and what is different about CONFINED PLUS and CONFINED 
TIMES? 

Comments It i s  probably worth ignoring the fact that one involves addition and the other multiplication. 
Concentrate on the properties that a set must have in order to permit the solution of equations in the two 
contexts. 



4 GEOMETRICAL DOING AND 
UNDOING 

ROTATIONS 

Situations in which geometrical transformations are seen as  the doing, raise questions for 
investigation about the undoing. 

F CENTRES OF ROTATION Imagine a point in the plane. Imagine i t  being rotated about the 
origin to other positions. That is the doing. 

Now the undoing. Imagine two points in the plane. What points P can be used as the centre of 
rotation so that one of your points can be rotated about P, to get to the other? 

Comments Notice particularly the change in thinking which comes about with the shift from doing to 
undoing. Doing involves a routine operation or technique. Undoing raises questions about what is possible, 
leading to insight into the nature and effect of rotations in the plane. 

Here are some more undoings. In each case, you might like to explore the doing first, before 
trying to tackle the undoing. 

LINE SEGMENTS Imagine two line segments of the same length in the Cartesian plane. 

What points P can be used as the centre of rotation so that one 
of your line segments can be rotated about P to lie on top of the 
other? Do you have any choice about which end goes where? / 
TRIANGLES Imagine two copies of a triangle (you might like to start with an equilateral 
triangle), lying in the Cartesian plane. 

What points P can be used as,the centre of rotation so that one 
of your triangles can be rotated about P to end up on top of the 
other? D n  
GENERALISING Try the same thing for squares, rectangles, . . ., and for other figures. 

P 

REFLECTING What is the same, and what is different about, this geometrical situation, and 
the numerical contexts of CONFINED PLUS and CONFINED TIMES? 



CONJUGATIONS 

Often when you want to do something in one place (for example, fill your petrol tank when a t  
home), you find you can only do i t  somewhere else (the petrol station): You therefore translate 
your car to the petrol station, fill it up and translate i t  back again. In  other words, you 
surround the doing by a matched pair of doing and undoing. This technique is  very useful in 
geometry as  the next activities show. 

ROTATING AND REFLECTING Denote by T some translation or shift of the  plane by a fixed 
amount; denote by R *me rotation of the plane about the origin, and denote by Q reflection in 
the x-axis. By exploring the effect of the combinations suggested below on various figures, 
investigate the claims that  any rotation about any point in the plane (or any reflection in any 
line in the plane) can be achieved by conjugation of a suitable R (or Q) with a suitable T (or R). 

b EXTENDING Investigate conjugations of the form 

RECONSTRUCTING POLYGONS 

Take any polygon. Suppose the doing is the measuring of various sides or angles. What then 
is the undoing? 

TRIANGLES Take any triangle. The three angles can be measured. Take that  a s  the doing. 
Now the undoing. Given three angles, is there a corresponding triangle? What conditions 
must the three angles satisfy in order that  there be such a triangle? Is the triangle uniquely 
determined? 

b 
Comments Three suitable angles capture the proportions of a triangle, but not its exact size. Three 
suitable side lengths capture both the size and the proportions, although in some circumstances there can be 
two differently shaped triangles with the same sides. 

Pupils being taught formal Euclidean geometry had to learn all the combinations of angles and sides which 
determine a triangle uniquely. Inves4 ~ting which combinations do and which do not, is more interesting 
than 'learning' them. 

EXTENDING A quadrilateral i s  not determined uniquely by the lengths of i ts  sides. What 
other lengths are needed in order to determine a quadrilateral uniquely? Try to be a s  
economical a s  possible. 

b 

EXTENDING FURTHER A vertex-cyclic quadrilateral is a quadrilateral with i t s  vertices on a 
circle. What properties must the angles of a quadrilateral have, in order to be vertex-cyclic? 
Does this apply to non-convex cyclic quadrilaterals? 



An edge-cyclic quadrilateral has i ts edges all tangential to the same circle. What properties 
must the edges of a quadrilateral have, in order to be edge-cyclic? Does this apply to non- 
convex cyclic quadrilaterals? 

b 

) FOR THE BOLD Try extending these ideas to three dimensions. For any tetrahedron, the 
areas of the faces, the lengths of the perimeters, the angles on the faces round a vertex, and the 
solid angles (see GLOSSARY) a t  the vertices can be measured. What conditions must these 
measurements satisfl in order that there be such a tetrahedron? 

SHADOWS 

Everyone has seen a shadow. Take the forming of the shadow as  the doing. Now the undoing. 
How much of the original object can be reconstructed from a given shadow ? 

SHAPES Hold a large square made of cardboard, in the sunlight or in front of a bright light, 
and look a t  the shadows cast on the ground or on a wall. Make a record of the various shapes 
formed (the doing). What can you deduce about the undoing? 

Make two different large cardboard triangles. Place one flat on the ground, and see how close 
you can come to getting the shadow of the other to coincide with the one on the ground. What 
can you deduce about doing and undoing? 

v 

EXTENDING The following pairs of shapes are what you would see when looking from two 
different directions, a t  shapes built from four cubes. How many different shapes would give 
the same views? 

d b d  m a n  
What is the effect of knowing that there are just four cubes in the construction? Could there be 
more? Could there be fewer? 

How many different shapes are possible if three views are given (presumably from three 
different, mutually perpendicular directions)? 

Can any three views of an object built from cubes be the three views of an object built from 
cubes? For example, what about the following? 

Comments The views are like shadows, but include visible edges of the cubes to aid reconstruction. 
Challenge your colleagues to identify common objects from three different shadow views. 

EXTENDING Imagine a point moving r0urid.a square a t  a uniform pace. Establish this image 
as  strongly as  possible. Imagine a shadow cast by the moving point, onto a fxed straight line. 



As the point moves, the shadow changes its position. Sketch on a graph the position of the 
shadow against time as the point moves uniformly round the square. This is the doing. 

Repeat this activity with the line on which the shadow is cast in a different position relative to 
the square. What sorts of graphs can be achieved? 

Now the undoing. How could the shadow of a square be recognised from a graph? 

b 

D GENERALISING Imagine now the point moving uniformly round a rectangle, or a triangle. 
Again, a shadow is cast. Sketch on a graph the position of the shadow as the point moves. 

Is i t  possible to distinguish a rectangle from a triangle by its shadow? 

Given a graph, what shapes might the point be moving around? 

What is the effect of being given two shadows, cast simultaneously onto different lines 
(presumably perpendicular)? 

REFLECTING What are the differences between the doing and undoing in working with 
shadows? 



5 FOR THE BOLD 

FUNCTIONS 

Doing and undoing apply to functions of all sorts. These activities indicate a link between 
matrices and certain functions, whilst at  the same time illustrating inverse functions (see 
GLOSSARY), which are functions that undo. 

SELF-INVERSES The function 

F:xI+ l - X ,  

which sends any number to the result of subtracting that number from one, can be illustrated 
as  a function machine, as  follows: 

What happens if the function F is applied twice in succession? 
'P 

Comments Such a function is said to be self-inverse, because it undoes itself. 

GENERALISING What other similar functions are there which are self-inverse? 

Subtraction is the inverse operation of addition. What about replacing subtraction by 
division? (Such functions might have to be restricted so as not to be applied to zero, or else you 
could simply ignore the question of domains (see GLOSSARY).) 

b 

EXTENDING Let a, b, c and d be any four numbers. Let p, q, r and 6 also be any four numbers. 

Let F and G be the functions defined by 

Compare the effect of computing F(G(x)), and of multiplying together the two matrices 

(You can ignore any problems to do with domains here.) 

Use either matrices or the functions to discover all such functions which are self-inverse. 

b 



P EXTEN DlNG FURTHER Compose (see GLOSSARY) the function 

1 
H : X I + -  . l - X  

with itself several times until you undo all the effect and get back to the identity function 

Id : X  I+X.  

(Again, you can ignore the question of domains here.) 

What is the inverse function of H (that is, what is the function which undoes H)? Find other 
functions with a similar property. 

Comments There are links between the activities in FUNCTIONS and the packs PM752A ACTIONS INTO 
WORDS and PM752D PICTURING FUNCTIONS in the MATHEMATICS UPDATE series. 

MORE SQUARE ROOTS 

Interesting things happen when you look a t  number systems using remainders. For example, 
it is common to speak of arithmetic modulo 5 to mean doing arithmetic with the remainders 
upon dividing by 5, namely, arithmetic on the set (0, 1, 2, 3, 4). Mathematicians write 

2 3 = 0, since 2 + 3 = 5 and 5 has remainder 0 on division by 5 

and  

2 x5 3 = l ,  since 2 X 3 = 6 and 6 has remainder 1 on division by 5. 

By trying particular cases, investigate the number of solutions that can be found to equations of 
the form 

X xqx = p ,  

where p and q are integers. There are sometimes no solutions, sometimes several! 

b 

W EXTENDING Working only with the numbers 0 and 1 in arithmetic modulo 2, there are just 
two numbers to play with. You can set up equations, but since the coefficients have to be either 0 
or 1, there are not very many choices.. The equations 

x + 2 1 = 0 ,  x x 2 x = 0 ,  xx2x=1 ,  (xx2x)+1=0  

all have solutions in the set (0, 1). However, there are some equations which do not. For 
example, 

(xx2x) +px+2 l = 0 

has no solution in the set (0, 1). 

Let a have the property that (a x2 aj +2 a +2 1 = 0. Adjoin a ,  and all its combinations with 0 , 1  and 
itself (see GLOSSARY), to (0, 1) to produce a new extended set of numbers. How many numbers 
are in the new set? 

B 

GENERALISING Investigate adjoihing solutions of other equations to (0, 1). 

Investigate equations in (0, 1 ,2)  with arithmetic modulo 3. 
B 



DIVISORS 

How many divisors has 12? What is the sum of the divisors of 12? What is the sum of the 
squares of the divisors of 12? W?lat is the sum of the number-of-divisors-of the divisors of 12? 
Take these calculations a s  the doing. They can be evaluated for any particular number such 
as 12, or 28, or 132. What might the unL&ing look like? 

The notation d l n is commonly used to mean 'd divides n' (exactly, without remainder). Such 
doing calculations can therefore all be expressed in the general form 

F(n) = sum of G(d) over all d such that d I n, 

where G(d)  is variously 1, d ,  d2 ,  or the number-of-divisors-of d ,  and F(n) is the sum to be found. 

In each case, the doing specifies F(n) in terms of the sum of G(d)  taken over all the divisors d of 
n .  

) UNDOING One undoing might be to specify F(n) in terms of G(d), where again d is such that 
d l n .  Assume that if 

F(n) = sum of G(d)  over all d such that d I n, 

then 

G(n)  = sum of j4d)$over all d such that d l n where p(d) is to be determined. 

Find how to express G(2) in terms of F(1) and F(2). Express G(3) in terms of F(3). Express G(4) 
in terms of F(4), F(2) and F(1). Do the same for G(6), G(8), G(9), . . ., until you find a pattern in 
the coefficients which enables you to specify what j4d) is for any value of d .  

F 

F EXTENDING Show that d n m )  = d n ) p ( m ) ,  and find the sum of d d )  for all d l n.  Find the sum 
of the absolute values of p(d) over all divisors d of n.  Show that if G(mn) = G(m)G(n) for all m 
and n,  then F(mn) = F(m)F(n) as well. 

Apply these ideas to the sums suggested a t  the beginning of this sub-section. 
F 



6 THE LAST WORD 

Work on this pack cannot be considered to be finished unless and until some overall sense has  
been made of the activities undertaken, and connections made with teaching in the classroom. 
The following activities are intended to be used a s  the basis for discussion with colleagues, but 
in order to prepare for such a discussion, i t  would be useful to consider them yourself, first. 

PRINCIPLES Formulate in your own words the mathematical principles behind doing a n d  
undoing. In what ways can these principles be used to reveal mathematical ideas? Compare 
your version with those of your colleagues. 

F 

F LESSONS Consider a topic that  your pupils are working on right now. In what ways are doing 
and u n d o i n g  involved? How might doing and undoing reveal questions worthy of 
investigation? 

F 

FORMULAE Many mathematical investigations involve finding a general formula which 
counts or expresses some general pattern. Take any such formula a s  the doing,  and invite 
pupils to reverse or undo the formula. What further mathematical ideas are involved? 

F SOCKS AND SHOES Imagine yourself putting on your socks and shoes. Imagine taking 
them off again. What is the same, and what is different about, the two processes? What other 
situations have the same property? Keep a list of all the ones you notice in the course of a week. 

Comments Many examples may be familiar to your pupils, and these will afford them entry into the 
mathematical idea of doing and undoing. 

SCRATCHING In order to scratch your foot during the day, you have to take off your shoe (at 
least), then scratch, then put your shoe back on. What other situations have the property of 
doing, acting, undoing? How many layers of doing .  . .doing, acting, undoing.  . .undoing 
can you find in everyday situations? 

Comments This structure, which mathematicians call conjugation, is useful in everyday life and in 
mathematics as a problem-solving tool When you can't do what you want, transform the problem situation, 
do what you want, and transform i t  back again. For example, converting a problem into algebra is a 
transformation, which,  hen the algebra problem has been solved, can be transformed back into a solution 
of the original problem. 



7 GLOSSARY 

ADJOIN When a set of numbers, such as the positive whole numbers, fails to permit solutions 
to a type of problem such as  5 - 7 = ?, i t  is common to adjoin new numbers to the set, making it 
bigger, and hopefully permitting solutions to that type of problem. See also closed. 

CHARACTERISE Numbers which have a certain property, can be put into a set, and 
characterised by saying that they 'have that property'. The very act of forming or thinking of 
these numbers as belonging to a set, classifies and characterises. I t  is often useful to find 
some succinct, crisp description of the members of the set, and this description is then a 
characterisation. Thus, 'numbers which end in 0, 2, 4, 6, or 8' characterises certain numbers, 
but more succinctly they are 'the even numbers'. 

CLOSED A set with an operation specified on it is said to be closed (under the operation) if 
wherever the operation is performed, the answer is also in the set. Thus, the positive numbers 
are closed under addition but not under subtraction. 

COMPOSITION Composition means performing one action after another, so that the second 
operation is applied to the result of applying the first operation. See PM752D PICTURING 
FUNCTIONS in the MATHEMATICS UPDATE series for more details and examples. 

CONFINE The idea of taking a well-known set together with some operations or properties, 
and confining your attention totally to a subset of that set, is an important and powerful 
mathematical idea. I t  does take some getting used to, though, because you tend to find yourself 
broadening your attention to the full set, instead of the designated subset. 

CONJUGATES The numbers 2 + 345 and 2 - 345 are said to be conjugate. One can be obtained 
from the other by changing the sign of the 45 term, but more significantly, each is the smallest 
number which, when multiplied by the other, gives a whole number. In general, numbers of 
the form a + bdc and a - bdc are said to be conjugate. 

CONVEX A polygon is said to be convex if from any point inside the polygon you can see 
every other point inside the polygon without the boundary getting in the way. Alternatively, no 
straight line cuts the boundary of the polygon in more than two points. 

DIVISOR Suppose n is a whole number and d is a positive whole number, then d is a divisor of 
n if d divides into n exactly with no remainder. 

DOMAIN The domain of a function is the set of values which are permissible as inputs to the 
function. For example, 0 is not in the domain off : x I+ l /x .  

FACTORISING Factorising is the process of breaking down a number or  expression into a 
product of component numbers or expressions. A number (or expression), whose only factors 
are the number (or expression) itself and one, is said to be prime. 

FUNCTION A function is a rule or process which associates with each and every member of 
one set (the domain) a unique member of some other set, called the codomain. 

IDENTITY FUNCTION The identity function is the function which does nothing; in other words, 
it is the function which sends each member of the domain onto itself. 

INVERSE FUNCTION Think of the process of applying a function to each member of its domain 
as the doing. The undoing, when it gives rise to a bona fide function, then gives the inverse 
function of that function. 



MULTIPLICITY The number 162 has  a s  its prime factors, only 2 and 3. In fact, 162 is divisible 
by 8 1  which is 34, so 3 is said to occur with multiplicity 4, while 2 occurs with multiplicity 1. 

OPERATION An operation is a way of combining two or more members of a set (such as +, -, 
X, +) to give a result that  may or may not be in the set (see closed). 

PERFECT SQUARE A number which is the square of some whole number is said to be aperfect 
square.  

PRIME There are several definitions of prime, which arise as more and more complicated 
sets of number-like objects are studied with a view to finding analogies to prime numbers. A 
prime number is a number which is  divisible by only itself and one. The number one is not, 
however, usually considered to be prime. The reason is that  mathematicians want to be able to 
say that  every number can be factored uniquely into a product of primes, and if one was prime, 
then there could be any number of l-factors, thereby destroying the uniqueness. I t  is more 
convenient to have this special case excluded in the definition rather than in every theorem 
about primes. Also, when talking about prime numbers, negative numbers are usually 
excluded. 

When the notion of prime is extended to sets in which there are other numbers besides -1 which 
are factors of 1, then i t  is usual to call all such numbers units, and to say that the numbers p and 
q are associates i f p  is a unit times 9. A prime number is then a number which is  divisible 
only by its associates and by units. 

PROPER FACTOR The proper factors of a number a consist of all the distinct factors of a 
which are less than a ,  including the trivial factor 'one'. 

QUADRATIC Any expression of the form ax2 + bx + c, where a ,  b and c are numbers and where 
a is non-zero, is said to be a quadratic. 

SOLID ANGLE The generalisation of the idea of an angle to three dimensions is called a solid 
angle. A solid angle is  usually measured by the area i t  sweeps out on the surface of a unit 
sphere, analogous to the arc of a unit circle swept out by an angle. 

SUCCINCT In an expression of generality which arises from the seeing of a pattern, there is 
often a transition from vague, on.ly partly formed ideas (which are more easily spoken of 
rather than written), through words, pictures and symbols (which might be written down), to 
succinct, compact symbols, which enable the mind to contemplate a complex idea. Succinct 
symbols are also useful when you wish to manipulate and combine different ideas. 

TWIN PRIMES Prime numbers which differ by two are said to be twin primes. 

UNIT FRACTIONS A fraction with a one in the numerator i s  called a uni t  fraction, or an  
Egyptian fraction (because the Egyptians used them to deal with small numbers). 

VARIABLE A variable is  a letter which stands for an unknown quantity. Sometimes the 
unknown is  known to the poser but not to any others; sometimes the unknown is merely a 
temporary as-yet-unknown, whose value is to be found; sometimes the unknown is  marking a 
slot, indicating a range of possible values, and acting a s  an  as-if-unknown, because in any 

particular situation i tshalue will in fact be known. 



STUCK? 

Good! RELAX and ENJOY it! 
Now something can be learned 

Sort out 
What you KNOW 

- and 
What you WANT 

SPECIALISE 

GENERALISE 

Make a CONJECTURE 

Find someone to wh.om to e>( 
why you are STUCK 

lain 



WHAT TO DO 
WHEN YOU ARE STUCK! 

The following suggestions do not constitute an algorithm. They have been found helpful by others, but 
they will only help you if they become meaningful. The way to learn about being stuck is to notice not 
only whathelped to get yougoing again, but also what contributed to yougetting stuck in the first place. 
Such 'learning from experience' is then available for use in future situations. 

Recognise a n d  acknowledge that you are STUCK 
Record this in your working as STUCK! In so doing, you will have broken out of the familiar experience 
of going round in circles, retreading unfruitful ground, and will have focussed your energy and 
attention on devising a strategy to get unstuck. 

) Write down the headings KNOW and  WANT 
Under KNOW, make a list of everything that you know that is relevant. Where helpful, replace 
technical terms with your own words and include some examples. 

Under WANT, write down your current question in your own words. You may need to go back to the last 
time you wrote down a CONJECTURE to see ifyou have lost sight of where you are in the question. Hence 
the value of recording conjectures as you work. 

Your new task is to construct a bridge, an argument linking KNOW and WANT. Sometimes the act of 
listing under these headings will be sufficient to free you from what it was that was blocking progress. 
Sometimes you will need to narrow down your question to a sub-question that you feel you can tackle, 
or you may find it useful to articulate the prompts 'If only I can show/get/do . . .'. If you are unable to 
progress, you may need to SPECIALISE further. 

SPECIALISE 
Replace generalities in KNOW and WANT with particular examples or cases with which you are 
confident. Try to get a better picture of what is going on in the particular cases, with an eye to 
generalising later. 

SPECIALISING has two functions: 

to enable you to detect an underlying pattern which can lead to a generalisation, perhaps in the form 
of a CONJECTURE; 

to simplify a question which is giving you trouble to a form in which progress can be made, leading 
to a fresh insight on your original problem. 

Be SYSTEMATIC, and collect the data or examples together efficiently. A pattern is less likely to emerge 
from random specialising, or from a jumble of facts and figures. Draw clear diagrams where 
appropriate. 

SPECIALISE DRASTICALLY by simplifying wherever possible in order to find a level a t  which progress 
can be made. Sometimes this involves temporarily relaxing some of the conditions in the question. 

F If you are still stuck, you may need  to TAKE A BREAK 
Simply freeing your attention from the problem - or explaining it to someone else - can lead to a falling 
away of the block. 
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