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0 INTRODUCTION 

The infinite! No other question has ever moved so profoundly the spirit of man; no other idea 
has so fruitfully stimulated his intellect; yet no other concept stands in greater need of 
clarification than that of the infinite . . . David Hilbert 1862 - 1943 

How many numbers are there? How many fractions? How 
many points on a line? 

Can something be 'infinitely small' but not zero? 

What is the value of 0.999 . . . ? What does . . . mean? 

1 1 1  
In what sense i s1  + p  +a + . . . equal to 2? 

Does each point on a line correspond to a number, and vice 
versa? 

Does the infinite expression 1 - 1 + 1 - 1 + 1 - . . . have a 
value? 

These and similar questions are explored in this pack. Rarely will straight answers be given, 
because the power of these questions lies in the struggle to attempt to resolve them to your own 
satisfaction, and to that of your colleagues. The activities presented here are intended to help 
you make contact with significant and sometimes difficult questions about the infinite in 
mathematics. Don't be satisfied with easy answers! 

Nothing is mathematical, unless it is shot through with 
infinity. Caleb Gattegno l967 

Working on the activities suggested in this pack will provide an opportunity to consider 
Gattegno's assertion, and to explore ways in which the infinite can be exposed and developed 
in almost any mathematical topic. 

Everyone has a sense of the infinite, and adolescents are particularly attracted to thinking 
about it, perhaps because i t  is connected with their growing awareness of themselves as  people 
caught up in a huge intricate web of social, physical and intellectual relationships. Questions 
such as  

What is a t  the edge of the universe - or can i t  have an edge? 

0 Must there have been a beginning, or could there be an 
infinite past? 

Will life continue for ever? Will any part of me carry on 
indefinitely? 

are of concern to most people a t  some time in their lives. They are not addressed directly by 
mathematics, but the ways in which mathematicians approach the idea of infinity finds 
resonance in the thoughts and concerns of many pupils. 

The very earliest of written records contain references to questions about infinity: 

Where nothing else is seen, or heard, or known, there is the 
infinite. Where something else is seen, or heard, or known, 



there is  the finite. The Infinite is immortal; but the finite is 
mortal. Chandogya Upanishad 800 - 400 BC 

Infinity is a fathomless gulf, into which all things vanish. 
Marcus Aurelius 121 - 180 AD 

When we say anything is infinite, we signify only that we 
are not able to conceive the ends and bounds of the thing 
named. Thomas Hobbes 1588 - 1679 

Infinity is a dark illimitable ocean, without bound. 
John Milton l608 - l674 

I must protest most vehemently against your use of the 
infinite as something consummated, as this i s  never 
permitted i n  mathematics. The infinite is but a facon de 
parler, meaning a limit to which certain ratios may approach 
as closely as desired, when others are permitted to increase 
indefinitely. Car1 Friederich Gauss 1777 - 1855 

The oldest records of human beings suggest that the incomprehensible, the transcendent 
experience, the unfathomable is of consuming interest. Associated with spiritual experiences, 
the term infinity is only defined negatively, by what i t  is not rather than what it is, since 
literally i t  means not-finite. From the paradoxes of Zeno, who questioned simple perceptions 
of motion, to the insights of Georg Cantor, who made the bold step of completing infinite acts, 
mathematicians can be seen as attempting to approach and control infinity. 

I t  all begins, and perhaps ends, with counting. What now is taught in every primary school 
(one-to-one matching) was original, liberating and frightening to Georg Cantor and even 
more so to his contemporaries. On the voyage described in these materials, we have the chance 
to live through some of the mental struggles of generations .of mathematicians. 



AIMS 

To indicate various ways in which mathematicians employ 
and deal with the infinite. 

To provide situations which will engender confidence in 
working with the infinite. 

To draw attention to two aspects of infinity - the infinite as 
process unfolding in time and the infinite as  a completed act. 

To suggest that  infinity i s  never far away from any 
mathematical question. 

For a more detailed account of many of the ideas presented here, the following books are highly 
recommended. 

Ray Hemmings, Dick Tahta, Images of Infinity, Leapfrogs insight series, Leapfrogs, 1984. 

Rudy Rucker, Infinity and the Mind, Penguin, 1986. 

Eli Maor, To Infinity and Beyond, Birkhauser 1987. 



WAYS OF WORKING 

This pack consists of sections of related activities, each section focussing on an important 
aspect of infinity in mathematics. The first section introduces the six major themes, which 
are followed up in greater detail in the subsequent sections. I t  is not intended that you work 
systematically subsection by subsection, or even that you tackle every activity in a subsection. 
Rather, find some attractive activities, explore in and around them, a d  discuss what you find 
with colleagues. 

Words in italics are either for emphasis, or are technical terms which are explained in the 
GLOSSARY. Where more precise definitions and theorems are wanted, recourse to standard 
texts will provide them, and more. Your most important activity will be your attempt to tell 
yourself a coherent (mathematical) story after working on one or more of,the suggested 
activities, and to see how different activities relate to each other. You cannot deem yourself to 
have finished until you have completed Section 7 THE LAST WORD. i 

I t  is important when working on an activity, not to get lost simply in the 'doing'. Every so 
often there are suggestions for reflection - for pausing, drawing back, and making sense of 
what has been noticed. Drawing together several ideas in the mind, and trying to hold them 
there, can help to integrate them into a whole. There are also some suggestions for pausing 
and considering similarities and differences between the activities. It is hoped that such 
pausing will become natural and automatic. It  is impossible to mark in the text every useful 
pausing point. 

Reflection is partly a solitary activity, as you try to encompass a number of disparate ideas a t  
once in your mind. It is also a communal activity, as you try to express to others the sense you 
have made, in the form of connections, similarities and differences. Your attempts to express 
ideas which are only half formed can certainly help you, and you can gain from the ideas and 
perspectives of others. To prepare for a productive discussion with colleagues, i t  is usually 
useful to try to write down a few sentences that capture what you think the various activities 
have been about, with any questions or uncertainties that you are aware of. 

Working on an activity, it is very possible that you will get stuck. What do you do then? The 
BOOKMARK: What to do when you're stuck contains some suggestions. Use it. Use any 
colleagues you have access to, to discuss your 'stuckness'. It may be that you are not clear what 
the activity involves. If so, then investigate for yourself, formulating your own questions. It  
may be that you are not clear what the activity is trying to get at. If that is the case, then try to 
make up some sort of story, write it down, and compare notes with colleagues. 

After working for a while on a mathematical activity, there is often a strong desire to know 
whether you are 'on the right track'. However, these notes contain no answers as  such, for 
many reasons. The most salient reason is that generally there is no particular correct 
answer. There are many things worth noticing, and these are likely to emerge from 
reflection and discussion. It  is essential that you develop your own criteria for deciding when 
you have 'done enough for now'. If you have some nagging doubt that there is more to discover, 
then perhaps it is worth going back and investigating further. 

More detailed suggestions on ways of working are provided in the TUTOR PACK. In addition, the TUTOR 
PACK contains notes on how to run a series of meetings based on any of the materials in the MATHEMATICS 
UPDATE series. PM751 EXPRESSING GENERALITY, which is intended as a foundation to the UPDATE series, 
also contains further suggestions for tutors and course organisers. 



1 ENCOUNTERS WITH THE INFINITE 

This section introduces the main ideas which are developed in later sections and i t  acts both as 
an introduction to and as a short-form of the whole pack. Each subsection makes contact with 
an important aspect of infinity in mathematics and offers a possible entry point. Working 
straight through, activity by activity, may not be as  sensible a s  moving about, finding 
something that is attractive and tractable and exploring from there. 

DECIMALS AND BlClMALS 

The infinite is intimately tied up in the decimal names we use for numbers. Decimals are the 
familiar system of notation for numbers, extending the base 10 system of notation for whole 
numbers. Bicimals are similar, but use only the digits 0 and 1. 

PRESQUE TOUT Amongst the whole numbers, what proportion have a 9 as one of their digits? 

F 
Comments Since there are infinitely many whole numbers, you cannot just count the ones with a 9 and 
divide by the total number of numbers. One approach is to work your way up. What proportion of the 
whole numbers up to 9, up to 99, up to 999, . . . have a 9 as one of their digits? What happens as you get 
larger and larger? (This idea is taken from Images of Infinity, see page 6.) Another approach is to think in 
terms of probability - what is the probability that a whole number (or a decimal number) whose digits are 
chosen at random has no 91 Proceed digit by digit, to see what is happening. 

Some numbers can be represented by a finite decimal, for example 0.125, while others need an 
infinite decimal, for example 2.141414 . . . In order to study the significance of an idea, such 
as  finite or infinite decimals, i t  often helps to look a t  variations. Bicimals are similar to 
decimals, but use only 0s and 1s. They extend the base 2 representation of whole numbers to 
any real number. They are used extensively in computers and in other parts of mathematics. 

F IN BETWEEN Find a number between 3 and 4; between 3.1 and 3.2; between 3.14 and 3.15. In 
each case, how many possibilities do there appear to be? Find a number between 3.14159 and 
3.14160. How many can you find? Find a way to describe all of them - in other words, 
describe to a colleague a quick way to decide whether a given number lies between two others. 

b 
Comments If you imagine a number line, and focus in on the interval between 3 and 4, and then between 
3.1 and 3.2, and so on, then no matter how much you zoom in, the line is still densely packed with points. The 
number x is but one number which lies in all four of the particular intervals mentioned, unlike 22.7, which 
does not. There are in fact infinitely many numbers between any two given numbers (in a sense which is 
made precise in Section 2); there are infinitely many numbers with a finite decimal representation (like 
3.141592653), and infinitely many with an infinite decimal representation (like X). Convince yourself of these 
two statements, and convince a colleague. 

BlClMALS What does the decimal number-symbol 93.246 actually mean? Suppose that instead 
of the digits 0 to 9, you had available only the digits 0 and 1. Then by analogy with base 10,101 
in base two would mean 1 X 4 + 0 X 2 + 1 X 1 and so would represent 5 (in base 10). What would 
11 01.101 1 taken as  base 2 mean when translated into base 1 O? Develop a theory. 

b 



Comments A theory would include a definition of the bicimal meaning of symbols such as 1101.1011, and 
it would generalise to other bases as well. It would also include a notation to distinguish 1101.1011 as a 
bicimal and as a decimal. 

Converting 0.375 to a fraction i s  not particularly challenging, since it is the  same a s  

3 - 7 5 3 7 5 
10 + 100 + 1000, or more quickly, m. This can be simplified by taking out common 

3 3 
factors, to get 3 .  Converting 3 to a decimal i s  easy (with a calculator) and not too difficult 

1 3  8 
using long division. What about converting F, ;i or 5 into decimals? 

CONVERSION (A) Which fractions will convert into a finite decimal and which will not? 
Experiment, make conjectures, and modify those conjectures. Use your results to make a 
conjecture a s  to which fractions will convert into a finite bicimal. Which fractions will 
convert into a finite decimal and a finite bicimal? Why is this? Convince someone. 

Comments It is tempting to see the symbols 3.14159 as actually being a number, rather than just 
representing a number. The fact that some numbers, when represented as a decimal, require an infinite 
decimal while others do not, and that different fractions require an infinite bicimal, suggests that the 
distinction between being finite' and 'being infinite' is not a property of a number, but rather of its particular 
representation. There is an important shift of attention in seeing number symbols as representing, rather 
than being, numbers. 

) CONVERSION (B) By experimenting systematically, i t  is possible to detect patterns in the 
conversion of fractions with denominator 999 . . . 9 into decimals. 

Divide 7 by 9 on a calculator 

Divide 72 by 99, and divide 8 by 11. 

Divide 729 by 999, and divide 27 by 37. 

On the basis of these calculations, formulate a conjecture about the outcome of converting a 
fraction with all 9s  in the denominator into a decimal. Test that  conjecture on some examples 
of your own devising. 

For each of the following, formulate a rule for continuing the digits in order to generate a real 
number, and then decide, on the  basis of your rule, whether the number which your rule 
generates actually represents a fraction, and why. 

1 2  
0.101001000100001 . . . 0.1234567912345679.. . -+ -  3 +-  

10 loo loo0 + ' ' ' 

Comments A number can be generated by a rule, so that each and every digit can be predicted, and still 
not represent a fraction. In order to represent a fraction, eventually some string of digits has to repeat over 
and over and over. 

1 2 3 4  9 
EXTENDING What will be the result of converting s , ~ ,  g , g ,  . . . , - g into decimals? 

Comments For 9/9 there are two approaches - by using the method found in CONVERSION (B), 'and by . 3 

straightforward division. Any differences will have to be reconciled! 



F EXTENDING FURTHER Familiarity with decimals means that  perhaps some important details 
are glossed over or obscured, so it is helpful to be brought up short by working in a less familiar 
system. The following fractions are expressed in base 10 and in base 2 notation. By practising 
long division in bicimals, work out a method of converting a binary fraction into bicimals, 
and make a conjecture about the patterns that  emerge. 

3 11 -- -- l l -0.? ---- 5 101- 
7 - 111 3-11 - O.? -- - -- Ill - O.? 

REFLECTING What aspects of infinity in relation to numbers have arisen from thinking about 
decimals and bicimals? 

F 

CYCLING DlGrrS Observe that 

1 142857 3 428571 -- 0.142857142857142857. . . = 999999 7 - and also that y= 0.428571428571428571 . . . = 999999 . 

Notice particularly that  142857 X 3 = 428571. Multiplication by 3 has  cycled the digits around, 
bringing the first digit to the end. 

Investigate whether there a r e  numbers whose digits cycle in the  other direction when 
multiplied by 3, or cycle in either order when multiplied by 2, or by . . . 

Comments One approach is to play around with recurring decimals, looking for patterns. Another 
approach is to act as if such a number exists (for example, one for which the front digit comes to the back on 
multiplying by.9), and start performing the multiplication with some selected digit (for example the digit l), 
using the cycling property to inform you what the next digit must be, and see what happens. 

) EXTENDING Once you have one number that  cycles when multiplied by a given number, can 
you find others without repeating the work? Can you predict the shape of all such numbers? 

F 

REFLECTING What role i s  infinity playing in the investigation of CYCLING DIGITS? What 
methods have you used to approach infinity in the representation of decimals? 

P 

COUNTING 

What is  involved in counting something? How can counting be extended to infinite sets? 

F FIRST COUNT Look around the  room where you are, and  actually count something. Pay 
attention to what is involved in the act of counting. 

Comments It is usual to think of counting as a primitive act, but if you look more closely, there is an even 
more primitive act a t  the heart of counting - ordering. The act of uttering words (the number poem), one, 
two, three, . . . (which is a degenerate form of the poem first, second, third, . . .) while pointing to or 
acknowledging individual items, is an act of ordering by matching objects with words. Often we use 
ordering that is implicit in how we see the objects (darkest-to-lightest or smallest-to-largest), but sometimes 
we must, or just do, impose our own order. 



COMPARING How do you decide whether two collections like those illustrated have the same 
number of elements? Outline a t  least two different strategies. 

0 
000 00 00 

0 000 000 

ooo ooo 0 0  000 0 0 

Comments One way is to count both collections, and then check to see if the answers are the same. This is 
a very sophisticated strategy, compared to matching the collections together element by element, to see if 
they match. To extend counting to infinite sets, it seems sensible to return to the simple idea of matching. 

F QUOTE 'The act of counting the members of a set requires that  an ordering be established 
(usually by recourse to an ordering poem such a s  first, second, third, . . .), and then 
associating with the set a cardinality, derived from the last order-name to be employed.' , 

Rephrase this quotation in your own words, so that  you can explain it to someone else. What 
assumptions does i t  make -for example, why is i t  difficult to count people in a crowd, and why 
can you not count water? 

F 

F REFLECTING Associating the last used adjective (for example 'fifth') with the  size of a set 
involves making the adjective into a noun, and using that  noun to describe the whole set. Be on 
the lookout for other mathematical situations in which an  adjective belonging to a part of the 
whole is used to describe the whole. 

F 
Comments Metonymy (the grammatical term for naming the whole by an attribute) is common both in 
everday speech and in mathematics. 

MORE OR LESS Listed below are the elements of two infinite sets. The very fact that  they are 
listed in matching columns suggests that  there is a matching between the two sets, analogous to 
a matching used by young children when comparing two finite sets. Look carefully a t  the 
members of the two sets, and draw conclusions about the extension of the idea of matching to 
infinite sets. 

Comments It is worth pausing and pondering the implications of the matching - that no matter which 
whole number you choose in the first set, it is matched with a corresponding even number (its double) in the 
second. The sets match, yet the second set is contained in the first! It often happens in mathematics that 
when you extend an idea to new contexts, you find yourself challenged to modify your intuitions. 

The idea of comparing the sizes of two sets is based on matching the elements between them. 
For finite sets, we then attach a name to the size of the set, namely the  last number of the 
standard counting sequence 1, 2, 3, . . . that  gets used when setting up a matching between the 
finite set and the counting numbers. We are in fact ordering the set rather than counting it. 
The setting up of the matching puts the elements of the set in an order. The cardinality of the 
set, the number of elements in it,  is then the  name of the last  member of the  ordering. 
Unfortunately, for infinite sets, there is no last member! 



D EXTENDING Each of the following row,s represents the members of a set. Work out a rule 
which generates each set, and then consider what the fact of laying them out in rows says about 
matchings between the sets. 

Comments As in MORE OR LESS, each row is, by virtue of the layout into rows and columns, matched 
with the elements of the first row. Thus the powers of three, and the square numbers, and the odd numbers, 
are all matched with the whole numbers. If we extend the notion of counting to infinite sets, it would make 
sense to say that all these sets have the same cardinality. This is the step that Georg Cantor made in the 
18409, and it is taken up in Section 2. 

D REFLECTING Describe in your own words what you understand by cardinality. What 
connections are there between ordering and counting? 

GEOMETRY 

Infinity arises in geometry in several ways. The first activities concentrate on becoming 
aware of the enormous number of geometrical objects such a s  lines and planes. Then 
attention is drawn to the implied infinities in geometrical statements. The question of (what 
it is, and what its value might be) is then raised. 

INFINITELY MANY For each of the assertions which follow, find a constructive way to convince 
a colleague that the assertion is valid. Some of the ideas in Section 2 will help you go beyond 
informal arguments. 

There are infinitely many lines on a plane. 

There are infinitely many lines parallel to a given line. 

Between any two parallel lines, there are infinitely many parallel lines. 

There are infinitely many lines in the plane through a common point. 

There are infinitely many lines, no two of which are parallel and no three of which 
share a common point. 

Comments The collection of lines parallel to a given line can be associated with numbers on a line, by 
intersecting the family of parallel lines with a transversal line. Since each intersection point corresponds to a 
real number, the number of lines parallel to a given line is the same as the number of real numbers. 

D EXTENDING For each of the following, try to find a correspondence between the family you 
choose and some set of real numbers. 



There are infinitely many circles in the plane. 

There are infinitely many circles with a fixed radius, in the plane. 

Inside any circle there are infinitely many circles all with the same centre. 

Inside any circle there are infinitely many circles, no two of which overlap, no two of 
which have the same radius, and no two of which have the same centre. 

There are infinitely many squares in the plane. 

There are infinitely many squares in the plane, no two of which overlap, no two of 
which have the same size, and no two of which are oriented in the same way. 

There are infinitely many squares in the plane such that for any two, one is fully 
inside the other, and no two are oriented in the same way. 

There are infinitely many points in the plane such that no three lie on a straight line. 

There are infinitely many points on the circumference of a circle such that no three 
form an equilateral triangle; no four form a square; . . . ; no n form the vertices of a 
regular n-sided polygon. 

There are infinitely many lines in space, no two of which lie on the same plane, and no 
two of which intersect. 

Comments What does it mean to say that there are infinitely many geometrical objects satisfying some 
given properties? Try to be precise. Make up some complicated statements of your own. 

F GEOMETRICAL FACTS The statement of geometrical facts often obscures the presence of 
infinity. For each of the following true assertions, find as  many aspects of infinity as  
possible. 

The sum of the angles of a triangle in the plane is 180". 

A tangent to a circle is perpendicular to the radius a t  the point of tangency. 

~ h e k  is a cross-section of a cube which is a triangle; a quadrilateral; a pentagon; a 
hexagon. 

If you know the lengths of two sides of a triangle and the angle between the sides, then . 
the triangle is uniquely determined. 

F 
Comments The indefinite articles a and an often refer to an infinite number of possibilities. Thus a 
triangle actually means any triangle what so ever. The fact that the sum of the angles of any triangle is the 
same is extraordinary, if you see it as a statement that no matter which of an infinite number of possible 
triangles you choose, the sum of the angles will always be the same. This innocuous statement typifies one 
way in which mathematicians deal with infinity - they look for something that is fixed or common to all 
possible cases, or which remains unchanged while other factors (lengths of sides, etc.) vary. This theme is 
developed in THERE EXISTS FOR ALL in Section 5. 

PI Based on the perception that the ratio of the circumference of a circle to the diameter is 
independent of the size of the circle, it seems sensible to denote that ratio by some symbol, and a 
has been used for this purpose since William Jones popularised its use in the early.1700s. 
Furthermore, the ratio of the area of a circle to the square of the radius is also independent of 
the size, and curiously, that ratio is also denoted by X .  Why are these two the same? For the 
moment, denote the first by x ~ ,  to denote circumference, and the second by r c ~ ,  to denote area. 
The question is, why is I ~ C  = xA? The traditional approach is to use a diagram, or better, a 
sequence of diagrams, as  illustrated overleaf. 

< . . 



What exactly are the pictures supposed to be telling you? Convince a friend. 

b 
Comments The pictures are static, but are supposed to indicate a dynamic movement. The idea of one 
curve getting closer and closer to another, is not entirely without difficulties. See TO THE UMIT in Section 3. 

F MORE PI Aristotle sought a value for n based on approximating the circumference of a circle 
by the perimeter of finer and finer polygons. The approximation 22/7 is only accurate to two 
decimal places. The approximation 355/113 is accurate to six decimal places. How many 
sides would a polygon need in order to give an approximation as accurate as  335/113? Use your 
calculator! 

F REFLECTING What aspects of infinity are involved in the idea of n? In what ways are they 
stumbling blocks, and in what ways might they serve to stimulate pupils' imagination? 

b 

DIVISION BY ZERO 

Division by zero often causes heartache and confusion. Why should i t  be outlawed, and is it 
division by or into zero that is banned? The following activities suggest one way to explore 
these questions, and to demonstrate the fruitfulness of looking closely a t  the role of zero. The 
symbol = i s  often used to denote the answer to division by zero, but its use in this way may 
easily lead to the belief that = has the same status as  any other symbol for a number, such as X ,  

and this in turn can lead to the mistaken impression that .o is actually a real number. 

1 F ONE OVER ZERO To investigate possible meanings for - , consider the following 
0 

calculations: 

Comments Try to relate the calculations to images of the number line. To find out what happens at zero, 
mathematicians tend to look at what happens near zero. What does the graph of y = l / x  look like near X = O? 

F EXTENDING Decide what the meaning of expressions such as  -1/0,2/0, . . . might be. 

b 

ZERO OVER ONE Use the same approach as  suggested in ONE OVER ZERO to explore the 
possible meanings for 011 in different contexts. 

b 
Comments You should find that there is no ambiguity! The value of Oh is always the same. 



ZERO OVER ZERO Use the following sequences of calculations to explore possible meanings 
for 010. 

1 112 113 - - - 1 112 113 
112 ' 114 ' 116 ' ' ' ' and - - - -112 ' -114 -116 . ' 

Express a general rule for the sequences being used, and extend the exploration to other 
similar sequences. 

EXTENDING Having exploredX in ZERO OVER ZERO, use the same approach to study the 
Y 

expression as the point (X y )  approaches (0,0), or in other words, as x and y both approach 
X+Y 

zero together. There are many routes to follow: for example, as x and y approach zero together 
along the line y = 2x, or along the line y = 3x. 

More generally, what if, for different values of h, x and y approach zero together along the line 
y = hr, or alongy = Ax2, etc? Contrast this with what happens as the point (xy) approaches the 
point (1,1), or (1,2), or indeed as  (xy) approaches a point other than (0,O). 

Try thinking of z =X as a canopy or surface lying above the (X y) plane, the height above the 
X+Y 

point (X y) being z. A three-dimensional graph-plotting program would be helpful - there are 
several available. 

Comments The value of zero over zero depends entirely on the context - on how you approach it. 
Contrast this with the value of W3. No matter how you make x  approach 2 and y  approach 3, x l y  approaches 
213. Far from being a disaster, the anomalous, ambiguous behaviour of zero over zero is what drives the 
calculus, and is the source of its importance as a mathematical tool. Section 4 has more on the topic of zero. 

F EXTENDING FURTHER Make up your own examples of expressions and investigate what 
happens a s  zero over zero is approached. 

F REFLECTING The basic technique used in this section to investigate zero over zero was to look 
a t  values nearby, investigating the behaviour of sequences of numbers which get closer and 
closer to zero over zero. What sort of perceptions, or thinking, or assumptions underlie such 
an approach? Compare notes with colleagues. 

BISECTION 

The effective use of computers depends on mathematics, and many of the questions now 
exercising mathematicians arise as a result of problems in computing. Yet the roots of those 
problems go back to mathematical ideas that arose long before computers were ever even 
conceived. One example is a method of locating an approximate answer. , .  . 



F NUMBER GUESS I'm thinking of a number, between 1 and 100. You must guess what it is, but I 
will only answer questions of the form 'Is i t  less than . . .?' or 'Is it greater than . . .?' How 
many questions are needed? What if you are never 'lucky'? 

Comments You can trap the guessed number in an interval, and you can halve that interval at each 
succeeding guess. This is known as the bisection method, since at each stage you bisect the interval in which 
you are sure the number lies. There are several computer programs in which you try to locate a whole or 
decimal number and discover the effectiveness of bisection. 

F POLYGON Imagine you have a computer program which, when you enter a number N and an 
angle A, draws a line segment of fixed length, then turns through an angle of A, and repeats 
this same step over and over, N times altogether. (If you have access to LOGO you can easily 
write such a procedure.) What angle A should you put in when you put in 7 for N, so that the 
figure drawn will be a heptagon (seven-sided polygon)? How would you go about finding out? 

Comments Pupils of all ages and abilities have been observed trying different values for A, and then 
homing in on a solution. Most pupils quickly discover a version of the bisection method, because they get one 
value for A that is too big, and one that is too small, and then they repeatedly choose values in between at 
each stage. Even though they behave as if they were using some form of bisection, they may need help in 
recognising and articulating it as a specific technique. 

Note that the point of such an activity is twofold - to  discover and refine the bisection method, 
and to use the method to accumulate data about different polygons, so as to come to a general 
result about the relationship between A and N. 

F EQUATIONS Instead of guessing someone's secret number or looking for a particular angle, 
perhaps you want to find a value of x which makes some expression such as  x3 -x2 - 1 equal to 
0. Devise a bisection type approach for finding a solution, using a calculator. I t  might help to 
note that when x = 1, the expression is negative, and when X = 2, the expression is positive. 

Comments As long as you can get started, the bisection method is guaranteed to enable you to find more 
and more accurate estimates of the desired root. 

F REFLECTING Take a moment or two to state in your own words your method of bisection, and 
describe the kinds of equations for which i t  looks as though it will always work. 

Bisection typically gives about three extra decimal places for each ten extra bisection steps. 
Using sophisticated mathematical ideas in conjunction with computers, methods have been 
found for some types of problems which will double the number of correct decimal places a t  
each step. 

F REFLECTING AGAIN What is the same, and what is different, about NUMBER GUESS, POLYGON 
and EQUATIONS? What have they to do with infinity? 



COMPLETED ACTS 

In order to use an idea, such as  infinity, mathematically, i t  is necessary to be precise about 
what is meant by the term. The idea of infinity as  something that goes on for ever and ever is 
just one way of thinking about infinity, and not always the most helpful when trying to 
approach the infinitely small or infinitely large. The activities in this section are intended to 
provide contact with a different way of thinking. 

F STEADY WALK Imagine that you are going to go for a walk. Being a regular sort of person, 
you walk a t  a steady pace. In the first minute, you walk, say, one metre. This may seem slow 
but it gives you time to think about it! In the next half-minute you walk half a metre, since you 
walk a t  a steady pace. In the next quarter-minute, you walk a quarter-metre. And so on. How 
far have you walked by the end of the second minute? Interpret this distance both as a 
completed total distance and as  a sum of smaller and smaller distances. 

F 
Comments It is hard not to agree that you have managed to get somewhere, and at all times you are 
walking at the same speed, so at the end of two minutes you will have walked two metres. Yet there is an 
infinite process being carried out. The process of adding together infinitely many fractions, 1 + 112 + 114 + . . . 
can nevertheless be thought of as having been completed by the end of the second minute. It is worth 
pausing and confronting these two ways of thinking - going on forever, and completed. 

EXTENDING By looking both a t  an act completed in a definite time, and a t  an infinite sum, 
find out how far you have gone a t  the end of two minutes in each of the following situations. 

In the first minute, the next half-minute, the next quarter-minute, and so on, your step lengths 
are:  

3/10,3/100,3/1000,3/10000, . . . of a metre 

6/10, 6/100,6/1000,6/10000, . . . of a metre 

9/10,9/100, 9/1000,9/10000, . . . of a metre 

1/2,1/3,1/4,1/5,1/6,1/7, . . . of a metre 

Alternatively, treat each term of a sequence as a statement of a distance travelled in a period of 
time. Thus in the first one, you cover 3/10 metre in 3/10 minute, 31100 metre in the next 31100 
minute, and so on which represents a uniform speed of walking. Work out a t  what time the 
journey is completed, and how far you have travelled. 

F 
Comments For philosophical implications, see Section 6. The idea of infinite sums is taken up in Sectiori 3. 

IN THE BAG Imagine there is a bag, and a series of tickets with the numbers 1, 2, 3, . . . on 
them. In the first minute, you put tickets 1 and 2 in the bag. In the next half-minute, you put 
tickets 3 and 4 in, and take out ticket 1. In the next quarter-minute, you put tickets 5 and 6 in, 
and take out ticket 2. Carry this on and on. Which tickets are in the bag a t  the end of the 
second minute? Convince someone! 

Comments One approach is ,to concentrate on what is in the bag, but this 1eads.b 'going on for ever'. 
Another approach is to concentrate on what is not in the bag. 



h EXTENDING Imagine that a t  each stage you double the number of tickets in the bag, and 
remove only the lowest numbered ticket currently in the bag. Now what remains a t  the end of 
the second minute? Suppose that you roll a die a t  each stage and if, for example, a 3 shows up, 
then you remove the third-lowest numbered ticket currently in the bag. What is the probability 
that the bag will be empty a t  the end of the second minute? 

b 
Comments The probabilistic question is intimately related to PRESQUE TOUT! 

) SPEAKING FASTER Instead of walking, imagine yourself speaking. At each moment, 
imagine that you 'say' the next number in just half the time you took for the number before, 
starting with one second for the first number. You have to pretend that you can say very large 
numbers in a very short period of time! For each of the following sequences, what numbers 
have been said by the end of the second second? 

For each of the following, what numbers remain unsaid a t  the end of the second second, the 
third second, . . . as  long as  is required to say them all? 

Comments It may seem a little odd, not to say bizarre, to think of being able to say large numbers in very 
short timespans, but the idea is to let go of the sense of infinite processes as taking forever, and to develop a 
sense of being able to speak about an infinite process being completed. 

In each case, the counting took just two, or three, or four seconds, even though, in that time, an 
infinite set was counted. This idea can be exploited much much further. 

THE BIG COUNT This time, the first set indicated below is to be counted in one second (just 
count a s  before only twice as fast!), the second set is to be counted in a half-second (just count 
four times as  fast), the third set in an eighth-second (just count . . .) and so on. All i t  takes is 
an act of imagination. Try acting a s  if you have managed it. 

What set have you counted through by the end of the second second? 



Comments You have managed to count through an infinity of sets, each with an infinity of members and 
in a total of just two seconds! More precisely, in the language of Section 2, you have managed to count 
through a countable number of countable sets, showing that the whole collection is itself countable. 

P EXTENDING Imagine extending THE BIG COUNT to more subscripts such as nlll (which is 
spoken as 'n one one one'), nlllll,  and so on. Then imagine doing the same thing with the first 
set being all the ns with one subscript, the second set being all the ns with two subscripts, and so 
on. Can you still arrange to count the lot in two seconds? 

b 

REFLECTING What are the forces which block acceptance of the idea that an infinite process 
can be compIeted in a finite length of time? 



2 COUNTING AND ORDERING 

What does it mean to say that one set is bigger or smaller than another? One idea might be to 
say that smaller sets can be contained inside bigger sets. This fails to take account of sets 
which have no elements in common, such as (a, by c) and (d, e, f ,  g, h), but i t  does relate to our 
sense that 3 is smaller than 5 because any set of five elements has subsets of size three. The 
notion of smaller, based on sets being inside one another rather than on matching, leads to 
difficulties with infinite sets. It is an example of an intuition which needs to be modified in 
order to make sense mathematically of infinite sets. 

COUNTING 

Georg Cantor took the bold step, in the late 1840s, of suggesting that you can indeed count 
infinite collections, by using the same ideas that you use to count finite collections. He 
suggested that two collections have the same cardinality if the elements of one can be matched 
term for term with the elements of the second. Such a matching is also called a one-to-one 
correspondence. What he found was that his intuitions, based naturally enough on finite 
counting, had to be modified or altered. 

In MORE OR LESS in Section 1, i t  was suggested that for infinite sets you can find many 
different subsets, all of which can be matched with, or put into one-to-one correspondence with, 
the full set. Thus the sets indicated by each of the following rows 

can all be matched with the first set, This led Cantor to say that two sets have the same 
cardinality, or are equicardinal, if they can be put into one-to-one correspondence. Thus, all 
six of the sets above have the same cardinality. A set is said to be countable if it can be matched 
with the set of counting numbers - (1,2,3, . . .). 

FASTER AND FASTER Use the following ideas t o  make up ever faster-growing sequences and 
convince yourself, perhaps by convincing a colleague, that the sequences nevertheless form 
countable sets equicardinal with the counting numbers. 

Starting with any sequence of whole numbers, to form the nth term of a new sequence: 

take the sum of the first n terms of the old as the nth term of the new sequence; 

take the product of the first n terms of the old as  the nth term of the new sequence; 

take 10 raised to the power of the nth term of the old as the nth term of the new sequence; 

find the value v of the nth term of the old and use the vth term of the old as the nth term of 
the new sequence. 

Comments Just as young children are often fascinated by the fact that there is no largest number because 
you can always add one to make it bigger, so there is a fascination with the fact that no matter how fast a 



sequence grows, and no matter how sparse it is, there is always a sequence which grows much faster still. 
An infinite sequence can be very, very sparse indeed compared to (1,2,3, . . .), and yet still remain infinite. 

Suppose we denote the cardinality of the set (1, 2, 3, . . .) for the moment by N. I t  seems quite 
natural to want to describe the cardinality of the sets in the introduction to this section as  N, 
Nl2, NI3 and N/10 since the second, third and fourth rows are each a multiple of the first, yet 
they also all have the same cardinality. This leads us to want to say that N = N/2= NI3 = NI10. 
How can this be? We are used to having such statements force N to be 0, but here we see that 
another possibility is that N is infinite. We have a good example of being led to modify our 
intuition. Arithmetic with infinite cardinal numbers is not quite like arithmetic with finite 
numbers. 

F EXTENDING By examining sets like the ones laid out below, come to some conclusions about 
attempts to describe subtraction using cardinal numbers: 

(1, 2, 3, 4, 5, . . .) 
(2, 3, 4, 5, 6, . . .) 
(3, 4, 5, 6, 7, . . .) 

Comments Using N again for the cardinality of the whole numbers, the fact that the rows are laid out in 
columns indicates that each row has the same cardinality N as the first, yet because of the particular 
elements in the sets, one might be tempted to see the rows as having cardinalities N, N - 1, N - 2, . . . 
respectively. The equations N = N - 1 = N - 2 = . . . are impossible to satisfy in ordinary arithmetic, but in 
infinite cardinal arithmetic they are consequences of moving from finite to infinite cardinals. 

I t  seems odd a t  first to talk about the cardinality or size of a set with infinitely many members, 
but as with many mathematical ideas, being prepared to make a shift in your intuition can 
bring far-reaching results. Since each of the sets above can be matched one-to-one with the set 
of whole numbers, we say that each set has the same cardinality as  the cardinality of the whole 
numbers, which is usually denoted by K,, (Aleph), the first letter of the Hebrew alphabet. The 
subscript 0 points toward the possibility of further Alephs! 

F INFINITE SETS What is meant by an infinite set? What property distinguishes finite sets from 
infinite sets? Try to state a distinction as crisply and precisely as possible. 

P 
Comments It is a little surprising at first that there can be sets which have the same cardinality as one (or 
many) of their subsets. Cantor turned this surprise into a virtue. He defined an infinite set to be any set 
which could be put in one-to-one correspondence with a proper subset of itself. 

F REFLECTING In order to appreciate the force of Cantor's move, take a few moments to describe 
in words (as if) to a colleague, the difference between 

'smaller' meaning 'lies inside' or 'is a subset of, and 

'smaller' meaning 'cannot be put in one-to-one correspondence'. 

Cantor's idea was to say that if two sets can be put in one-to-one correspondence with each other 
then they could be said to have 'equal cardinality', or to 'represent the same cardinal'. Just as 
with finite sets, there are likely to be many sets with the same cardinality. Thus (1, 2, 3) and 
(4, 8, 15) have the same cardinality as do (O,1, 2, . . .) and (5, 6, 7, . . .). In order for this idea to 
make sense, cardinality has to behave properly. For example, if three sets A, B and C are 



known to have the properties that A and B are equicardinal, and B and C are equicardinal, 
then A and C also ought to be equicardinal. 

F EQUICARDINAL If A and B are equicardinal sets, and B and C are also equicardinal, does it 
follow that A and C are equicardinal? 

F 
Comments There is only one thing known about equicardinal sets - use it! 

The remaining activities in this subsection are for the bold. They are worth reading through 
even if you do not feel inclined to work on them, because they indicate how Cantor developed 
the idea of counting for infinite sets. 

So far, the only examples of sets of different cardinality are finite sets, and K ~ .  Are there any 
others? One obvious place to look for bigger sets is in extensions of whole numbers to fractions 
and to decimals. Since every whole number is also a real number, the whole numbers can be 
matched with a subset of the reals, namely themselves. This innocuous observation leads to a 
harder question - might the reverse be true as well? UNCOUNTABLE later in this subsection 
shows directly that the real numbers cannot be matched with the whole numbers (the reals 
cannot be counted). Another approach is to look for ways of making bigger sets from smaller 
ones, by looking a t  subsets. 

POWER SETS Given a set with three elements in it, how many different subsets can you form 
from those elements? Generalise to other finite sets. 

Comments The collection of all possible subsets that can be made from a given set S, is called the power 
set of S. The word 'power' is used because, for finite sets the number of subsets is two to the power 'the 
cardinality of the set'. By analogy, this extends to infinite sets -from any infinite set you can form the set of 
all possible subsete. The cardinality of the new set is also 2 raised to the power 'the cardinality of the set'. The 
difficult question is whether this actually gives rise to new cardinal numbers (new infinities), or not. 

The next activity offers an argument using the idea of a power set before embarking on 
Cantor's use of i t  to construct new infinities. 

SETS OF WHOLE NUMBERS Here are two matchings, one which matches all the real numbers 
between 0 and 1 with some sets of whole numbers (a subset of the power set of the whole 
numbers), and one which matches all of the subsets of the whole numbers with some of the real 
numbers. 

Given any real number x between 0 and 1, express it as a decimal 0.dld2d3. . . (without 
using an infinite tail of recurring 9s). The matching set of whole numbers is formed 
by taking each non-zero digit d, and putting the number d ,  X 10n into the set. Thus 
0.138 is matched with (10, 300, 8000), and 0.121212. . . is  matched with (10, 200,1000, 
20000, . . .). 
Given any set S of whole numbers, to construct a matching real number, start with the 
decimal number z = 0.1 2 3 4 5 6 7 8 9 10 11 12 13 . . . formed by writing the whole numbers 
in sequence one after another. Modify z by using the members of S as  follows. For each 
whole number n in S, replace the occurrence of n in z by a string of zeros of the same 
length. Thus the set S = (3,12) would be matched to z(S) = 0.1 2 0 4 5 6 7 8 9 10 11.00 13 . . . 



For both proposed matchings, verify that they do indeed specify a one-to-one correspondence. 
What conclusion can you draw about the cardinalities of the reals between 0 and 1, and the 
power set of the whole numbers? 

P 
Comments On close inspection of the two matchings, it seems hard to believe that so few of the possible 
sets of whole numbers actually get used in the first, and so few of the reals are actually used by the second. 
Yet each set is matched with a subset of the other. It would be nice to be able to conclude that there is 
therefore a matching between the two sets. The Cantor-Schroeder-Bemstein theorem asserts that given two 
sets A and B with a matching from A into B, and a matching from B into A, then there is indeed a matching of 
A with B. It is rather hard to prove, however. 

Cantor was able to prove that the power set of a set always has larger cardinality than the 
original set. Although the argument is technical, i t  is worth trying to follow, because i t  is so 
clever and so nearly paradoxical. 

P CANTOR'S ARGUMENT Given a set S, denote by P@), the power set of S. That is, P(S) is the set 
of all possible subsets of S. Cantor aims to show that there can be no one-to-one matching 
between the elements of S, and the elements of P(S). To do this, he supposes that someone 
claims to have found one, and demonstrates that they are in error. 

Suppose that someone claims to have a function F which is one-to-one and which assigns to 
each member of P(S) a matching member of S. Cantor aims to show that F actually fails to be a 
matching. Think of F as  a labelling for subsets of S. For example if S were the set of positive 
whole numbers, then (1) is a member of P@), and so F((1)) must be 'some member of S ,  which 
can be thought of as a label for (1). Similarly, F((1,2)), F((5,9, l l ) ) ,  F((1,3, 5, 7, . . .)l, and so on 
are each members of S which label their respective sets. 

Cantor then had an insight. He observed that some subsets of S are labelled by an element of S 
which is in the subset, and that these could be called self-labelled sets. On the other hand, some 
subsets of S are labelled by elements of S that are not in the subset, and these could be called 
non-self-labelled sets. For example, if F((1,2)) happened to be 2, and F((1,2,3)) happened to be 
17, then (1, 2) would be described a s  'self-labelled' by F, whereas (1, 2, 3) would be non-self- 
labelled by F.  

We can be sure that there is a non-self-labelled set somewhere, even though we know nothing 
about F except that i t  is one-to-one, because the empty set (which is one of the subsets of S)  could 
not possibly be self-labelled. . , 

By contemplating the set of members of S which are labels for self-labelled sets' under this 
particular labelling function F ,  and the set of members of S which are labels for non-self- 
labelled sets, and asking yourself whether either of these two sets could be self-labelled, 
complete Cantor's argument, by showing that there is a contradiction arising from the 
assumption that the labelling one-to-one function F existed in the first place. 

Comments This is a typical example of an argument that comes very close to being a paradox. The set of 
labels for non-self-labelled sets is itself a set. Is it self-labelled? If it is then it is not, and if it is not, then it must 
be. This paradoxical contradiction forces us to discount the assumption that the one-to-one matching 
function F actually exists at all. The conclusion then is that the power set of a set has larger cardinality than 
the set itself. 

REFLECTING State in your own words the essential idea of Cantor's argument. 



UNCOUNTABLE The following suggestions are intended to help you to show that the set of all 
infinite sequences of whole numbers is not countable, whereas the set of all finite sequences of 
whole numbers is countable. 

Begin as in CANTOR'S ARGUMENT, by assuming that someone claims to have a function G 
which will match the set of infinite sequences of whole numbers to (1, 2,3, . . .). Cantor's idea 
was to construct a new infinite sequence which he could be sure was not included in the 
proposed function, by making the new sequence different from G(1) in the first term, different 
from G ( 2 )  in the second term, and so on. Use this idea, or some other, to complete the 
argument. Why does the same argument not apply to the set of all finite sequences of whole 
numbers? 

Comments See also THE BIG COUNT in Section 1. 

The implications of CANTOR'S ARGUMENT and of UNCOUNTABLE are incredible. There is a 
chain of ever increasingly large cardinal numbers. For a magnificent description of 
cardinal numbers, see Infinity and the Mind, referred to on page 6. 

ORDERING 

In COUNTING, it was suggested that the act of counting depends on, and is based on, ordering. 
One of the reasons that people find the idea of infinite cardinalities difficult is that our 
intuition is based on finite sets, in which the two ideas of counting and ordering are so 
intimately bound together. One of Cantor's major contributions was to recognise the separate 
functions and roles of ordinality (the abstract notion of number as order) and cardinality (the 
abstract notion of numbers as number of). This section looks a t  the ideas of ordering and, 
specifically, a t  how the same infinite set can be ordered in very many ways. 

Cantor chose to denote the set (0,1, 2,3, . . . ) with its natural order by o (omega), which is the 
last letter of the Greek alphabet. By natural order, he meant that given any two numbers in the 
set, we all know which one comes first in the order because we are familiar with the usual 
number order. However, Cantor wanted to explore other orders as  well, such a s  

l, 2 ,  . . 0 in which 0 comes after all of the other numbers; 

and  

l, 3, 5,. . 2 4 ,  . . in which every odd number comes before every even number. 

I t  is worthwhile contemplating the two orderings above, in order to get used to the idea that there 
are many many different ways to impose an order on a set, familiar or unfamiliar. If you 
think of an infinite set as being enumerated uniformly in time, then in the first set you will 
'never get to the zero'. If on the other hand you think of the ordering simply as a rule which 
enables you to decide which of two given set members comes first in the order, then life 
becomes easier. This is an important shift of attention, related to the acceptance of infinite 
processes as  completed acts, and both are essential in order to deal with infinite sets! 

ORDERS What is the same, and what is different about, the order relation in the set o, and of 
the two sets displayed above? 

b 
Comments The language of every and all is not as simple as it first seems. Section 5 goes into such 
language patterns in more detail. 



Cantor was not actually interested so much in particular sets such as the ones above, a s  in the 
order-type of such sets. Thus, the sets 

{O, l ,  2,3, -1; {l, 3,5, 7, . . -1; and (2,3,5,7,11,13 ,... 1 
are all different as  sets, but they can be put in one-bone correspondence with each other in 
such a way that the order is preserved by the matching. Thus to Cantor o represents not just a 
particular ordered set, but all ordered sets which can be put in one-bone correspondence with 
the natural numbers in their natural order. Contrast this with the following order specified on 
the natural numbers, 

which cannot be put in one-to-one order-preserving correspondence with the others because of 
the position of 0. As another example, the set of integers is written as 

which has dots at either end. This set is nevertheless still countable, but no attempt a t  
matching i t  with (0, 1,  2, 3, . . .) will produce an order-preserving matching, because the two 
sets are ordered quite differently. 

P ORDER-PRESERVING By experimenting, and discussing with colleagues, decide what order- 
preserving one-to-one correspondence ought to mean. Write down your own version before 
consulting the GLOSSARY. 

P 
Comments The GLOSSARY definition of order-preserving has to be mathematically precise, and so 
becomes complicated and off-putting to read and decode. The formalism often acts as a barrier to 
understanding. If you have worked at the definition for yourself, then someone else's definition can serve to 
confirm your understanding rather than act as a barrier. 

In order to make discussion easier, Cantor needed some way to denote order-types. In the 
process of seeking a useful notation, he alighted on what turned out to be an arithmetic of 
ordinals. Take (1, 2, 3, . . ., 0). The front of the ordered set is actually a copy of o, since the set 
(1,2,3, . . .) can be matched one-to-one with the set (0,1,2,3,  . . .). The front o part accounts for 
all but the last element 0, so Cantor chose to denote the order-type of the set [l ,  2,3, . . ., 0) by 
o + 1. The + 1 denotes the fact that one extra element has been put on the back of o. The 1 is used 
to denote the order-type of any set with just one element in it. Cantor's use of + 1 indicates that 
he was thinking of the operation of juxtaposition of two sets as  linked to the notion of addition. 

P INFINITE ADDING Using Cantor's notation of +, what names would be assigned to the order- 
types of the following ordered sets? Convince someone else! 

Comments It is not the sets which Cantor is naming, but the type of order which it represents. After a 
while, you begin to see that the order-type has to do with where . . . occurs, and whether there is a finite set or 
an ifinite set at the tail end. Thus the set (0,2,4, . . ., 1,3,5, . . .) is made up of two infinite sets placed one after 
another. (Note the ordering-word after.) The first has the same order-type as o, as does the second, so 
Cantor's name would be o + o, whereas [l, 0,9993,2,485,34, . . .) is a scrambling of the usual order yet the 
indication is that it still has order-type q since the only . . . comes at the end. 



MORE ADDING Make up  sets which have the order-type suggested by the following names: 

) EXTENDING By analogy with Cantor's use of m + 1 to mean the order-type of a set such as (1,2,3, 
. . . , 01, what set would have the order-type 1 + a? What other names should it also have? 

Comments When investigating new territory, you must be on the look out for surprises which suggest that 
your intuition needs modifying. We are used to 2 + 3 being the same as 3 + 2. But 1 + w would be the order- 
type of a set such as {0,1,2,3, . . . ), because the 0 corresponds to the 1 of l + y and the 1,2,3, . . . corresponds 
to the a. Thus 1 + o names the same order-type as m. Written down as an equation, this gives 1 + o = o, as 
does2+ y 3 +  wetc. 

Mathematicians are not wilfully obtuse, and so the use by Cantor of a + sign must mean that  he  
saw i t  a s  an  extension of the usual + sign. To investigate this, we need to look a t  what it might 
mean to add the order-types represented by 2 and 3, say, and that  begs the question of what it 
means to speak of the order-type 2 or the order-type 3. 

b FINITE ORDINALS Extend the following observations to reach your own definition of the order- 
type corresponding to a whole number. 

0 denotes the order-type of any set with no elements in i t  - the empty set. 

1 denotes the  order-type of any set with just one element in it. A standard set to use 
would be (0). 

2 denotes the order-type of any set with just two distinct elements. A standard set would 
be (0, l) .  

Explore the use of addition such as 2 + 3 to denote the combining together of order-types. 

b 
Comments Note that for finite sets there is only one order-type possible corresponding to each whole 
number, whereas for infinite sets there are many different order-types for the same set. 

) ADDING ORDINALS Formulate a definition of your own for how to add two order-types 
together. You need to specify how to take two sets, each with a n  order specified on them, and 
make a new set with a new order on it, which corresponds to what you mean by the sum. 

Compare the  order-types o + 1 and 1 + m, and make sure t h a t  your definition gives the  
appropriate answer. 

Once you know how to add, it seems bu t  a little step to try to multiply a s  well. To locate a 
sensible definition, i t  i s  necessary to examine what lies behind multiplication in familiar 
finite situations, and then look for analogies. 

MULTIPLYING ORDINALS Multiplication is  often thought of as  repeated addition. Can this 
idea be extended to the infinite? Use order-types of the form w + w and w + w + o to formulate a 
definition of the multiplication of order-types like 2 and o. Construct sets with complicated 

2 2 2 ordertypessuchaswxw(=w ), 1 + o + w  , a  + w + l , a n d w a .  



Comments Since addition of order-types turned out to depend on the order in which the operation was 
performed, it seems plausible that the same might happen for multiplication. Thus, two copies of three, and 
three copies of two, are not exactly the same idea, even though they give the same answer. Two copies of a,  
and o copies of 2, do not generate the same order-type. 

These ideas can be extended and extended. Cantor's arithmetic of order-types deals with 
order-types that all share a common property - they all have a first element. Indeed, every 
subset has a first element. It  is possible to explore orders on sets without this restriction, which 
includes, for example, the set of rational numbers. Such investigations lead eventually to 
some of the deepest results in modern mathematics connecting the domains of logic and 
topology. 

P REFLECTING What have you learned about the exploration of new territory and about 
adjusting and modifying your intuition? 

In what way does Cantor's approach to ordered sets indicate a way of working with or 
approaching the idea of infinity? 

P 

REFLECTING AGAIN How have you coped with the assaults on your finite-based intuition? 
What shifts have you made, and what shifts seem too extreme a t  present? What help did you 
need, or would you need, in order to make those shifts? What does this say about pupils' 
intuitions in mathematics - for example, how can you best help them to modify and inform 
their intuitions? 



3 GEOMETRICAL INFINITIES 

As was indicated in Section 1, infinity enters geometry in several ways. Most of this section is 
devoted to geometrical ways of thinking about infinite sums, but i t  starts with a look at what 
might be meant by a circle with an  infinite radius. 

INFINITE CIRCLES 

) BIG WHEEL Imagine you are standing just inside the open door of a cottage which is right on a 
main road. A very large vehicle approaches, i ts  wheels one kilometre in radius. What will 
you see as  you look out of the door? 

b 
Comments Don't be convinced by your first conjecture! Try to convince someone else; be sceptical about 
your own as well as others, but be open to alternative conjectures and to modifymg your own. Where will 
the centre of the wheel be when the wheel first becomes visible through your door? Try imagining a normal 
sized wheel but a tiny ant-sized door. 

F BIG CIRCLE Imagine a circle. Imagine standing on the edge of the circle. As you stand there, 
you begin to shrink (or the circle gets larger in radius). You can see less and less of the whole 
circle. What do you see? 

Comments One way to see what happens, is to obtain some software that enables you to zoom in on a 
curve (such as GRAPHICAL CALCULUS or FGP). See what different curves look like as you zoom in on 
them. You could also write your own program. 

CENTRED Imagine a circle. Let i t  move about in the plane, changing its size and position in 
all possible ways. Get a sense of the freedom available to your circle. Where can the centre of 
the circle get to? 

Now confine your circle to pass through a specific point (the point is always on the boundary of 
the circle). Get a sense of the freedom available to the circle now, a s  i t  moves in all possible 
ways, yet always passes through the one point. Where can the centre of the circle get to? 

Now confine your circle to pass through two specific points. Get a sense of the freedom 
available to the circle now. Where can the centre of the circle get to? 

Comments If you resort to drawing a diagram, use that diagram to steady your mental imagery, to look 
through to the general. With practice, quite complicated geometrical figures can be studied in the head. Try 
to see the changing circle as a whole collection of different circles. 

F EXTENDING Keeping the circle confined to pass through two specific points, follow the circle as  
i ts  centre moves farther and farther away from the two points. Think of the centre a s  going 
faster and faster a s  i t  moves away. Let i t  come back again. Focus your attention on the part of 
the circle between the two points. 

Make the centre move so far  away that  i t  starts coming in the other side. Rehearse this several 
times so that  i t  happens smoothly. What happens to the part of the circle between the two points? 



Comments A circle of infinite radius looks very much like a straight line, and it makes sense to say that a 
circle with infinite radius is a straight line. The idea of a line, or a circle, is a human construction, and the 
definition can be modified to suit our purposes. 

F REFLECTING What is the effect of extending thinking to the possibility of circles with infinite 
radius? What other aspects of infinity are present in CENTRED? 

Comments Mathematical definitions are human constructions, which are formulated so as to aid 
thinking. Frequently, while exploring an idea, it proves helpful to modify, extend, or relax a definition, in 
order to encompass similar or new ideas or situations. In this case, a straight line seems to fill in a gap in the 
collection of circles, when the radius gets to be infinite. CENTRED gives an opportunity to experience the 
restricting of an initially infinite set of possibilities, and to experience all of them simultaneously. 

As well as  involving infinity in its own way, geometry is useful a s  an aid to seeing what is 
happening as an infinite process unfolds. 

GEOMETRIC SERIES 
The sequence 113, 119, 1127 , . . . is known as a geometric progression because it was originally 
associated with a particular geometric construction. I t  proceeds from term to term by 
multiplying by a constant factor. When the terms of a geometric progression are all added 
together i t  is called a geometric series. As was evident in COMPLETED ACTS in Section 1, the 
sum of a geometric series sometimes makes sense, even though there are an infinite number 
of terms, and a formula can be found which gives the answer. Sums of geometric series can be 
approached in many ways, algebraically as well a s  geometrically. 

F W E D G E S  By foeussing on the base line, interpret the following sequences of diagrams as  
statements about what happens when you add up an infinite number of ever decreasing line 
segments. The first is based on halving, the second on thirding and the third on two-thirding. 

Explore other variations and generalise your findings to give a rule for calculating infinite 
sums of line segments placed end to end. Squared paper might help. 

Comments Make some connections with COMPLETED ACTS in Section 1. Why is the dotted line straight? 

AREA S U M S  Each of the following sequences represents, illustrates or indicates an infinite 
sum. The terms indicate a process of shading which is to be considered as  having been 



completed. The question is, a t  the end, how much of the original shape has been shaded? 

Comments There are two different ways to look at each sequence, one of which gives you an infinite 
sum, and the other describes something which happens at each stage, and which therefore tells you the 
shaded area when the sequence has been completed. 

EXTENDING Explore the use of shapes and shadings like those used in AREA SUMS above, to 
find geometrical demonstrations of the sums of geometric series such a s  the following. 
Develop a general formula. 

F REFLECTING What is the same and what is different about the WEDGES and AREA SUMS? Can 
any geometric series be illustrated by the wedge andfor area approaches? Develop a general 
theory! Make connections with STEADY WALK in Section 2. 

F ALGEBRAIC APPROACH The algebraic approach assumes that there is a sensible answer, and 
denotes the answer by something suitable such as S. Thus, for example, 

1 1  1 
let S =-+-+-+. . . 

3 9 27 

1 1 1 1  
then gS -- + - + + .  . . 

-9 27 81 

1 1  
so S --S - - , from which S can be found. 3 - 3  

There remains of course the question of whether the answer actually makes sense. 



Try the same approach on other geometric series such as 

1 1 1  - + - + - +  ... 3 3  3  
2 4 8  - + - + -  5  25 1 2 5 + " '  1  + 2 + 4 + 8 + .  .. 1 + 1 + 1 + 1 +  ... 

Develop a general formula, and indicate under what conditions i t  seems to give a sensible 
answer. 

Comments When a sensible answer is achieved, so that the partial sums, formed by taking more and 
more of the terms get as close as you wish to some number, the series is said to converge to that number. 

GENERALISING The same sort of technique can be used to find the sum of an arithmetic- 
geometric series such as 

1  1  1  1  
l x -  + 2 x -  + 3 x -  + 4 x - + . . .  3  9 2  7 8  1  

Find a general formula and indicate when the answer will make sense. 
b 

REFLECTING Compare and contrast the algebraic and geometric approaches to summing 
series. What does each contribute to your sense of an infinite sum? 

F 

F EXTENDING Use your conclusions about when your formula for the sum of a geometric series 
makes sense, to comment on the following argument. 

1  1 1 1  1  
since1 + x + x 2 + x 3  + .  . . =- and - +  ;2+ x~ +. . .= - 

l - X  X X - 1 '  

1 1 1  
then ... + -g+ F+;.+ 1  + X  + x2 + x3 +... = 0 

independently of the particular value of X !  

F 

REFLECTING AGAIN In what ways do the activities in this section suggest a way of 
approaching infinity? 

b 

The three diagrams overleaf were each generated according to a specific rule. Each rule tells 
you what to do at  the next stage in terms of the previous stage. For the first, the rule was to make 
a step consisting of going forward by half as much as the step length in the preceding stage, 
and then turning right. A short-form for this might be R to denote a single right turn at each 
stage. 



For the second, the rule for each stage was to make two steps, each consisting of going forward 
by half as  much as in the preceding stage and then turning right. A short form for this rule 
might be RR to denote two right turns at each stage. For the third, the rule was to make three 
steps, each consisting of going forward by half as much as in the preceding stage and then 
turning right. 

RIGHT TURN If each of the processes keeps going indefinitely, where will you end up? If you 
move a t  constant speed and take no time for the turns, how long will each journey take? 

D 
Comments It may be helpful to think in terms of co-ordinates, and since at each stage the distance is being 
halved, it may be helpful to use bicimals to express the distances. It may also be helpful to join corresponding 
turning points from each stage, and to explain the coincidences that emerge. A computer program might 
help. 

EXTENDING Make up other rules which involve left turns as well as right turns. For example, 
halving the step length but alternately turning left and right gives a staircase. Halving a t  
every other stage, or at every third stage gives variations of staircases. Develop a theory which 
predicts from the short-form of the rule whether the zigzag will converge or not. 

D 

EXTENDING FURTHER Try using rules involving going forward one-third of the previous 
stage, and relate these to tricimals (the analogue of bicimals but using the digits O , 1 ,  and 2). 

D 

HARMONIC STEPS The diagrams below were generated by using a word, such as LLR, to 
specify which way to turn a t  each stage (in this case, Right, Left, Left). The step length a t  stage 
n is l ln which is the source of the word harmonic since it was used by the Greeks in connection 
with reciprocals. Investigate which words lead to a zigzag path that wanders away, and which 
words lead to a path that converges on a particular point. 

I 

A simple computer program might be invaluable to help with this, but beware, because 
computers have a habit of suggesting that 1 + 112 + 113 + . . . converges, when in fact i t  does not! 

Comments It may be helpful to join the turning points of successive stages, corresponding to particular 
positions in the word which generates the turns. To see that the harmonic series does not converge, look at 
the groupings 1 + (112 + 113 '+ 114) + (115 + . . . + 118) + . . . 

REFLECTING What, if anything, does ZIGZAGS illuminate about or call upon geometric 
series? Convince someone else that you have a coherent story! 

D 



TO THE LIMIT 
PI in Section 1 presented the standard argument for showing that the area of a circle is one half 
of the circumference times the radius, based on smaller and smaller sectors of the circle being 
glued together to approximate a rectangle more and more closely. There are, however, some 
potential difficulties with curves getting closer and closer to each other. 

C L O S E R  AND CLOSER In each of the following sequences, dne curve appears to be getting 
closer and closer to being a straight line. It is tempting to argue that the lengths of the curves 
are also getting closer and closer to the length of the lines. In each case, calculate the length of 
the straight line, and the length a t  each stage of the wiggly curve. What goes wrong? 

Does 

When does i t  make sense to approximate the length of a curve by ever finer polygons, and 
when not? 

Comments It is by no means easy to formulate a theory about when a sequence of curves gets closer and 
closer to a limit curve which also has the property that its length is the limit of the lengths of the curves in the 
sequence. In short, the limit of the lengths is not necessarily the length of the limit. You need to find some 
way to measure the gap between the curves. 

F REFLECTING What other examples are there of a property of every member of a sequence not 
being preserved in the limit? 

F 
Comments One example is the property of being a rational number, which is not necessarily true of the 
limit of a sequence of rationals. 

A R E A  AND PERIMETER Pupils commonly believe, or act as  if they believe, that there is a 
connection between the perimeter and the area of a figure. For each of the following figures, 
find the perimeter and area of the limit figure. Then ponder what connections there are 
between area and perimeter. 

Each bump is made by adding a square of half the side of the preceding square. 



Each bump is made by adding a square of one-third the side of the preceding square. 

Each bump is made by adding a square of two-thirds the side of the preceding square. 

Each bump is made by adding a square of side lln a t  stage n. 

Comments Why can there be figures with infinite perimeter and finite area, but none with finite 
perimeter and infinite area? 

F EXTENDING Explore other rules to give figures which have infinite perimeters but finite areas 
corresponding to the sum of geometric series. Can any geometric series arise in this way? 

F 

F LIMIT POINTS The following diagrams indicate several possibilities for locating a point a s  
the limit of an infinite sequence of constructions. For each diagram, describe a construction 
process which will generate a similar picture, and find the position of the limit point in terms 
of the ~osi t ions  of the vertices of the outer figure. Make UD your own extensions and variations. 

Comments It is not easy to decide just exactly what will happen, other than that the figures will get 
smaller and smaller, and converge on some point. Much of the difficulty lies in trying to find a notation for 
what is going on. Co-ordinates or vectors might be useful. Before resorting to computation, use geometrical 
ideas such as symmetry, or try joining up various vertices. 

REFLECTING What aspects of infinity are highlighted by geometrical approaches to the limit? 

b 



CENTRE OF GRAVITY 
The centre of gravity of a two-dimensional or thin object is the point a t  which it will balance on 
a pin. I t  is  also the intersection of all the straight lines along which i t  will balance. I t  is 
proposed that to find the centre of gravity of a collection of discrete, point-like objects, all with 
equal mass, take any two of them and move them both to their joint centre of mass (the point 
half-way between them). The centre of gravity of the original configuration is the same a s  the 
centre of gravity of the new configuration. Thus in two steps the centre of gravity of a 
particular four mass system is found-to be a t  314: 

CENTRE OF GRAVITY What happens when you start  with configurations such as the 
following? 

0 1 0 1 0 1 2 4 

EXTENDING Develop criteria for deciding in advance whether the process will terminate or 
will keep on going, getting closer and closer. Use the technique to develop an algebraic 
approach to locating the centre of gravity of a collection of masses. Find connections with the 
problem of finding a point which divides a line segment in a given ratio. 

Comments Based on an idea of Nick MacKinnon and Class 4Mg, in Maths Gbtette, 72 (459) 1988, 
pp34-36.  

EXTENDING FURTHER What happens in two dimensions? Can the.idea be extended beyond 
discrete and equal masses? 

b 

REFLECTING What contribution, if any, does this activity make to developing a sense of 
infinite processes as  both unfolding in time and yet also completed? 

b 



4 ZERO 

This section carries on from the DIVISION BY ZERO activities in Section 1. 

F ONE TO THE ZERO What meaning is most sensibly ascribed to . l0,  2O, trO, and why? What 
about -l0? 

Comments A sensible value for a0 (at least for a # 0) can be found from patterns with indices (see PM751 
EXPRESSING GENERALITY), whereas sensible values for 0/0 depend on context. Why might this be? 

F ZERO TO THE ZERO To explore what meaning could be ascribed to oO, consider the sequence of 
calculations 

1 112 113 1 (1/2)0, (1/3°, . . . 0 , 0 , 0 , . . . l', (112)~'~ , (1/3)lI3 , . . . 
What does this suggest for 0' ? 

Now consider X" as x and y both approach 0 along curves such as y = hx, y = hx2, etc. What does 
this suggest for 0' ? 

F 
0 Comments The expression 0 is slightly different to 0/0 in that almost all approaches give the same 

answer. 

F ZERO'TH ROOTS What values (if any) might sensibly be ascribed to l'", 2lI0, d J O ?  What 
about (-1)lI0? What value, if any, might sensibly be ascribed to o1l0? 

v 

Comments Think back to the work in Section 1 on ZERO OVER ZERO before jumping to conclusions. 

x2 - 1 
SLOPING The function F(x) = - makes sense (and has the same value a s  x + 1) for all 

X - l  

values of x other than x = 1. To seek a sensible value a t  x = 1, let x get closer and closer to 1 in 
different ways. 

b 
Comments No matter how x approaches 1, the value of F(x)  approaches 2, so 2 does indeed seem a 
sensible value for 010 in this case. 

A full exploration of SLOPING and its ramifications for different functions would constitute a 
course in calculus. However, by using a calculator, andfor a computer program such a s  
GRAPHICAL CALCULUS or FGP which permit you to zoom in on a curve a t  a particular point, 
it is possible to get a pretty good idea of what the value of 010 should be in particular instances. 
See also PM752D PICTURING FUNCTIONS. 

F REFLECTING What is so special about zero that i t  should present so inany unusual features? 
What aspects of infinity were employed in the study of the role of zero? What strategies were 
suggested for investigating indeterminate or ambiguous expressions? 



5 ARGUING WITH INFINITY 

THERE EXISTS FOR ALL 
Mathematicians use expressions like for all, there exist, for any, any, there is, whenever, 
always, and for some, in a technically precise manner, which can sometimes be confusing 
when interpreted as ordinary words. For example 

for any pair of even numbers, their sum is even 

often appears a s  

the sum of any pair of even numbers is even 

the sum of two even numbers is always even. 

Here are some more examples: 

for any number there is a bigger one; 

for any positive number there is a smaller positive one; 

for any pair of numbers, there is a number half-way between them. 

Here the for any, and the there is, are called quantifiers, because they quantify the extent of the 
generality of the assertion and as  such are crucial in the mathematician's approach to 
controlling infinity. The expressions for any, any, and their synonyms (and sometimes they 
are even left out, yet nevertheless present, a s  in 'the angles of a triangle add up to 180°', which 
can be contrasted with 'the sides of a triangle are 3, 4 and 5.') carry the sense of 'no matter 
which', so that in this case, 'no matter which pair of even numbers you choose . . .'. 

F ANY Examine sentences in English which contain the word any, to find a s  many different 
meanings and shades of meanings as possible. Which ones correspond to the mathematical 
usage? 

F 
Comments Some uses of any in English seem to mean any particular one, rather than any-and-all as in 
mathematics. Some usages are rather ambiguous, and can mean either a particular or every possible. 

The notion of someone choosing is one popular way to interpret quantifiers. Thus, assertions 
containing any can be interpreted as  saying that someone else has a completely free choice, 
and your statement has to remain valid no matter what they choose. Such a statement can be 
tested by specialising to particular instances to see if they work, but the validity of the assertion 
depends on a convincing argument that no matter which instance is chosen, the assertion 
remains valid. To show that a for any statement is false, it is sufficient to  produce a counter 
example - an example which contradicts the statement. It  is good mathematical practice to 
then try to modify the assertion in order to make it true. 

F FOR ANY Examine the following statements for validity. If they are false, find a counter 
example, then try to modify them to make them true. Convince someone that your argument 
works for any. 

Every ancestor is a relative; every relative is an ancestor. 

For any two odd numbers, their sum is even and their product is odd. 



For any three odd numbers, their sum is divisible by 3. 

For any three consecutive whole numbers, their product is divisible by 6. 

For any four consecutive numbers, their product is one less than a perfect square. 

For all triangles, the sum of the lengths of any two sides is greater than the length of the 
third side. 

For any quadrilateral, no straight line can intersect more than two of the edges. 

Comments When only one quantifier is present, the term for any seems more natural than for all, but 
when several quantifiers are present, the term for all is more common. Beware of accepting a statement 
such as the last one which may seem correct. It is not correct until you have a proof. A proof which assumes 
that all quadrilaterals are convex does not do justice to the statement as it stands! 

By contrast with for a12 and for any, the following two statements 

there exists an even prime number 

there is an even prime number 

merely assert an existence. There may be several such 'things', or there may only be one, as 
in this case. To verify such a statement requires either the presentation of a satisfactory 
example, or a recipe for construction of a satisfactory example together with a proof that if the 
construction is undertaken the result will indeed be satisfactory. This is often called a 
constructive proof, since the argument shows how to construct an example. A common, but a t  
first rather confusing way to show that something exists without actually constructing it, is to 
show that the hypothesis that it does not exist is self-contradictory. This is known as  a non- 
constructive proof. Thus, that there is an even prime number can be proved constructively by 
showing that  2 is a prime number. That there is no largest prime can be proved non- 
constructively by observing that if pl, PP, p3, . . . , pn were all the primes, then the number 

cannot be divisible by any of the primes pl,  p2, p3, . . . ,pn ,  and so must be divisible by a new 
prime. There is no indication of what that new prime might be, and we are left having to 
search for it. Some mathematical proofs are so non-constructive that they don't even give any 
indications of where to look! 

To demonstrate that an existence statement is false requires a convincing argument that no 
such object can exist. For example, the statement 

there exist two even primes 

can bedisproved by showing that if q were to be another even prime, then it would have to be 
divisible by 2, and so must either be 2 itself, or not a prime. 

THERE EXISTS For each of the following decide whether such an object does exist. For those 
that do exist, convince someone either constructively or non-constructively. 

There is a whole number which is the sum of all its divisors'(apart from itself). 

There is a whole number which is smaller than the sum of its proper divisors. 

There is a positive fraction whose value is decreased by adding one to 
numerator and denominator. 

There is a sequence of 100 consecutive whole numbers, none of which is prime. 

There is a quadrilateral which is not square, and whose diagonals meet 
angles. 

There is a real number whose square is 2. 

both its 

a t  right 



There is a real number which is not equal to G ,  but which i s  aa'close as  you wish to G. 

Comments Which of your arguments are constructive? The last one is a bit tricky because it actually 
hides a second existential quantifier. The underlying idea is developed in subsequent activities. 

Although not strictly a quantifier, the term eventually often appears in statements about 
infinity, and particularly in connection kith sequences of real numbers. 

D EVENTUALLY For each of the following pairs of statements, consider whether either or both are 
true, and what differences in meaning occur because of the position of the word eventually. 

Given a real number r, the sequence r, 2r, 3r, 4r, . . . will eventually exceed any 
positive whole number. 

Given a real number r ,  eventually the sequence r, 2r, 3r, 4r, . . . will exceed any 
positive whole number. 

The terms of the sequence 1, 112, 113, 114, . . . will eventually become smaller than 
any pre-assigned positive number. 

Eventually the terms of the sequence 1, 112, 113, 114, . . . will become smaller than 
any pre-assigned positive number. 

D CONJECTURES Work with quantifiers gets interesting when several are combined together. 
For those among the following which strike your fancy, investigate whether the assertion is 
valid. Find an  argument for those that are, and for those which are not, find a counter- 
example and then seek modifications to make them valid. 

For any collection consisting of an odd number of whole numbers, the sum of all but 
some particular one of them is even. 

For any real number x there exists a real number y such that x > y2. 

For any real number x there exists a real number y such that x < y2. 

For any real number x there exists a real number y such that x = y2. 

For any real x there exists a real y such that for any real z, z>xy 

There exists a whole number x such that for all whole numbers y, x c y2. 

For any real number X ,  there exists an integer N such that Nx > 1 (Archimedes' 
axiom) 

For any rectangle there is a rectangle with the same perimeter but larger area. 

There exists a curve in the plane such that any straight line intersects it. 

There exists a region of the plane which is intersected by every straight line, and 
such that the intersection is a single line segment. 

D REFLECTING In what sense might quantifiers be said to be about the infinite? Does your view 
take into account uses of quantifiers such as  the following? 

For all x in the set (1,2), x2 - 3x + 2 = 0. 
b 



LI M ITS 
Many if not most of the activities in this pack have involved a sequence of numbers or 
geometrical shapes which appears to get closer and closer to some limiting value or shape. In 
order to develop a convincing argument in a particular case that this is indeed what is 
happening, i t  is necessary to be precise about what is meant by a sequence converging to a 
limit. 

What does it mean to be precise? Some definitions of terms are intended to help develop a sense 
of what the term means, and these sorts of intrinsic definitions use mostly words. Thus, 

a sequence approaches a limit if its values get closer and closer to some number 

communicates something, but is most imprecise when examined -in detail. For example, 

what kinds of sequences? 

what does closer and closer mean? 

and how does the definition deal with sequences such as 

1,112,113, . . . which gets closer and closer to -1; 

1,2,1,2,1,2,1,2,  . . . part of which gets very close to 1, very frequently? 

What is wanted is an extrinsic definition - one which outlines a method of calculation for 
deciding whether the sequence does approach some proposed limiting value. Ideally, the 
definition should be a method which could be carried out or a t  least checked without requiring 
you to have any sense of what a limit actually is. 

IN THE LIMIT By looking back over various examples, try to formulate a precise definition of 
what it means for a sequence of numbers to converge to a limiting value. Don't try to get to a 
final extrinsic definition in one step. Rather, try to describe what you mean by a sequence 
converging to a limit, then try to find a counter example, or a t  least an awkward example, and 
refine your definition. Ultimately you want a sequence of calculations which someone else 
can perform without already understanding what a limit is, though they may need to know 
quite a bit about numbers. 

Comments The process of continual refinement, and of modifications to cope with unexpectedly 
awkward examples which arise, mirrors the development of many mathematical ideas. See Proofs and 
Refutations by Imre Lakatos, Cambridge University Press, 1975, for an elaboration in two different contexts. 

REFLECTING Take a technical term involved in a topic which you are currently teaching, and 
look for both intrinsic and extrinsic definitions. What is involved for pupils in developing 
from an intrinsic sense to an extrinsic confidence? 



6 PHILOSOPHICAL 

If we agree that things change, that motion is possible, how can we account for our sense that the 
thing which changes or moves is still the same thing? For example, we can recognise people 
we know from many positions and in various conditions, so something remains invariant 
during change. Another famous example is the mended sock: each time my sock gets a hole in 
it, I mend it. If this happens frequently, and I reach a point where none of the original threads 
are left, is it the same sock? If not, when did it cease to be the same sock; if so, what about the 
current sock makes i t  the same as  the original? At first sight the sock conundrum seems to 
have little to do with infinity, but if a tiny change in the sock makes no difference - for 
example the adjusting of one stitch, then what happens if you make a succession of minor 
changes, or even an infinite number of smaller and smaller changes? 

Zeno of Elea, born about 489 BC, seems, from the few accounts left of his work, to have been 
concerned with the readiness of many of his famous contemporaries to take up philosophical 
positions which conflict with common sense, particularly when i t  comes to describing motion. 
Those who saw everything as made up of many (possibly infinitely many) points, whether in 
space or in time, have to account for the possibility of motion. Those who saw everything as a 
unity, indivisible, have to account for the concept of continued subdivision into smaller and 
smaller units. To raise the issues, he posed questions worthy of consideration by any aspiring 
philosopher or mathematician. Here are four of the 40 known arguments of Zeno. 

THE MANY AND THE ONE Consider each argument carefully, and when you think you have a 
resolution to the apparent paradox, try it out on someone else. Then try to find flaws in your 
own resolution. Try extending the arguments to other contexts, to find out what is central and 
what peripheral. Focus attention on the extent to which you see things as  many and multiple, 
and the extent to which you see things as single units, and how you move from one perception to 
the other. 

1 Does a bushel of corn make a sound when it falls to the ground? Clearly. But what of 
a grain of corn? It  makes no noise. Yet the bushel is composed only of grains of 
corn. If the parts make no noise when they fall, how can the whole make a sound, 
when the whole is composed only of the parts? 

2 For a runner to reach a goal, it is necessary to go halfway to the goal, then half of 
what remains, and so on. How can the runner reach the goal if the task is composed 
of an infinite multiplicity of points? 

3 Achilles agrees to race a tortoise and to give it a head start. When Achilles starts, he 
must first get to the tortoise's position; but by then the tortoise will have moved on. 
How can Achilles pass the tortoise if a t  each stage he must first catch up to where the 
tortoise was previously? 

4 An arrow, fired a t  a target, must occupy all intervening positions. Yet to occupy a 
position is to be at  rest momentarily. How can the arrow move? 

Comments It may be tempting to dismiss these conundrums as easily resolved using modern ideas, but 
that is only a superfkial view of the complexities posed by Zeno. How do mathematical ideas such as the 
real numbers correspond, if at all, to the observed world around us? Is it just by chance that mathematics is 
'so eminently applicable? Perhaps mathematics arises from contemplation of nature, or perhaps the world is 
similar to mathematics in being a construct of the human mind? There are no easy 'proofs' of different 
peoples' answers to these questions. 



7 THE LAST WORD 

Work on this pack cannot be considered to be completed unless and until some overall sense 
has been made. The title, APPROACHING INFINITY, suggests that  mathematicians have 
pondered the various uses of the word infinity, and fashioned mathematical meanings to 
enable them to approach the idea mathematically. 

D What is your sense of how mathematicians approach infinity? Compare notes with colleagues. 
P 

D What shifts or modifications in your sense of the infinite have taken place while working on 
this pack? What are the implications for your classroom? 

b 

F Re-read the INTRODUCTION, and see how you respond now to the questions posed there. 
b 

In this pack, a number of technical terms have been introduced. A good way to develop a sense 
of the mathematical ideas involved is as  follows. 

D Think back over the various activities undertaken in this pack. What is similar about them, 
and what is different? 

b 

Make a list of some of the technical terms you can recall using or coming across to do with 
infinity. Now try to construct sentences which connect these terms together, and which 
describe what you found happening in the various activities you encountered. 

Comments This technique of reconstruction of a topic starting from the technical terms is useful at the 
end of a lesson, at the end of a sequence of lessons, and before an examination. It is intended to remind pupils 
that they are the ones who must make sense of the ideas, and that trying out their story on colleagues gives 
them a chance to modifj. and develop their story, and to make it more fluent. 

The INTRODUCTION contains a list of aims. Look back over them and see to what extent each 
aim has been achieved. What are the gaps, and how might something be done about them? 

Although the main aim of this pack was to  help you to work on your own mathematical 
thinking, there are implications for the classroom. 

Choose any topic you teach, and look for aspects of infinity which are present in, or which 
underlie that topic. What sorts of classroom activities are most likely to bring these aspects to 
pupils' attention? 

P 



8 GLOSSARY 

BlClMAL The system of representing real numbers using only the digits 0 and 1, analogous to 
decimals. Digits after the bicimal point represent powers of 112, just as digits after the decimal 
point represent powers of lA0. 

BINARY The system of representing numbers using just the symbols 0 and 1 instead of the 
digits 0, . . ., 9. The movement from base ten to decimal is mirrored by a movement from 
binary (base two) to bicimal. 

BISECTION A process in which a number is trapped in an interval, and a t  each stage the width 
of the interval is cut in half. It tends to yield about three new decimal places of accuracy for 
every ten iteration steps. 

CARDlNALlTY The cardinality of a set is the number of elements in that set. 

CONSTRUCTIVE PROOF A proof that some mathematical object exists by actually describing 
how to go about constructing i t  from other known mathematical objects. See also non- 
constructive. 

CONVERGE A sequence of numbers or geometric shapes is said to'converge if the members of 
the sequence get closer and closer to each other, in some well defined sense. See LIMITS in 
Section 5. 

COUNTABLE A set is said to be countable if i t  can be matched with the set 11, 2, 3, .. . .l. 
Sometimes finite sets are also included as countable sets. 

COUNTER EXAMPLE An example of a mathematical object which shows that an assertion is 
not true. To show that a for any statement is false, it is only necessary to produce one counter 
example. I t  is usual then to try to modify the assertion in order to make it valid. 

DIVERGE A sequence diverges if i t  fails to converge, that is, if there is no single limiting 
value. 

EQUICARDINAL Two sets are said to be equicardinal (to have the same number of elements) if 
they can be matched, or put into one-to-one correspondence. 

EXTRINSIC DEFINITION A definition of a term using words and symbols, which makes it 
possible to check whether some mathematical object fits the definition simply by carrying-out 
routine calculations or manipulations, rather than through understanding the meaning of the 
defined term. 

FUNCTION A function is a rule which associates with each member of a domain set, some 
element of a CO-domain or image set. A one-to-one function sends each element of the domain 
to, or associates i t  with, a unique member of the CO-domain, to give a one-to-one 
correspondence, or matching. See also PM752D PICTURING FUNCTIONS. 

GEOMETRIC PROGRESSION A sequence of numbers in which the next term is calculated from 
the preceding term by multiplying by a fixed, constant factor, known as  the common ratio. 
There may be a finite or an infinite number of terms. 

GEOMETRIC SERIES The sum of a geometric progression, which may be a finite or an infinite 
sum. 



HARMONIC SERIES The series 1 + 112 + 113 + . . . which, despite the indications of calculators 
and computers, actually diverges - gets larger and largkr aid larger. See HARMONIC STEPS 
in ZIGZAGS. 

INTRINSIC DEFINITION A definition of a term, usually mostly in words, which indicates the 
sense in which the term is used, often by appeal to intuitive meanings of the words, but which 
cannot easily be used as the basis of calculations or manipulations. 

LIMIT A sequence approaches, or converges to a limit, if the terms of the sequence get closer 
and closer to the proposed limit, in some precise sense of 'closer'. No matter how close you are 
asked to get, eventuall;, as you go down the sequence, every member of the sequence must be at  
least that close to the proposed limit. This definition is intentionally imprecise - see LIMITS in 
Section 5. 

MATCHING A matching between two sets is a one-to-one correspondence which matches each 
element of one set with a single, distinct element from the second. 

NON-CONSTRUCTIVE PROOF A proof that some mathematical object exists by showing that the 
assumption that i t  does not exist leads to a contradiction, but which does not actually tell you 
how to construct the object in question. 

ONE-TO-ONE CORRESPONDENCE Two sets are said to be in one-to-one correspondence if the 
elements of one can be matched with the elements of the other, one of the first being matched 
with just one of the second. See also function. 

ORDER-PRESERVING An order-preserving function has the property that whenever you have 
two elements, say, a and b in the domain with a before b in the order on the domain, then flu) 
comes before f (b)  in the order on the CO-domain. 

ORDER-TYPE A set with a specified method of telling whether, for any two elements in the set, 
which one comes earlier in the ordering is a member or representative of an order-type. Any 
two sets which can be matched by a one-to-one order-preserving correspondence belong to the 
same order-type. 

POWER SET The set of all subsets of a set is called the power set of the given set, because the 
cardinality of the power set is 2 raised to the cardinality of the starting set. 

QUANTIFIER An expression such as  for all, or there exists which quantifies (indicates whether 
it is all or just a t  least one, and with negations, none at all) the choice available under which 
some assertion is supposed to be valid. 

REAL NUMBER A real number is any number which can be represented by a decimal. 



STUCK? 

Good! RELAX and ENJOY it! 
Now something can be learned 

Sort out 
What you KNOW 

and 
What you WANT 

SPECIALISE 

GENERALISE 

Make a CONJECTURE 

Find someone to wh-om to explain 
why you are STUCK 



WHAT TO DO 
WHEN YOU ARE STUCK! 

The following suggestions do not constitute an algorithm. They have been found helpful by others, but 
they will only help you if they become meaningful. The way to learn about being stuck is to notice not 
only what helped to get you going again, but also what contributed to you getting stuck in the first place. 
Such 'learning from experience' is then available for use in future situations. 

Recognise and  acknowledge that you are STUCK 
Record this in your working as STUCK1 In so doing, you will have broken out of the familiar experience 
of going round in circles, retreading unfruitful ground, and will have focussed your energy and 
attention on devising a strategy to get unstuck. 

) Write down the headings KNOW and  WANT 
Under KNOW, make a list of everything that you know that is relevant. Where helpful, replace 
technical terms with your own words and include some examples. 

Under WANT, write down your current question in your own words. You may need to go back to the last 
time you wrote down aCONJECTURE to see ifyou have lost sight ofwhere you are in the question. Hence 
the value of recording conjectures as you work. 

Your new task is to construct a bridge, an argument linking KNOW and WANT. Sometimes the act of 
listing under these headings will be sufficient to free you from what it was that was blocking progress. 
Sometimes you will need to narrow down your question to a sub-question that you feel you can tackle, 
or you may find it  useful to articulate the prompts 'If only I can show/get/do . . .'. If you are unable to 
progress, you may need to SPECIALISE further. 

SPECIALISE 
Replace generalities in KNOW and WANT with particular examples or cases with which you are 
confident. Try to get a better picture of what is going on in the particular cases, with an eye to 
generalising later. 

SPECIALISING has two functions: 

to enable you to detect an underlying pattern which can lead to a generalisation, perhaps in the form 
of a CONJECTURE; 

to simplify a question which is givingyou trouble to a form in which progress can be made, leading 
to a fresh insight on your original problem. 

Be SYSTEMATIC, and collect the data or examples together efficiently. A pattern is less likely to emerge 
from random specialising, or from a jumble of facts and figures. Draw clear diagrams where 
appropriate. 

SPECIALISE DRASTICALLY by simplifying wherever possible in order to find a level a t  which progress 
can be made. Sometimes.this involves temporarily relaxing some of the conditions in the question. 

F I f  you are still stuck, you may need  to TAKE A BREAK 
Simply freeing your attention from the problem - or explaining it to someone else - can lead to a falling 
away of the block. 
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