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0 INTRODUCTION 

Is 7 + 3 = 10 an equation? 
\ 

What is the difference between an equation and a formula? 

Does every equation with an unknown have a solution? 

Have you ever noticed that pupils who are able to follow the 
necessary rules for manipulating an equation and who are 
often able to obtain the correct answer are unaware of the 
meaning of their solution? 

What is an unknown? To whom is it unknown? 

Quite a large part of the secondary mathematics syllabus is concerned in some way or another 
with equations and their solutions, but the idea of an equation involving an unknown 
quantity, which can be manipulated according to certain rules, is a source of great mystery to 
many pupils. Even though many of the standard methods and techniques of solving equations 
can be automated and performed with apparent success, many errors and misconceptions still 
remain. 

Have you ever felt that textbooks, schemes or workcards can 
be limiting when preparing lessons? 

What else can teachers use to prepare a series of lessons on 
equations? 

Do you often feel that you want to develop your own classroom 
activities but don't know where to start? 

Do you sometimes feel the need for resources aimed 
specifically at preparing yourself better to teach a topic? 

This pack is intended to help you to come to an understanding of the notion of an equation by 
looking a t  a variety of types of equations and of methods and techniques for solving equations. 
And, along with work on other PREPARING TO TEACH packs in the UPDATE series, i t  should 
also help you to feel confident about what is needed in preparing to teach any topic in secondary 
mathematics. 

The pack does not provide ready-made classroom activities (although many of the activities 
can be adapted for use in the classroom); nor does it  provide a model for how to teach equations. 
Rather, i t  sets out to help you to develop a framework within which to inform your thinking 
about equations and then to prepare your lessons on this topic. 

How you approach your teaching will obviously be affected by your own preferences and by the 
particular textbook or scheme, if any, you use. The framework outlined in this pack is 
appropriate to any scheme, whether based on whole-class textbooks, individualised workcards 
or booklets. 



AIMS 

To provide a framework within which to plan and prepare to 
teach the topic of equations. 

To provide activities which illustrate the essential elements 
of teaching equations. 

To help teachers in assisting their pupils to develop a better 
understanding of the nature of an equation. 

To develop creative ways of using textbooks or schemes. 

To encourage and promote a way of working with colleagues 
which can also be used in the classroom with pupils. 



WAYS OF WORKING 

WITH THIS PACK 
This pack contains two main sections: Section 1' PREPARING YOURSELF and Section 3 
PREPARING YOUR LESSONS. The INTERLUDE (Section 2) should be read after you have worked 
through Section 1, and Section 4 (SOME RESOURCES) is intended to be dipped into whenever 
appropriate. Section 5 THE LAST WORD is intended to be exactly that! 

The two main sections are divided into subsections which invite you to enter into many 
activities, on your own or with colleagues or with pupils. Each of these activities should be 
valuable, but you may find that there is insufficient time to try them all, in which case you 
should aim to tackle a t  least one activity from each subsection. In particular, the subsection 
entitled Techniques for solving is an exploration of various techniques for solving linear, 
quadratic, simultaneous and other equations, and you may find that you want to use only parts 
of it. 

There are a t  least two ways of becoming involved in an activity. You could work on the 
activity, that is, actually do the mathematics. Alternatively, you could ask yourself what i t  is 
about the activity which provides insight into the idea of an equation. You may find that doing 
the mathematics does not stretch you very much (depending on your past experience) and that, 
in order to save time, you can imagine doing an activity before moving on. However, it is 
worth actually getting involved as the very act of doing leads to insights which are important. 
On the other hand, there is always a danger when working through a pack of this sort to become 
engulfed in the doing (of activities) and to miss the opportunities for reflecting (on the  
activities). Such reflecting provides the sorts of vivid experiences which are valuable when 
preparing to teach equations or indeed any topic. 

Concentrating on the doing is all too easy whilst in the classroom as well. Teaching is hectic 
and often lessons go by without reflection upon questions such as  the following. 

What activities resulted in rich learning situations and what was it about them that 
promoted such situations? 

What were the questions that seemed to prompt fruitful discussion? 

Were there any comments that pupils made which highlighted an area of 
uncertainty (or seemed to provide insight for others)? 

Such experiences, which can prove to be extremely valuable, are easily lost. It is also difficult 
to re-capture significant moments in order to use them in the process of preparing future 
lessons. 

For this reason, some activities are specifically labelled reflecting. They are intended to help 
you pause, step back and assess the meaning of what you are doing. Of course, there may be 
many other such instances and you should try to build these pauses into your way of working 
wherever possible. 

The pack also contains in the classroom activities which are intended to provide you with the 
opportunity to try out some ideas or activities in your own classroom. You may wish to engage 
all of the pupils in a particular group, only a handful of them or even some from one group and 
some from another. Bear in mind that the purpose of all these activities is not to judge them as 
good or bad (although such judgements may arise) but to focus on important aspects of 
teaching. 

The use of a notebook, in a fairly disciplined and systematic way, can help you focus on 
significant moments in your own studies with this pack. The notebook can be used for two 
purposes. 



It could be used for accounts of moments and insights which may arise: 

as a result of discussions or activities within your group; 

as a result of working on some part of the pack on your own at home; 

during your coffee break after a particular lesson or even during a lesson. 

Six aspects of preparing to teach a topic (language patterns, imagery, s t a n d a r d  
misconceptions, root questions, contexts and standard techniques ) are discussed in this pack. 
They are explained in detail in the INTERLUDE and on the BOOKMARK: Preparing to  teach a 
topic, and could be used as headings when using your notebook in this way. 

The benefits of keeping such a record are a t  least twofold. Firstly, the existence of the notebook 
and the will to use it  makes it  more likely that such moments and insights are captured. 
Secondly, once written down they become available for consideration and reflection either on 
your own or within your group. 

The other way of using a notebook is for 'more detailed ideas and activities which you feel you 
would like to use in the classroom when you next have to teach equations. These could 
include: 

starting points for discussion during a lesson; 

whole class, group or individual activities you can use in the classroom; 
, . areas for investigation within the topic. 

You may like to use the beginning of the notebook for your account of moments and insights 
and theend for ideas and a~ t iv i t i~s .  

I Ideas 1 Activities I I 
I Standard techniaues I 1 1  

1 Contexts 
I Root questions 1 I I I I  

I Standard misconceptions 
1 Imagery 

t 1 I Language patterns I I 

[NI You will find a notebook symbol [NI in places where it is possible that you will have something 
useful to record (sometimes this could be a note under one of the six headings and sometimes it 
could be an idea or activity that you intend to use). Such symbols serve as a reminder that the 
notebook is available to you so that you dpn't let something you have noticed pass you by. 

Remember though that your notebook is for things that you notice and that you think are 
important. You may feel that you do not need to record something every time you see a 
notebook symbol (although it  might be worth asking yourself why); alternatively you may 
want to make use of your notebook when there is no notebook symbol and, of course, i t  is 
important not to restrict yourself to making notes only when the symbol occurs. 



WITH YOUR COLLEAGUES 

The nature of some activities requires collaboration with others, jointly exploring issues and 
experimenting with ideas both of a mathematical nature and those concerned with teaching. 
When working in a group with your tutor, you can use your colleagues to help you work out the 
meaning of activities, and you can assist them to do the same, provided you work in a 
conjecturing atmosphere: a supportive atmosphere which involves listening to and accepting 
what others say as a conjecture which is intended to be modified. (The TUTOR PACK provides a 
fuller discussion of what is meant by a conjecturing atmosphere.) Also, don't underestimate 
the value of talking to yourself - out loud if possible - when working alone. Such 'expressing' 
can help you clarify for yourself what is only vague and fuzzy in your mind, and can help you 
recall what you have learned, even when no one else is present to listen and encourage. 

Finally, as with all packs in the MATHEMATICS UPDATE series, part of your time and 
attention will be needed to explore the relevance of your work on this pack to your own 
classroom practice, with subsequent reflection upon what happens when you try to use or adapt 
activities and new ways of working with your pupils. There are a number of opportunities 
throughout the pack to share and discuss classroom experiences with your colleagues. It is 
tempting to use such discussions to convey only the successful moments and to ignore the 
times when things don't go right (or to write them off as unsuccessful lessons), resulting in a 
series of 'these worked and these didn't' sessions. However, the purpose of these opportunities 
for discussion is to provide a much broader exchange of views and comments than merely that 
of swopping anecdotes (although this is useful). 

All classroom experiences, when shared in the spirit of a conjecturing atmosphere, can 
provide the possibility of focussing, as a group, on the important issues in the teaching and 
learning of mathematics. Being prepared to talk about your teaching and to listen to others in 
a supportive way can help to air these issues. 

Detailed tutor notes on how to run a series of meetings based on any of the MATHEMATICS UPDATE packs 
are provided in the TUTOR PACK. Brief notes are also included in PM751 EXPRESSING GENERALITY. 



1 PREPARING YOURSELF 

This section explores the challenges in preparing yourself to teach the topic of equations.. I t  
focusses on your view of an  equation and how this might differ from pupils' views. 

Is i t  true that  pupils generally have no prior experience of equations before they meet the topic a t  
school? Or is  there a mixture of ideas and perspectives which exist before they even begin to 
meet the topic? 

WHAT IS AN EQUATION? 

This seems a natural  first question to ask when preparing yourself to teach the topic of 
equations. However, i t  could be answered in so many different ways and a t  so many different 
levels that  i t  may be difficult to see where to start. So, let's begin by posing i t  in a slightly 
different form, which may be easier to answer: 'What are your experiences of equations?' 

P THINKING BACK Think back to a time in the past when you encountered equations (or a 
[NI particular equation). Write down any memories that  you have. 

P 
Comments No-one comes to any topic or mathematical idea without some experience of or feeling for 
some part of that idea. The exploration of memories in this way can refresh these experiences. Recalling 
memories may involve thinking back to only last week when you taught the topic, thinking back a number of 
years to when you were taught i t  at school or recalling any moment in your life where the idea of an 
equation was relevant. 

The words and phrases that  are used to talk about equations inevitably shape ways of thinking 
about an equation. These words and phrases may be called the language patterns associated 
with equations. They can help in understanding or they may provide a block to further 
development in the topic. For these reasons, an awareness of them is a good starting point 
when preparing to teach. 

P LANGUAGE PAllERNS What words and phrases do you associate with equations? Discuss 
[NI these words and phrases in your group. Is there any way in which they can be classified? Do 

some words or phrases signify a different way of seeing equations than others? 

Comments The words used to describe equations are usually based on experiences of working with 
equations or of helping pupils to work with them. Most of the statements below focus on equations as things 
to be acted upon and on the methods or techniques often taught in order to solve them. 

Equations are things you have to solve in order to find X.  

You have to balance the left- and right-hand sides. - Whatever you do to one side, you must do to the other. 
You have to find the missing number. 
Change the side, change the sign. 
Find the value of X .  

At least one or two of these may strike a chord with you, and doubtless you can think of other such 
statements. 

Particular language patterns often stem from, or give rise to, an image or sense of equations. 
For instance, the phrase 'You have to balance the left- and right-hand sides' may be associated 
with a sense of an equation which involves the image of a balance, and you may have an 
image of the equals sign as  the fulcrum or pivot point about which two expressions balance. 



Such an image can be extremely useful when solving particular types of equations. I t  may, 
however, be an unhelpful image when dealing with others. So, the development of a rich and 
varied collection of language patterns and the exploration of different images - with both 
colleagues and pupils - can be very valuable in helping pupils work with equations. 

WHAT IS AN EQUATION? In the light of the above discussion, look through the following list 
of statements and, with a colleague, identify those that you consider to be equations. (Note that 
there may be some statements about which you are not sure; these could be the ones which are 
most useful to you in your discussions.) 

7+3=10;  2 ~ - 1 = 2 9 ;  V =  IR; 

I am twice as tall as my sister. 

1 I am thinking of a number. I treble it, add 4 to the result and obtain the number 85. 

Now make up some statements of your own and decide which are equations. 

Try to come to a group decision about what constitutes an equation. Can you identify any new 
language patterns or images associated with equations? 

b 
Comments Different people have different views here, An equals sign is an obvious essential element of 
an equation, but there may be considerable debate as to whether a letter has to be present or whether an 
equation can consist only of symbols, as in V = IR. One interpretation of an equation is that it is merely a 
statement of equality; for example, the Universal English Dictionary gives the definition 'the expression of 
equality between two quantities'. How does this definition relate to your notion of an equation? 

It might be a good idea to use a similar activity in your classroom. How might such an activity be used? 
How does the above definition relate to your pupils' views? 

In fact, there is no single, correct definition of an equation. All that can be said is that all 
equations have an equals sign and most involve some algebraic expression. We now go on to 
explore in more detail the language patterns and imagery of these important aspects of an 
equation. 

The equals sign is usually met first at  primary school in examples of arithmetic such as: 

2 + 8 =  10. 

b EQUALS This statement may be read as '2 plus 8 equals 10' but there are many other words 
and phrases which could be used. What words and phrases do you use for the equals sign? 

b 
Comments Phrases like '2 plus 8 makes 10' or '. . . gives 10' are common. Or the equals sign can be read 
as 'is the same as' or 'has an answer of. And you may have thought of others. 

SAME OR DIFFERENT? What is the differetce between: 

2+8=10 and 10=2+8?  



Could these statements be interpreted in different ways by pupils? 

Comments One possible difference between these two statements is that in the first example, 2 + 8 does 
indeed equal 10 and only 10, but in the second example, 10 = . . . could be followed by many different 
arithmetic expressions and not just 2 + 8. 

COPY AND COMPLETE Complete the following statements. 

What i s  the role of the equals sign in each of these examples? Do you find yourself reading 
them in different ways? Make a note of any similarities and differences that  you see. 

b 
Comments You may have felt that you needed just one number, 61, to complete the first equation, but 
that the second could be completed in many different ways. In this case, the equals sign in the first statement 
seems to be acting as a signal to 'do something', whereas the second seems to have a different quality. 

The image of 'equals' a s  a 'do something' signal is very strong and is  in keeping with many 
of i t s  uses, particularly in arithmetic. In equations, however, this image can cause a good 
deal of confusion. For example, what is the equals sign signalling in the equation 2x - 1 = 29? 
I t  does not seem sensible to say 'the answer to 2x - 1 is  29'. And how is  the equals sign 
interpreted in the equation 2x + 3 = x + l ?  Reading this latter equation as  '2x + 3 and x + 1 have 
the same value' or '2x + 3 and x + 1 are alternative expressions for the same thing' suggests an 
image of the equals sign a s  a symbol of equality or balance between one side and the other. 

F COPY AND COMPLETE AGAIN Focus now on this image of balance and consider again the 
two examples in COPY AND COMPLETE. How many different ways can each equation be 
completed ? 

Comrhents In fact, there are an infinite number of ways of completing each of the unfinished equations, 
and the apparent closed nature of the first one is due entirely to attaching the 'do something' image to the 
equals sign. 

Let us change track a little now. The equation 5 = 5 is  the self-evident statement of equality 
that  the number 5 is equal to the number 5! Similarly, though possibly not quite a s  self-evident, 
10 = 7 + 3. But what about 2x - 1 = 29? If this is to be seen as a statement of equality, what are the 
two quantities that  are equal? The number 29 is one obvious quantity; th,e other seems to be the 
expression 2x - 1, but is the expression 2x - 1 a quantity? 

EXPRESSION What do you understand by the expression 2x - l ?  Discuss with a colleague 
what words you might use to describe this expression to someone else. 

Comments At the beginning of the pack PM751 EXPRESSING GENERALITY in the MATHEMATICS 
UPDATE series, we invited consideration of the following sequence of pictures. 

Exploration of the number of squares in successive pictures, and, in particular, in the nth picture or the xth 
picture, leads to two ways of thinking about the expression 2x - 1: firstly as a statement of procedure 'first 
you take X ,  then you multiply it by two and finally subtract one'; secondly as a single entity which is the result 
of the procedure just described. 

One possible difficulty in working with algebraic expressions therefore concerns the question 
of whether an  expression represents a procedure (or combination of procedures) or whether i t  
represents a single entity which is  the result of such a procedure (or procedures). The 



interpretation of symbols such a s  +, -, X and i-, can therefore be a source of considerable 
confusion for pupils. For example, Renwick (1976) wrote of an interview with a girl: 

I said, 'the next number after n, in counting order, is one more than n, so we 
can write n + 1.' 
Child: 'I don't get it.' 
Of course she didn't get it: to her n + 1 meant add one to n: it was an instruction: 
a verb not a conjunction. 

Symbols such as '+' invariably signal an action and, indeed, the symbols +, -, X and + together 
with 2 (squared), 4 (square root), (cubed) and many others, are  called operations, a term 
which serves to reinforce this image. So we tend to read the expression '5 + 2' as 'add 2 to 5 to 
get 7' rather than as  'the number which is 2 more than 5'. I t  is interesting to note that  there is 
no single word for the number 8 in the Zulu language; when translated into English, the words 
used to name the number, are 'two less than ten'. Also observe that  the French refer to the 
number 90 as  'quatre-vingt dix' or 'four lots of twenty plus ten'. 

P ROOT TWO Write a few notes on how you view the expression 42. 

P 
Comments Is the expression something which signals that you should take the number 2 and calculate 
its square root to get an answer? Is 42 a number? If so, what number is it? 

A calculator gives the value of 42 as 1.414 213 562 (you may be able to obtain a more or less accurate result 
depending on your calculator), but this is not 42 because it is only an approximate answer. In fact, no 
calculator or computer could ever calculate 42 exactly because 62 cannot be expressed as a finite decimal or 
as a fraction. Such numbers (there are many others which have this property) are known as irrational 
numbers (see PM752E DEALING WITH DECIMALS also in the MATHEMATICS UPDATE series for further 
discussion.) 

If, however, we accept the fact that there is such a number, even though we don't know what that number is, 
then we can agree to use the symbol 62 to name it 'root two' and to think of this as the number which when 
squared equals two. 

Thus this example demonstrates again that there are two ways of viewing an expression - either as a 
procedure (or combination of procedures) or as a single entity which is the result of such a procedure. 

Another potential source of confusion is indicated in the following example. 

NAMING TERMS Consider again the sequence 

What would you call the term after the nth term in this sequence? How would you describe this 
term? What about the next term? And the next, and the next.  . .? 

B 
Comments It may help to name the term after the 50th or the 100th or the 1 000 000th terms and to 
attend to what you are doing each time so that you detect the generality behind these particular cases. 

This activity demonstrates the need to move from seeing an  expression in, say, X ,  as  having 
meaning only if a number i s  substituted for X ,  to seeing i t  a s  the naming of a general 
expression. This is a rather sophisticated idea but i t  lies a t  the heart of algebra and the solving 
of equations. 

REFLECTING What has  this exploration of the language patterns and imagery associated with 



[NI equations revealed? What is your current sense of an equation? What implications, if any, 
are there for the way in which you would introduce your pupils to equations? 

F 

HARNESSING THE UNKNOWN 

The previous subsection suggested that equations like 2x - 1 = 29 can be viewed in a t  least two 
ways: as  a statement of equality between two mathematical objects, and a s  a series of 
operations on an as yet unknown quantity which results in 29. Probably the most dominant 
image associated with an equation is that of the unknown. Yet for many pupils this is a source 
of great confusion and paradox, because the naming of something that you don't know in order 
to manipulate i t  and therefore to gain a measure of control over i t  is a powerful idea and one 
which often results in coming to know what was once unknown. What seems to be required is 
a release from the constraints of 'I don't know it  so I can't say anything about it' to the freedom 
inherent in 'although I don't know it, I know of its existence and therefore I can act on it'. 

There are many levels a t  which pupils can grasp the idea of an unknown, ranging from the 
image of a letter representing just one number through that of a general number representing 
all numbers to the sophisticated notion of a variable. A first step along that progression may be 
provided by the 'think of a number' type game. 

F THINK OF A NUMBER Think of a number, write i t  down. Multiply it by 4. Add 8 to the result. 
Divide this result by 2. Subtract 4. Write down your final answer. 

What do you notice? 

Now think of a different number and perform the same operations on i t  - what do you notice 
this time? 

Does this always work? Get someone else to think of a number. Can you predict the original 
number if you are told the final result? 

Comments There is something about the image of a number in somebody else's head which seems to 
provide a useful half-way stage between a known quantity and an as yet unknown quantity. Use the 
strategy of naming the unknown quantity - the original number that was thought of - with a letter to show 
why the game always works. 

F IN THE CLASSROOM Devise same 'think of a number' activities to use with a group of pupils. 
[NI What opportunities are provided by these activities for exploring the language patterns and 

imagery associated with equations? Are there any methods and techniques that your pupils 
seem to employ which might provide the basis for fruitful discussion in the classroom? 

F VARIABLE The word 'variableu may sometimes be used in place of 'the unknown' when 
referring to a symbol in an expression or an equation. What do you understand by the term 
'variable'? When do you feel that i t  is more appropriate to use the term 'variable' than any 
other word? You may like to use the following examples as a basis for your discussion. 



Comments Mathematicians use a number of different terms, often depending upon the context in which 
they are used. Although some terms have fairly fixed meanings there can be a degree of flexibility in the use 
of others. Some letters like 'R' obviously stand for specific numbers and the word 'constant' is used for these. 
Others can take one or more values and the use of 'unknown' or 'variable' may not be precise. See 
Schoenfeld and Arcavi (1988) for further exploration of these ideas. 

SEEING AND EXPRESSING STRUCTURE 

An inherent danger in simply being handed different types of equation and learning to solve 
them is that they appear still and lifeless. It  then becomes a mere feat of memory to identify 
both the different forms of equations and how to go about solving them. 

Consider, for example, the following three equations: 

I t  is not uncommon for pupils to pigeon-hole such equations and then apply certain 'rules' 
according to the slot, instead of seeing the overall structure of an equation and then deciding 
on a method to solve it. For instance, pupils may remember that a simple linear equation, 
such as  2.x - 18 = 0, can be solved by doing the same thing to both sides; that an equation 
involving brackets, such as  2(u + 3) - 18 = 0, signals the need to multiply out the brackets and 
then to collect together like terms; that a quadratic, such as 201 - - 18 = 0, should first be 
multiplied out and then arranged into the form ay2 + by + c = 0 which may then be factorised or 
solved using the formula. 

F ALTERNATIVE For the second and third equations listed above, suggest an alternative 
method of solution which appeals to the overall structure. 

F 

If pupils can construct their own sense of equation, and if they can be encouraged to devise 
examples of their own and their own techniques for solving them, then there is more 
possibility that they will recognise other forms of equations by their structure and thus be able 
to apply appropriate techniques creatively. The following activities are offered as  ways of 
developing a sense of the structure of an equation. 

SOLVING Consider the following sequence and try to write down a statement which 
expresses the structure of each term. 

Is i t  possible to have a picture in this sequence containing 37 squares and, if so, what position 
would it be in? 

Write down an equation which encapsulates one way of seeing this problem. 

b 
Comments How did you arrive at your equation? Did your colleagues use the same method? Compare 
and discuss the various approaches used in your group. Can you generalise your equation to cope with a 
picture in the sequence which contains N squares? 

, . 



Note that the two steps were required here in order to form an equation. Firstly, you obtained a statement 
which expressed the structure of the sequence. But this did not produce an equation. Your equation resulted 
from a second step, that of asking a question about the structure of the sequence. 

P TWO SEQUENCES Imagine two sequences of pictures involving squares whose nth terms are 
4n - 3 and 2n + 1 respectively. Can you draw them? 

Now consider the following question: 

Is there a point where the corresponding terms in these two sequences contain the same 
number of squares? 

Form and solve the equation which arises from this situation. 

P 

The solution of an equation is often seen as the main task, if not the sole one, for pupils when 
working with equations, and it is for this reason that the methods and techniques of solving 
different types of equations make up the vast majority of experiences that pupils have of 
equations. Yet the previous two activities demonstrate that an equation arises from a situation 
or context and invariably occurs as a result of asking a question. The solution to the equation 
is then the answer to that question. If the equations that pupils first meet in the classroom can 
be identified with the situations from which they derive then the meaning of an equation, and 
its solution, is likely to make more sense to them. This theme is taken up again in Section 3 
under EXPLORING CONTEXTS AND POSING PROBLEMS. 

Next, encouraging pupils to become familiar with all the various features of equations can 
help them to recognise particular types and forms of equations. This in turn can help them to 
apply appropriate techniques rather than staunchly following rules. 

) ACCEPTING THE GIVEN Consider the starting point, 'solve the equation 4x - 3 = 24 - 2r': No 
matter how trivial they might seem, make a list of all the questions that could be asked about 
this equation. 

Comments You may have come up with a list of questions such as: 
Does the equation have an exact solution? 
Can I change and rearrange the equation without changing the answer? 
Where did this equation come from? 
What is a similar type of equation which I can solve? 

By observing the structure of a given equation and suggesting alternative features, i t  may be 
possible to change a meaningless string of numbers and operation symbols into an equation 
with shape and meaning of its own. 

P LISTING AlTRlBUTES List all the attributes of the equation '4x - 8 = 12'. For example, one 
attribute is 'the equation has three terms'. 

Com ments Your list may include attributes such as: 
the equation has three terms; 
the solution is x = 5; 
the coefficient of x is an integer; 
the numbers are all even; 
the equation has only one unknown; 
the sentence contains an equals sign; 

and many more! By devising such a list pupils can become aware of the uniqueness of a given equation. 
They may also realise that they themselves can generate equations that have some of the properties listed. 



WHAT IF NOT? Now take one of the attributes that you listed in LISTING ATTRIBUTES and ask 
the question 'what if the equation does not have this attribute, but retains all the other 
attributes?'. Write down some of the possible alternatives and the further questions which 
arise in so doing. For example, taking the attribute 

'the equation has three terms', 

could lead to the question 

'which equations with four terms with integer coefficients and only one unknown have 
the solution x = 5?' 

Com men ts You might have taken the attribute 'the equation has one unknown' and asked 'what if it does 
not have one unknown, what if it has two unknowns?' This could lead to a discussion on how to solve such 
equations. Another interesting discussion point could arise from looking at the attribute 'the sentence 
contains an equals sign'. What if it does not contain an equals sign? An obvious alternative is that it should 
include an inequality sign, leading to, say, the inequality 42 - 8 > 12. 

STANDARD MISCONCEPTIONS 

If you have ever taught equations before (or, indeed, any topic on the secondary mathematics 
syllabus) you will probably have come across some particular ideas or conceptions involved in 
the topic that seem to lead to the same sorts of errors year after year. Such standard errors or 
misconceptions indicate much about pupils' senses of an equation, so that a systematic review 
of them can often prove useful in preparing to teach the topic. 

MISCONCEPTIONS Discuss with colleagues the common errors and misconceptions 
demonstrated by your pupils when working with equations. 

Can you identify any reasons why these errors might occur? 

Comments A large number of the misconceptions that lead to errors in solving equations are linked with 
the meaning of the symbols used in equations together with their manipulation. 

WHAT PUPILS SAY Study each of the following statements made by pupils: 

You can't add 3a and 26 together because it's like 3 apples and 2 bananas. 

2x + 1 = 7 and 2y + 1 = 7 are different equations because they have different letters. 

The answer to this question is x = 5 because last time we had an X it was 5. 

If you add 4 onto 3n you get 7n (or is it 7?). 

You can't do p + q = 10 because there isn't an answer. 

If y stands for yards and f stands for feet, then y = 3f. 

It  is tempting to classify such statements as  either right or wrong and to leave i t  a t  that. 
However, all of these statements can be seen to be true when put in the context of pupils' own 
images of equations, unknowns, expressions and so on. Comment on the truth behind each of 
the statements and also on the way in which each statement suggests a limited understanding 
of the concepts involved. 

P 
Comments Some ways of thinking about the unknown are extremely useful in helping pupils to do 
certain types of problems but, because they constitute incomplete or fuzzy images, they can lead to errors 



later on (such as thinking that a letter always stands for one number and one number only or that letters can 
be thought of as objects which can be collected together). 

Statements such as those given here provide valuable insight into the ways in which pupils construct their 
own views of algebra and equations, views upon which all subsequent experiences will naturally be fitted. 
Rather than highlighting mistakes which need to be corrected, they therefore offer the opportunity for the 
identification and exploration of some of the important images and concepts involved in the topic. 

Research suggests that there are many different levels a t  which pupils accept the idea of a letter 
in algebra, ranging from rejecting the notion altogether and replacing the letter with a 
number just to make the problem do-able, through using letters to represent objects, to the 
sophisticated concept of a letter as  a variable. Kuchemann, in exploring children's 
understanding of algebra (CSMS (1982)), identifies what he sees a s  six different 
interpretations of letters in algebra. These may be summarised as follows: 

( i )  Letter evaluated - where the letter is assigned a numerical value from the outset. 

( i i )  Letter not used - where children ignore the letter and do not use i t  in their 
working. 

For example, pupils with such a restricted sense of letters as unknowns may be happy to work 
with the question 'if a + b = 43, what is a + b + 2?' because there is no need to operate with the 
letters a and b in order to obtain the answer, 45. But suppose the question was 'if a + b = 43, what 
is a + b + c?'. Pupils respond in many ways to questions like this, often substituting in 
particular values for c because they are unwilling to work with the letter c simply as an object. . 

( i i i )  Letter used as  an object - where the letter is regarded either as shorthand for an 
object or as an object in its own right. 

Such an interpretation copes with the manipulation of expressions such as 'a + a + b + b + b + b', 
but pupils with this restricted sense of a letter may have difficulty with questions like 'what is 
n + 5 multiplied by 4?. 

(iv) Letter used as a specific unknown - where the letter is regarded as a specific but 
unknown number and can be operated on directly. 

Such an interpretation copes with questions like 'what is the result of adding 4 onto 3n? 
(answer: 3n + 4)' but the question: 'what can you say about c if c + d = 10 and c is less than d?' 
might produce a response of c = 4 (or some other valid particular number), which demonstrates 
an appreciation of the letter c as a specific unknown but an unwillingness to accept c as having 
a number of values. 

(v) Letter used as generalised number - where the letter is seen as  being able to take 
several values. 

Pupils who have this sense of a letter can cope with the problem Z + M  + N = L  + P  + N. Is this 
equation always true, sometimes true (if so when?), or never true?'. 

(vi)  Letter used as a variable. 

Here a distinction is made between acknowledging that an unknown can take several values 
and being aware of how the values of the unknown change. For example, with this sense of 
letters, the equation '5x + 6y = 90' can be seen as a statement which happens to be true for a set of 
isolated pairs of numbers such as: (6, 10), (12, 5), (0, 15), (18, 0). ~urthermore, there is an 
appreciation of how the values of x and y can change. This appreciation, possibly guided by an 
image (maybe graphical) of how one set of values varies according to another, lies a t  the heart 
of seeing a letter as a variable. 

PERIMETER Study the following four test items, which invite pupils to write equations to show 
the permieters of various shapes. (These were given to just under one thousand, 14-year olds' in 
the CSMS research programme.) Rank them in order of difficulty. Do some 05 these problems 
require a more sophisticated image of letters than others? What sort of responses might you 



expect from pupils whose images of letters do not help them to complete the examples 
successfully? 

Table 8.1 Correct re; 

9(i) . ,. 

onses t o  Question 9 ( 

9(ii) 

4 year olds) 

Part of this 
Figure is not 
drawn. There 
are n sides 
altogether all 
of length 2 

Source: CSMS Mathematics Team (1982) 

Comments A table showing the percentage of correct responses is shown below. 
. . 

Part of this 
Figure is not 
drawn. There 
are n sides 
altogether all 
of length 2 

2n 38% 
n 2 

You may like to ask yourself what you feel when presented with results like these. Are you surprised? Do 
you believe them? Would your pupils respond in a similar way? 

The purpose of the last activity was not to pu t  forward some facts about what all children of a 
certain age know about algebra (it is debatable whether this could be done) but to offer 'the 
opportunity to notice what happens in your classroom and to reflect on some of the issues that 
might be involved. For example, quite a number of 'school' exercises, which involve the use 
and manipulation of letters, can be attempted quite successfully without any need for a sense 
of letter as  an unknown or variable. An image of a letter as  an object (as in a for apple) is 
often sufficient. 

IN YOUR CLASSROOM Use the items in PERIMETER with some of your pupils. How do they see 
the relative difficulty of each question? The CSMS research suggests that question 9(i) was 
considered the easiest. my might this be so and what could the 3e actually mean to pupils who 

- gave this as a response? 



What other issues are raised by the use of these questions in your classroom? 

Discuss with colleagues your thoughts on this activity the next time you meet. 
P 

Comments Although the sense of a letter as a generalised number (one that can take more than one 
value) is not used in many algebraic manipulation questions, it is at the heart of the study of equations. The 
discrepancy between a letter as a place holder for a number and a letter as an object can lead to confusion 
and bewilderment as to what the study of algebra and equations is all about. 

Misconceptions can also arise as  a result of specific language patterns and imagery. For 
example, if one particular image is dominant, this may result in techniques being applied 
inappropriately. 

F OVER-BALANCING Consider the following response from a pupil to the request 'solve the 
equation x2 - 2x - 1 = 0'. 

First, I add one to both sides, giving x2 - 2 x  = 1. Then I add 2 x  onto both sides so 
that x2 = 1 + 2 x .  Um . . ., I can't do this one because I can't get x  on its own. 

What is this pupil's image or sense of equation? What would you say to the pupil a t  this stage if 
you were the teacher? What other images of equations could be helpful here? 

Comments The 'balance' image, which leads to the 'do the same thing to both sides' strategy, is extremely 
useful in some situations but limiting in others. Quadratic equations like the one here require different 
techniques and strategies of solution (see the next subsection). 

F REFLECTING What has been the benefit of studying some of the standard misconceptions 
associated with the topic of equations? What are the implications for your classroom? 

F 

TECHNIQUES FOR SOLVING 

The manipulation of expressions is one of the standard techniques associated with algebra 
and equation solving. In the not too distant past, i t  was what school algebra was all about. 
School textbooks with pages of algebra were commonplace and examples can still be found in 
more recent publications. Some people remember such manipulation as  the thing that put them 
off mathematics for good, others enjoyed these sorts of exercises: 

I was alright at doing maths until we started algebra. I never understoo& why 
you should want to change one bit of algebra into another. 

We had to do pages and pages of examples. I knew that we had to practise the 
techniques but the whole exercise seemed so sterile. 

I liked doing lots and lots of algebraic manipulation exercises particularly 
when I found that the questions were following a pattern or that large, 
complicated looking expressions simplified to zero! 

REFLECTING Reflect on your feelings about the following sets of exercises and ask yourself 
the questions: 

How would you feel if you were asked to do these now? 

What are pupils doing when working through exercises such as these? 

What are the strengths and weaknesses of such examples? 



Simplify: 

Exercise 12B 

Simplify the expressions in questions 1-18: 
1 7x2-3x2+2y-9y 2 3a2+6b2 - IOa2-9b2 
3 3x2+2x-2x2-3x 4 2(x+y)-x+3y  

5 3(x+y)-2(x-y)  6 S(x--y)-(x+y) 
7 4(a-b)+2(a+b) 8 - 2 ( x + ~ ) - ( X - Y )  
9 3(-a+b)-2(a+2b) 10 2(x2 - X )  - 3(x - 1) 
11 4 (y2 -1 ) -3 ( y+ l )  12 5(1- z)  - 2(z - z2)  
13 5(x - 2y) - 3(2x - y) 14 2(5x - y )  -(3x-2y) 
15 2(x2 - 2x) - 3(1- 2x) 16 5(2y2 - 3y)-4(y- yZ) 
27 (a-b)+(b-c)+(c-a) 18 a(b-c)+b(c-a)+c(a-b) 
19 Given A = x+2y,  B = y+2z, C = z+2x,  find the simplest forms 

of: 
a A+B+C b A-B-C  c 2A+3B-5C 

20 Given X = up+ bq and Y = bp+aq, show that: 

a X+Y=p(a+b)+q(a+b)=(a+b) (p+q)  
b X - Y = p ( a - b ) + q ( b - a )  = (a -b ) (p -q )  

Source: Scottish Mathematics Group (1981) 

Com men ts Skills of manipulation are very important when solving equations and they constitute a goal 
which most teachers would like their pupils to achieve. Note however that the acts of practice and exercise 
(in any field, not just mathematics) are invigorating and stimulating only if they have meaning and purpose; 
otherwise they can be stultifymg and boring. 

For pupils who see manipulation as a matter of jumping through a set of pre-defined hoops, the 
exercises above could seem dull and uninspiring. For others they can be fun and exciting, 
particularly if each example is seen to be highlighting a particular structure or pattern. Pupils 
who have had no experience of manipulating their own algebra (that is, algebra which arises 
out of them seeing and expressing stucture in a situation) are more likely to adopt the former 
view. 

Of course, the acquisition of manipulative skills is only the first step. At some stage, pupils 
are expected to cope with a range of techniques for solving various 'standard' types of 
equations. For example, they need to learn how to solve linear and quadratic equations in one 
unknown. They also need to be able to solve equations (usually linear) involving two 
variables. 

In the following pages we discuss various informal and formal methods of solving such 
equations. The purpose of this is to emphasise again that the recognition of particular features 
can help the creative selection of appropriate techniques - as opposed to simply following a set 
of rules. 



THE GUESS AND CHECK METHOD 

One informal method of solution could be called the 'guess and check method'. For example, 
with most linear equations, it is possible to make a guess a t  the solution and then to test this by 
substituting back into the equation. 

B GUESS AND CHECK Make a guess a t  the solution to the equation ' 3 .4~  + 5.6 = 18.8'. Now check 
your guess by replacing the 'X'  in the equation with your guess to see if you do indeed obtain the 
answer 18.8. If you do not, continue the process of guess and check until you are happy that you 
have discovered the solution. 

Reflect on the way in which you guessed. Did you have some sort of strategy which helped you 
to make sensible guesses? Compare your approach with those used by colleagues. 

B 
Comment You probably found that you did not make blind guesses. A first guess of 3, based on common 
sense, provides a starting point. When the calculation 3.4 X 3 + 5.6 does not result in 18.8, the actual result 
allows you to make a better second guess. 

The following guessing game, that you might have played before, highlights nicely a possible 
strategy for refining successive guesses and 'homing in' on the solution to such equations. 

GUESS MY NUMBER Consider the following: 

I am thinking of a number between 1 and 100 and you have to guess what it is. After 
each guess, I will say either 'too high' or 'too low'. Try to find my number in the 
smallest number of guesses. 

Play this game in your group where one person thinks of the number and responds 'too high' or 
'too low'. What strategies find the unknown number in the smallest number of moves? 

Comments You probably noticed that if you have a 'too high' followed by a 'too low' response it is wise 
to choose a number somewhere in the middle of these two. By continually doing this, it is possible to 
maintain a pretty good record over a number of goes. 

You may like to use a comp'uter program to generate a random number between 1 and 100 and then 
respond to your guesses. (There are a number of packages which are suitable for this purpose, notably: 
'Guess' and 'GuessD' in MICROSMILE - The first 30 SMILE programs, or 'Zoom' in the Secondary 
Mathematics with Micros In-service Pack.) 

INFORMED GUESS Consider now the equation p + 3 = p2. !hy to find a value ofp for which p + 3 
is less than p2  and another for which p + 3 is greater than p2. Treat these as  your first two 
guesses which are 'too low' and 'too high' respectively. What is your next guess? Continue 
this process until you have found a solution. 

Comments The equation p + 3 = p2 is called a quadratic equation (because it has a term involving the 
square ofp). It has two solutions. 

' 

The exploration of informal strategies for solving equations is an important step in 
developing an understanding of more formal methods. Here, the 'guess and check' method 
may be developed into a formal technique called 'bisection', and this can be used to tackle any 
equation involving one unknown. 



Briefly, the bisection method consists of the following steps. 

1 Ensure that your first two guesses are such that one is too high and one is too low. 

2 The next guess is chosen to be halfway between these 'high' and 'low' guesses. 

3 If this guess is too high, put it alongside your previous 'low' guess; if this guess is too 
low, put i t  alongside your previous 'high' guess. 

4 Repeat steps 2 and 3 until two successive guesses result in the same outcome to an 
agreed level of accuracy. (Without a defined limit of accuracy the process could go 
on for ever.) 

For example, the equation 3.4~ + 5.6 = 18.8 could give rise to a first guess of 3 and a second 
guess of 4. Using suffix notation, the bisection method gives the following: 

1 XI= 3 (too low since 3.4 X 3 + 5.6 = 15.8) 
x2 = 4 (too high since 3.4 X 4 + 5.6 = 19.2) 

3 x3 = 3.5 (too low since 3.4 X 3.5 + 5.6 = 17.5) 
x2 = 4 (too high) 

3 x4 = 3.75 (too low since 3.4 X 3.75 + 5.6 = 18.35) 
x2 = 4 (too high) 

2 x5 = 3.875. 

CONTINUE Continue this process until you are satisfied that you have found a value for x that 
is close enough to the required solution. Discuss with colleagues what you understand by the 
words 'close enough'. 

Comments You may feel that you want to wait until you obtain the exact result of 18.8. Alternatively, 
you may decide to stop when two successive results are 18.8 when rounded to three significant figures, or 
18.80 when rounded to four significant figures, etc. 

INTOXlCATlNG Use the method of bisection to try to solve the equations 

x2 = 2 and A+ = 1000. 
b 

REFLECTING Discuss with a colleague any dissatisfaction you felt when using the method of 
bisection to solve the equation 3.4~ + 5.6 = 18.8. How did you feel about using the bisection 
method to solve the equations x2 = 2 and P = 1000? What other methods could you have used to 
solve each of these equations? 

USING PICTURES 

Sometimes a picture which represents an equation, or set of equations, can provide a useful 
working image which highlights the important features not only of the equation($ but also of 
the solutionb). Graphs provide the obvious pictures here. 



F ONE VARIABLE How can the graph of y = 3.4~ + 5.6 be used to solve the equation 

3 . k  + 5.6 = 18.8? 

What  other equations can this graph be used to solve? Which types of equation i n  one variable 
can be  solved using such a graphical method? What  a re  the  advantages and  disadvantages in 
tackling such equations in  this  way? 

v 

Comments Did you consider the equation 9 = 1000? 

F TWO VARIABLES Now consider a n  equation containing two variables, such as x + y = 7. 
Write down some solutions. Can you represent these solutions graphically? 

Have you unintentionally restricted your choices of x and y? Wha t  i s  the  result of gradually 
loosening these restrictions and  how does this affect your graphical picture? 

Comments It  is tempting to think in terms of integer solutions such as x = 3, y = 4, or the number pair 
(3, 4). Loosening these restrictions leads to a picture of the solution set as a continuous straight line (the 
graph of y = 7 -X) as opposed to discrete points. 

GRAPH Sketch a graph showing the complete solution set  of t he  equation x - y = 1. On the 
same diagram, sketch a graph showing the  complete solution set  of the equation x + y = 7. 
What  do you notice? . 

Comments The first equation provides a limited degree of knowledge about the twd unknowns x and y. 
Introducing a second equation provides some further information, so that the equations, taken together, 
have a unique solution consisting of a pair of values (corresponding to the point where the lines intersect). 
This point gives the values of x and y which satisfy both pieces of information (both equations) 
simultaneously. The equations taken as a pair are therefore called simultaneous equations. In this case both 
equations are linear, so the equations are called simultaneous linear equations. 

FUSE WIRE ~ h i n k  now of any pair of equations in  two unknowns. Take some pieces of wire 
and  bend them into shapes which illustrate particular features of different types of functions,. . 
for example: 

illustrates a illustrates a illustrates a illustrates a 
constant linear quadratic cubic 

relationship . relationship relationship relationship 
such as such as such as such as 
y = 4. x + y  =4. y =g. y =323-2x2. 

Choose two shapes and  pu t  one on top of the other. Noting tha t  each intersection represents a. 
pair  of solutions to t h e  corresponding simultaneous equations,' how many solutions a re  
possible? Now move the shapes around, up  and down, rotate them, etc. How many solutions 
are  possible now? 



Comments The pack PM752D PICTURING FUNCTIONS, also in the MATHEMATICS UPDATE series, 
considers in detail the various features of different types of functions. Each function can be described in 
terms of an equation of the form y = . . . . A linear function gives a linear equation, a quadratic function gives 
a quadratic equation, etc. For instance, with two linear equations there are three possibilities: 

the lines intersect at one point; 
the lines do not intersect at all (i.e. they are parallel lines); 
the lines coincide exactly. 

These possibilities are illustrated below. 

D REFLECTING Discuss the  implications of the three possibilities mentioned in the  previous 
activity. Can you predict the types of solution set which would arise from these? 

Consider and discuss with colleagues the other types of simultaneous equations that  you have 
produced and the range of solution sets that  you can obtain for each type. In particular, discuss 
the possibilities tha t  arise when one equation is  a quadratic and the other i s  a constant 
equation. What interpretation do you put on the solutions to equations like this? 

D 
Comments In the case of the simultaneous equations y = x2 - X  - 2 and y = 0, the solutions are x = -1, y = 0 
and X = 2, y = 0 - corresponding to the points of intersection between the two corresponding graphs. Look at 
the X-values on their own; these give the solutions to the quadratic equation in one unknown, 2- x - 2 = 0. 

Now consider the simultaneous equations y = x2 - x + 2 and y = 4, with solutions x = -1, y = 4 and x = 2, y = 4. 
What do you notice? Try to explain any observations. 

) REFLECTING What are the benefits of using a graphical approach to solve equations? For what 
range of equations would you find these techniques useful? 

USING ALGEBRA 

Techniques based on algebraic manipulation are perhaps the most obvious methods used to 
solve equations. But again, in many instances, the  formal methods are  derived from 
common-sense informal methods. 

tinear equations 

For example, when working on the linear equation 3 . 4 ~  + 5.6 = 18.8, you probably had a pretty 
good idea of the root fairly quickly by 'working backwards' to the solution. This informal 
method may be called the  'working backwards' or 'undoing' method. I t  i s  most easily 
described using a simple equation. For example, consider the equation 2x + 3 = 131. The 
'undoing' method gives the following: 

If the number X has been doubled and then 3 added to give a result of 131, then before 
the 3 was added the result must have been 128 (3 less than 131). 

So a number has  been doubled to give a result of 128, in which case the original 
number must have been 64 (half of 128). 



The following picture demonstrates the 'undoing' or 'working backwards' nature of this 
method. 

P UNDOING How does the process of 'undoing' emerge in the following questions? 

I am thinking of a number. I add 4 and the answer is 12. What is my number? 

I am thinking of a number. I multiply by 2, add 4 and the answer is 12. What is my 
number? 

I am thinking of a number. I subtract 5, multiply by 2, add 4 and the answer is 12. 
What is my number? 

I am thinking of a number. I divide by 3, subtract 5, multiply by 2, add 4 arid the 
answer is 12. What is my number? 

P 
Comments You may like to try this activity with a group of pupils. The activity also suggests a way of 
getting pupils to construct their own equations in a manner which encourages them to think about how 
equations might be solved. For example, ask them to start with a simple equation which they can solve (such 
as 5x = 10). Ask them to disguise this equation a little, for example, by subtracting 8 from each side (which 
gives 5x - 8 = 2). Then ask for the equation to be disguised further, for example, by adding 2 x  to each side 
(which gives 7x - 8 =2 + 2r). You can then ask 'how would you set about solving this final equation?. Pupils 
need to 'undo' the disguises (here returning to 5x = 10 and its solution X = 2). 

EXPLORING Explore the method of 'undoing' by attempting to solve the following problems. 
In each case, write down the equation that you are solving. 

The 'precise' rule for converting "C to "F is 'multiply the number of degrees C by 9, 
divide by 5 and then add 32'. What temperature in "C corresponds to 77 "F? 

I am thinking of a number. I add 7, multiply by 2, subtract 10 and finally divide by 
5. The result is 2. What is my number? 

What number obeys the property 'adding 2 to it gives the same result as squaring it'? 

P 
Corn men t S You may find that a diagram helps with the 'undoing'. 

In the process of solving the first of these problems, you may have produced the rule for changing "F to "C. 
Why? And what is  this rule? 

Sometimes the method of 'undoing' is not suitable, and you may have found that the third problem, which 
gives rise to a quadratic equation, cannot be solved by this method. You may like to discuss with your 
colleagues whether this i s  true for all quadratic equations. 



The more formal version of the 'undoing' method is often described in terms of 'doing the 
same thing to both sides'. For example, consider again the equation 3.4~ + 5.6 = 18.8. Begin by 
subtracting 5.6 from both sides to give 

3.4X + 5.6 - 5.6 = 18.8 - 5.6 
or 

3.4~ = 13.2:- 

Now divide both sides by 3.4 to give 

which gives 
x = 3.88 (to two decimal places). 

REFLECTING Discuss the similarities and differences between the informal method of 
'undoing' and the more formal one of 'doing the same thing to both sides'. 

How might these affect what you do in the classroom? 

Comments What follows is a comment arising out of the CSMS research on children's understanding of 
mathematics (1982). 

. . . i n  algebra and in other topics investigated, the research has found that children 
freguently tackle mathematics problems with methods that have little or nothing to do with 
what has been taught. This may be because mathematics teaching is often seen as an 
initiation into rules and piocedures which, though very powerful (and therefore attractive 
to teachers), are often seen by children as meaningless. It follows that children's methods 
and their levels of understanding need to be taken into account, however difficult this might 
be in practice. 

Quadratic equations 

Earlier in this pack (see OVER-BALANCING on p. 19 and EXPLORING on p. 25) we highlighted 
the mismatch between the technique of 'doing the same thing to both sides' and the solution of 
quadratic equations. However, it is worth noticing that certain forms of quadratic equations 
can be solved by this method. 

) SET UP AND SOLVE Use the same 'doing the same thing to each side' method to solve each of 
the following equations. 

Set up some more quadratic equations which you feel you could solve using this method. Now 
try to solve your equations. 

Comments Notice that in the examples given above, the equations each have two solutions. Is this 
always the case? 

COMPLETING THE SQUARE 1 Notice that (X + 5)2 - 16 can be rewritten as  



Try now to identify the steps required to work backwards from x2 + 10x + 9 to obtain the form 
(X + 5)2 - 16. 

Moving from a quadratic in the form ?x2 + ?X + ? to an  expression of the form (?X + ?l2 + ? is 
called 'completing the square'. Discuss with colleagues how you might obtain the completed- 
square form of the general quadratic expression ax2 + bx + c. 

m i c h  types of quadratic equation can be solved by 'completing the square' and then 'doing 
the same thing to both sides'? Try to explain this strategy to someone else. 

What are the connections between this approach and the solution of quadratic equations using 
the  so-called 'quadratic formula' 

Comments See also COMPLETING THE SQUARE 2 in Section 4, p. 50. 

Any formula is an expression of the generality that runs through a number of particular cases and the 
'quadratic formula' is just a way of saying 'when completing the square, you always end up with something 
like this, no matter what the values of a, b and c '. Thus a formula is a labour-saving device where only the 
end result of the procedure is given - without the unnecessary complication of the process required to meet 
that end. 

There is always the danger, however, of not giving enough time for pupils to make sense of this process for 
themselves, resulting in them seeing the formula as a piece of mathematical magic to be used mechanically 
and without understanding. Such uninformed use of formulas can give rise to much confusion in pupils' 
minds. 

In fact, the method of completing the square can be used to solve all quadratic equations. 
However, for some quadratics, the  form in which they are  written can suggest other 
techniques. 

FACTORISING Which values of x satisfy the equation 

Notice that  (X - 5) (X + 3) can be rewritten as 

Try now to identify the steps required to work backwards from x2 - 2.x - 15 to. obtain the product 
(X  - 5)(x + 3). 

Moving from a quadratic in the form ?x2 + ?X + ? to a product of the form (?X + ?)(?X + ?) is 
called 'factorising'. Try to explain to a colleague the strategy required to do this. 

Which types of quadratic equation can be solved by 'factorising'? Try to write down some 
quadratic equations which cannot be solved in this way. 

b REFLECTING What, if any, are  the  implications of the  above discussion on quadratic 
equations for your work with pupils in the classroom? 



Sirnultcmeous equations . 

Much of the structure of simultaneous equations (such as whether two linear equations 
represent the same straight line and so have an infinite solution set, or whether they represent 
parallel straight lines and so have no solution) is encapsulated in the algebra, and so 
algebraic techniques are also commonly applied in finding their solutions. . 

ELIMINATING Given the following two pieces of information about two unknowns a and b: 

what can you conclude about the value of 3b? Discuss with a colleague how you arrived at this 
conclusion. 

What can you now conclude about the values of a and b? 
b 

Comments You may have found that you, could reduce the two equations in two unknowns to one 
equation in one unknown. By making a statement about 3b you eliminated a and could go on to solve the 
equation in own unknown for b. Using this information you should then have been able to find the 
corresponding solution for a. 

The previous activity demonstrated how the technique of 'eliminating one unknown' can be 
used to solve a pair of simultaneous equations. As demonstrated earlier, it is possible to write 
an equation in many different ways (for instance a + b  = 5 and 2a + 2b = 10 represent the same 
equation), and writing an equation in a different form is sometimes helpful when trying to 
'eliminate one unknown'. 

ELIMINATING AGAIN Consider the two equations 

{ a + 3 b = 1  
2a + 5b = 3  

Notice that a + 3b = 1 can also be written as 2a + 6b = 2. Use this fact to help you to eliminate the 
unknown a from the simultaneous equations. 

Solve the equation that you obtain for b  and then use this information to find the corresponding 
value of a. 

b 
comments This technique can be extended to the case where each of the equations needs to be written in 
a different form before one of the unknowns can be eliminated, as in the simultaneous equations 

REFLECTING Note that the simultaneous equations discussed in the above two activities were 
arranged in a particular form. You may like to pause now to discuss what you understand this 
form to be and to create some more simultaneous equations of your own which conform to this 
arrangement. 

Practise and refine the technique of eliminating, using your examples, until you feel 
confident to move on. 

Pairs of equations arranged in a different form may require a slightly different algebraic 
technique. 



SUBSTITUTING If two pieces of information gave rise to simultaneous equations in the form 

U =.3w 
{ a + 2 w = 1 0  , 

what else is true? Can you deduce anything about 5w? 

Com men ts Replacing one of the unknowns with an expression which contains only the other unknown 
is known as 'substituting', and this again reduces the problem to one of solving an equation in one'unknown. 9 

Would this technique of substitution work with one, or more, non-linear equations, such as 

REFLECTING Discuss within your group the advantages and disadvantages of solving .a set of 
simultaneous equations using different methods. Are there occasions when one method is 
better than another? Does it make any difference if at'least one equation is non-linear? 

P 

REVIEWING In this subsection you have encountered a number of techniques for solving 
different types of equations. Review these techniques with colleagues and try to agree on a 
story for when and why you would use some techniques and not others. Try to identify what it 
is in the structure which suggests a particular technique. 

A; a focus for your discussion you may wish to use the following examples: 

A HISTORICAL PERSPECTIVE 

Interest in the formation and solution of equations to  solve problems has been a fundamental 
part of mathematical development over many centuries and in many parts of the world. That 
the beginnings are as old as the oldest civilisations is clear, but to go further and to try t o  
identify a specific origin is to mistake conjecture for history. Instead, it is best to look at 
history as found in written documents that have come down to us. We shall not attempt to give 
a comprehensive account of the developmknt of equations here but rather a few 'windows' 
through which to glimpse some of the pertinent steps. 

The Egyptian Rhind papyrus, named after the Scot who bought it in 1858, was written by a 
scribe called Ahmes in about 2000 BC. It contains many problems that do not concern specific 
concrete objects or known numbers; instead they require the solution of linear equations of the 
form x + ax  + bx = c, where a ,  b and c are known and x is unknown (although the letters u,sed 
here were not used and the unknown was referred to as 'aha' meaning heap). Many of these 
'aha' calculations seem to have been practice exercises for young students. . . ' 

AHA CALCULATION Find the heap if a heap and a seventh of a heap is 19. 

Comments' Ahmes used the method now known as 'false position'. He chose a value for the heap such as 
7. Then he found the value of a heap and a seventh (using heap = 7), giving him 8. Next, 8 needs to be 
adjusted by a factor of (2 + 114 + 118) to give the desired 19. Ahmes therefore concluded that the solution was 
7(2 + 114 +1/8), which is 16 + 112 + 118. 



Egyptian algebra was much concerned with linear equations, but the Babylonians evidently 
found these too elementary for much attention. They reached an extraordinary level of 
abstraction with equations such as  ax4 + bx2 = c, or ax8 + bx4 = c, which may be recognised as 
nothing more than quadratic equations in x2 or x4. Even before the Greeks had a written 
language, the ancient Babylonians were forming and solving quadratic equations on clay 
tablets. 

P QUADRATIC One tablet, written about 1600 BC, contains the problem of finding the 
dimensions of a rectangle whose length exceeds its width by 7 and whose area is 60. What is 
the appropriate equation to be solved and what is the required solution? 

Comments The Babylonian solution is completely without algebraic notation as they could not use 
letters since the alphabet had not yet been invented. Instead they used words such as length, area, volume as 
the placeholder for the unknown. They appear to have used these placeholders in a very abstract sense in 
that they had no qualms about adding a length to an area, which, if taken literally, had no practical basis in 
mensuration. 

P BABYLONIAN SOLUTION In the figure on the facing page, the Babylonian solution with its 
English and base ten translation is given. Work through the translation and see if you can 
discover any similarities in approach between the Babylonion method and the modern 
techniques used today to solve such an equation. 

Comments You may notice similarities with completing the square. 

In Baghdad, in the 9th century AD, a book entitled Al-jabr, from which the European word 
'algebra' is derived, was written by AI-Khwarizmi (whose own name gives the word 
'algorithm'). The book was translated into Latin in the 12th century, and is seen to mark the 
beginning of the study of algebra in Western Europe (its title literally means 'the collecting 
and cancelling of terms in an equation'). I t  was written as a book of practical mathematics to 
provide men with useful arithmetic - constantly required in cases of inheritance, lawsuits, 
trade of lands, etc. - and provides a sound elementary exposition of linear and quadratic 
equations, solving the latter by literally completing the square. Again, no symbols were used 
for the unknown; instead the word 'shay' meaning 'thing' was used. 

- ~~ .~ 

It  was later in the 13th century that letters appeared for unknowns. At this time, Jordanus 
Nemorarius wrote a book entitled Arithmetica. This was not a book on computation but a 
quasi-philosophical work, significant especially for the use of letters instead of numerals for 
numbers, thus making possible the stating of general algebraic theorems. 

DETERMINED One such theorem is as follows: 

If a given number is divided into two parts, such that the product of one part by the other 
is given, then each of the two parts is necessarily determined. 

Express this theorem using symbols. 

Comments This theorem was explained by Jordanus rather awkwardly as 'Let the given number be abc, 
let it be divided into two parts ab and c, and let d be the given product of the parts ab and c. Let the square of 
abc be e, let four times d be f,  and let g be the result of taking f from e. Then g is the square of the difference 
between ab and c. Let h be the square root ofg. Then h is the difference between ab and c. Since h is known, c , 

and ab  are determined.'. 
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1 
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1-2 
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4 

5 

Front Side 

The length exceeded the width by 7. 

What are the length and width? 

As for you-halve 7, by which the 
length exceeded the width, and the 
result is 3.5. 

Multiply together 3.5 with 3.5. and the 
result is 12.25. 

To 12.25 which resulted for you, 

add 60, the product, and the result is 
72.25. 

What is the square root of 72.25? 8.5. 

Lay down 8.5 and 8.5 its equal. 

Reverse Side 

Subtract 3.5, the takiltum,* from the 
one ; 

add it to the other. 

One is 12, and the other is 5. 

12 is the length, 5 the width. 

'This term has several meanings. In thls context it means 
"a term that 1s to be added and subtracted from the aquare 
root "In other tablets it is a value to be subtracted only. 

Source: McMillan, R. D. (1984) 

Jordanus' use of letters is somewhat confusing as he sometimes used two letters instead of one 
to represent an unknown. Mathematicians were not able to profit by this generality as  he used 
no signs of operation, nor of equality, and he marked addition by juxtaposition (henceabc 
meant ab + c).  He represented the results of an operation upon two letters by a new letter. Such 
confusing conventions, and the resulting tortuous nature of the argument, prompted Cajori in 
his book A History of Mathematical Notations (1929) to remark 

. . . the letters became as much an impediment to rapid progress on a train of . 

reasoning as the legs of a centipede are in a marathon race. 

In the Middle Ages in Europe, and in particular in Italy, there were many new algebraic 
ideas, Some of which were inspired by contests which were held amongst aspiring 
mathematicians.. . These contests were very important a s  they strongly influenced the 
appointment of university staff. In 1519 it is believed that Scipione del Ferro, a professor of 
mathematics a t  one of the oldest of the medieval universities, developed a solution for the cubic 
equation x3 + ax = b, but that he did not publish it and disclosed it to a student only just before his 
death. 



F FOR THE BOLD Try to solve the cubic equation 

Comments You may have used something like the bisection method here. However, other more involved 
and intricate methods have been used in the past. 

Scipione's student, himself a mediocre mathematician, let it be known that a method of 
solution existed. This apparently inspired Niccolo Tartaglia to find a method of solution of 
his own, and he went on to win one of the contests by posing problems on the cubic which no one 
else could solve. Tartaglia wished to make his reputation by publishing the solution as  the 
crowning part of his treatise on algebra, but he first divulged the secret to Geronimo Cardano 
who then broke his solemn oath and published it before Tartaglia could. The solution method 
used the substitution X = u - v  to give the equation u3 - v3 - 3 u v b  - v) +6(u - v )  = 6 .  It  then used 
the idea of identical expressions and comparison of terms to yield the pair of simultaneous 
equations u3 - v3 = 6 %nd uv = 2, which can be solved for u and v.  

The advance of algebraic techniques seems incredible in the face of the available notation and 
symbolism. It is interesting to note that it was not until 1557 that an Englishman, Robert 
Recorde, wrote a work on algebra called The Whetstone of Witte, in which he was the first to 
introduce the well-known symbol for equality. However, i t  was over a century before this sign 
from a distant land triumphed over rival notations and over rival uses of the symbol '='. At 
one time, '=' had five different meanings in the different continents, being used for the 
decimal point, the difference, plus or minus, parallel lines or just as a number separator. 

A few years later in 1560, Fran~ois Viete, a student of law in France, sewed Henri IV in the 
war against Spain by decoding intercepted letters which were written in code. He went on to 
follow up an interest in astronomy and plane and spherical trigonometry, and published a 
book in which he introduced the use of letters not only for unknowns but also to represent 
known quantities. 

LOOKING BACK 

This section looked a t  several aspects of equations in an attempt to develop a sense of what is 
meant by an equation. In so doing, it considered various ways in which pupils may be helped 
to construct their own sense of equations. 

F LOOKING BACK Has your sense of equations been modified while working through this 
section? If so, how? 

In what ways has this section helped you to prepare yourself to teach equations? 

What general principles have arisen while working through this section that  relate to 
preparing yourself to teach any topic? 

D 
Comments In addressing these issues and comparing your responses with others, it is hoped that you 
are able to assess the value of working through this section and that you can construct your own sense of 
what you have gained from it. You may have arrived at some structure or framework for thinking about 
and teaching equations as a result of working through this section. What follows in the interlude is our 
framework, and its purpose is to indicate the usefulness of such a structure in informing thinking about 
equations. A framework like this can be very helpful: what is important is that you use a framework in 
which you have faith and which relates to your experiences. For this reason you may wish to change or 
modify some or all of what follows. 



2 INTERLUDE: A FRAMEWORK FOR 
P.REPARlNG TO TEACH 

The whole process of preparing to teach equations is based on a progression from 

developing your own expertise on the topic, building up a sort of internal resource which 
you can call upon whenever you have to teach equations (preparing yourself) 

using external resources (textbooks, schemes, etc.) as a prompt or inspiration for 
devising activities on equations in your classroom (preparing your lessons). 

We suggest that a framework with which to inform your thinking about equations will be 
helpful in preparing yourself, preparing your lessons and in progressing from one to the 
other. We call this framework the PREPARING TO TEACH framework. It consists of the six 
headings mentioned in the Introduction, but these headings are simply labels for a web of 
interconnecting and interacting aspects of any topic. 

LANGUAGE 
PAl-rERNS 

IMAGERY or 
SENSE OF 

The framework is only of use when the headings have significance and meaning connected 
with your experience. The interlude offers some general remarks about each heading, 
indicating its role both in thinking about equations, and in turning thinking into action in the 
classroom. 

LANGUAGE PAlTERNS 

The language used to talk about equations (the words and phrases used in everyday speech as 
well as the technical vocabulary found in textbooks) has an effect on people's understanding 
and general sense of the topic. These words and phrases may be called the language patterns 
(associated with equations) and they. can be particularly useful in helping to appreciate 
various ways of seeing equations. 

To be able to share ways of talking about equations and to  look closely a t  what we believe 
equations t o  be about is a valuable starting point. This facilitates building on what is already 
known about equations and encourages the deliberate and consistent use of particular 
language patterns in the classroom in order to help pupils to express their understanding of 
concepts in such a way as to be understood by others. 



IMAGERY 

Under imagery we include all aspects of thinking or inner mental activity which go to make 
up a sense of a topic. There may be vivid pictures or just an awareness, there may be physical 
awareness derived from muscular responses when using equipment (including the body), 
there may be strong aural associations, and so on. 'Equations' is typical of many 
mathematical topics in that the many and varied mental images associated with it tend to 
become more specific and narrow when represented on paper, and the imagery heading is a 
reminder that behind words and diagrams there is meant to be a range of associations. 

The act of trying to conjure up an image of something is closely linked to struggling to 
understand the concept behind i t  and to make i t  meaningful. Some pupils have great 
difficulty with some ideas whereas others catch on very quickly. Problems are not 
necessarily caused by a lack of ability but result from the fact that an idea does not relate to 
any part of a pupil's experience. A simple activity like asking pupils to invent some equations 
can help to create a valuable shared experience for the group so that all subsequent activities 
involving equations are based on something in which everyone has  had personal 
involvement. 

STANDARD MISCONCEPTIONS 

You may already know from observing the children in your school that there are some basic 
errors and standard misconceptions that  some children reveal in certain areas of 
mathematics. These errors and misconceptions are independent,of the teachers who have 
taught them and they are often to be found a t  all levels, from first year to sixth form! It  is also 
evident from research that these misconceptions are much more widespread than just in your 
school. In classrooms up and down the country and, indeed, all over the world, similar errors 
and misconceptions occur. 

So i t  seems sensible to assume that the standard misconceptions associated with a particular 
topic point to an underlying difficulty inherent in it. Therefore to study these standard 
misconceptions can provide invaluable help each time you are preparing to teach a new topic. 

ROOT QUESTIONS 

If you have spent any time in a mathematics c1ass;oorn you will be all too familiar with the 
, question 'Why are we doing this?'. A common response might be 'because it's on the 

syllabus'. While this may be true to some extent, it certainly cannot be the whole story and 
.neither is it likely to satisfy the reasons behind the question which could be anything from real 
curiosity to disenchantment. Furthermore, i t  is unlikely to motivate many pupils! Most 
mathematical topics become identified as such because they represent a technique or approach 
that has been developed for dealing with a range of questions or problems which our 
civilisation has faced. At the root of mathematics is the asking of questions and new 
mathematical ideas arise out of the struggle to answer new questions or old questions in a new 
way. So to study these root questions which originally inspiied the desire to develop and refine 
the concept of an  equation into what has now become a 'mathematical topic' is an important 
step towards developing a broad, well-balanced view of the topic and, indeed, of mathematics 
in general. 

CONTEXTS 

When teaching a topic you presumably want your pupils to be able to recognise both the sorts of 
situations where that topic arises and the types of questions which can be dealt with by it. 
Furthermore, you want them to apply the techniques appropriately. If they have no idea of the 
sorts of questions the topic is intended to answer, they are unlikely to be able to meet either 
objective. If the model of mathematics presented to pupils is that of a series of sets of questions 
unrelated to anything outside the mathematics classroom, i t  should be no surprise if they are 



reluctant to become involved in problem solving and investigating. Pupils may get the 
feeling that mathematics actually takes place outside them and that it  represents some 
mysterious language into which they need to be initiated. Everyday contexts in which the idea 
of an equation arises are many and varied and provide not only opportunities for practising 
important techniques but also a rich source of investigative work. 

STANDARD TECHNIQUES AND METHODS 

When looking a t  certain topics in mathematics, the same sorts of techniques are being 
encountered over and over again. For example, when considering various contexts in which 
equations arise, techniques such as: performing the opposite of an operation (undoing), 
factorising and other algebraic manipulation, etc. may be needed time and time again. The 
awareness of these techniques and methods and making them part of one's own mathematical 
behaviour is a valuable step in the process of getting to grips with the topic. 

USING THE FRAMEWORK 

By considering all of these aspects of equations, it is possible to build up a .picture of the 
essential elements of the topic. This not only encourages you t o  come to a full sense of 
equations yourself, but also helps you to appreciate the levels of awareness that your pupils 
need to encounter if they are to construct their sense of equations successfully. 

The PREPARING TO TEACH framework is intended to inform your thinking about equations 
and not merely to generate a mechanical sequence of questions. Any framework ,can be used 
mechanically but, if used in this way, the results will be mechanical. Each heading 
contributes an aspect and the aspects overlap; they are not intended to imply mutually distinct 
features of the topic. Used creatively, each of thqse aspects can be a useful reminder to look at 
the topic from several directions. 

The framework provides a useful structure for analysing what was, or could be, gained from 
any activity on equations: from those to be found in your textbook or scheme to those you might 
devise yourself. For example, you may find it  instructive to ask the following questions of 
any activity: 

Does the activity provide enough time for pupils to become fluent in discussing 
aspects of equations, that is, to develop their language patterns? 

. , 

Do pupils have the opportunity to evoke an image of an aspect (or aspects) of an, 
equation, such as the equals sign or the unknown? 

Is there the possibility of the teacher providing searching questions or probes in order 
to highlight and correct standard misconceptions? 

Are there any opportunities for practising standard methods and techniques? 

Can the activity be linked to historical or other root questions in order to provide 
added stimulation and motivation? 

Are there opportunities for pupils to abstract the underlying features or essence of the 
activity so that they can pose their own similar questions in other contexts? 

In the next section you are invited to engage in activities intended to stimulate you to devise 
your own activities for use in the classroom. Questions such as those above should help with 
this process. 



3 PREPARING YOUR LESSONS 

In Section 1 we explored the language patterns and imagery associated with equations together 
with the misconceptions that may arise from these. We also considered the setting up, 
manipulating and solving of equations. In so doing, we were able to discuss some contexts 
from which equations arise, together with the various standard techniques associated with 
equations. Finally, i t  could be argued that by looking a t  a few 'snapshots' of the historical 
development of algebra, we were able to expose some of the root questions lying behind this 
topic. 

Section 2 then suggested that all these strands of a topic form a framework which can inform 
your thinking about the important elements of the topic of equations. 

This section is concerned with how all of this relates to the preparation of activities for your 
classroom. We offer two ways of approaching this task: 

using your textbook or scheme both as a provider of activities and as a stimulus for 
creating your own activities; 

exploring various contexts in which equations arise as a rich source of activities for 
your classroom. 

USING YOUR TEXTBOOK OR SCHEME 

Most schools have a set textbook or scheme and this, for most people, provides the first point of 
reference when beginning to prepare activities on equations. However, no matter how 
detailed, comprehensive or well-written i t  may be, a textbook or scheme can only ever be a 
resource which helps teachers to use their skills more effectively in order to devise interesting 
and rich learning activities. 

The skill of using such printed material creatively is one well worth cultivating. This sub- 
section, therefore, considers 

what a textbook or scheme can provide; 

shortcomings in a textbook or scheme; 

what might be done to augment a textbook or scheme. 

Equations can be viewed in many ways and they can be applied in lots of different situations. 
Your textbook, however, may not reflect this wideness and diversity. So, when you look up 
equations in your textbook or scheme, what sorts of things will you find? 

TEXTBOOK What do you expect to find when you pick up a textbook and look up the chapter or 
section headed equations? Now pick up a textbook of your choice and make a note of what you 
find (it may be useful to look up references to algebra as well). What words and phrases are 
used in connection with equations? What images connected with equations might be gleaned 
by pupils from reading the chapter or section? 

In general, what aspects of the PREPARING TO TEACH framework emerge as  you read selected 
sections on equations? 

Comments Depending on the textbook, you may see a number of different things in the material on 
equations. It is almost certain that you will find a list of equations to solve. You may find ideas for discussion 
as well as opportunities to model situations for yourself and to make up equations of your own. The 



textbook may also offer a way of talking about equations or a way of thinking about the unknown or a way 
of picturing the role of the equals sign. And you may have noted other things. 

As to words and phrases, here are some that we found: solution; variables; the missing number; solution set; 
remove the number from the other side; number sentences; find the value of the letter; unknown. 

In the context of the PREPARING TO TEACH framework, most textbooks and schemes offer the 
following: 

some of the language patterns associated with equations; 

some of the imagery associated with equations; 

some everyday contexts in which the formation and solution of equations may arise; 

standard methods and techniques that  might be used to solve equations. 

As mentioned in Section 2, the PREPARING TO TEACH framework provides a way of 
questioning your textbook or scheme so that  it becomes a resource which can be used creatively, 
rather than a rigid set of exercises which dictate what you do in the classroom. In order to get a 
feel for the range of things that  a textbook can provide, the next activity invites you to look in 
detail a t  excerpts from three textbooks. 

LOOKING IN DETAIL Compare and contrast the following three extracts from textbooks. 

A One-stage equations 
Reminders 7k is shorthand for 7 X k 

is shorthand for k + 7 7  

One important use of algebra is to 'solve equations' 

An equation will always have an equals sign and at least one letter, like the 
ones in the questions that follow. 

An equation is solved by finding the value of the letter. 

For Discussion 

In Figure 27:l. seven KAT-KITS cost 84p. If 
one KAT-KIT costs k pence we could write the 
equation 7k= 84. But 7 X 12 = 84, so the 
sdlution of this equation is k= 12. Fig. 27: 1 

In each of questions 1 to 11, find the values of the letters. 

2 (a) n t 8 = 1 0  (b) n + 3 = 1 5  (c) n + 7 = 1 1  (d)  13- f=10  

3 (a) 7 - a = O  (b) 1 6 - a = 9  (c) 1 4 + a = 2 1  (d) a - 6 = 0  

*5 (a)3 ,y=6 ( b ) 4 r = 8  ( c ) 2 w = 1 0  ( d ) 3 n = 1 2  ( e ) 4 x = 1 6  

Source: Cox, C. D. and Bell, D. (1985) 



C 1 Here are some problems and some number sentences. 
Two number sentences fit each problem 
a) Wrlte down the two number sentences for each problem 

Problem A 
A lorry and ~ts  load are bemg welghed 

Number sentences 
p - 7 = 2 0  
p  + 20 = 7  
2 0 - p = 7  
7  + p  = 20 

Problem B 
A tramjourney from London to Aberdeen takes 12 hours 
From London to York takes 5  hours Number sentences 

How long does the sectlon from York to Aberdeen take? 
1 2 + 5 = p  
4 7  C - . .  

Problem C 
Lenny has 48 rats. 
He keeps thesame number In each cag 
He has 8  cages 
How many rats are there to a cage? 

Number sentences 
4 8 - p = 8  
p - 8 = 4 8  
8 x p = 4 8  
4 8 - 8 = D  

Problem D Number sentences 
The pertneter of th~s square fish pond IS 24 m 2 4 - 4 = p  
HOW low 1s each s1de7 A r n = 3 A  

b) Wrlte down the number whlch p replaces In each problem 

Source: NMP (1987) 

Source: Mathematics in Action Group (1986) 
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Look at the words and phrases that  are used and consider the sense of equations and of algebra 
that  each extract conveys. Ask yourself the following questions. 

What are the pupils doing when working through these exercises? 

Are there opportunities for discussion in order to develop language patterns? 

What standard methods and techniques might be practised while working through 
these exercises? 

How does the image of each equation, a s  portrayed in the extracts, affect the way 
pupils manipulate and solve equations? 

What other aspects of the PREPARING TO TEACH framework emerge? 

Comments As discussed in Section 1, there are many different ways of 'seeing' equations and their 
solutions, and textbooks inevitably present a limited set. Thus, teachers need to be aware of how their 
textbooks or schemes develop the idea of an equation and how this may need to be augmented. 

For example, the 'weighing machine' picture in the Mathematics in Action extract presents a very powerful 
image of an equation as that of a balanced set of scales. However, such a practical representation of the 
equals sign (as the fulcrum) and of the unknown (as a concealed number of 1 kg weights) can lead to errors 
and misconceptions later on as you have seen in Section 1 (see OVER-BALANCING on p. 19). Some other 
problems with this image are demonstrated by the following comments: 

32 + 4 = 5: 'You can't add 4 onto 3 times a whole number and make it balance with 5'. 
1 1 

22x + 3 = 18: 'How can you have 2zbags of weights?' 
5-x=3: 'How can I draw a picture of weights that represents 5 -X? '  

What is needed is  a variety of images and language patterns associated with equations, and a 
variety of contexts in which the idea of algebra and equations arise, so that  pupils do not 
become trapped in a particular way of seeing equations which may restrict their overall 
understanding of the topic and lead to misconceptions. 

If pupils are aware of the many different ways in which equations may be presented in 
textbooks and are given the opportunity to discuss the variety of images that can be associated 
with the idea of an equation, i t  i s  more likely that  they will be willing to experiment with a 
variety of techniques when meeting equations themselves. 

One way of using your textbook or scheme to develop such awareness is to invite pupils to look 
a t  several sections involving equations and to make links between them. Pupils often regard 
textbook exercises as  a group of separate tasks, each to be completed in isolation. I t  can be very 
comforting to perform a series of tasks automatically without thinking bu t  this rarely 
contributes to effective - -  learning. Encouraging pupils to reflect on questions and to make 
links between them is  a powerful way of evoking the underlying structure of a topic and, a s  
such, is an important part  of the teacher's role. Questions such as  the following could be asked 
here: 

What type of question is this? Can you find any other questions of this type? 

What do you mean by 'this type of question'? 

Which is the easiest, which is the hardest, and why? 

What is the same and what is different about the tasks that  you have just completed? 

What has  this lesson been about? 

MAKING LINKS Look a t  the extracts overleaf. What is the same and what is different in each 
of them? 



What does the letter stand for? 

b) One of these number sentences d d  what Ben &d 
- 

m c h  one? ~ ~~. 

Sentence l. 7 - L 3  = 0 
Sentence2. k - 7 + 3 = 0  
~entence 3 kL=7 = 0 me correz number 

c) For each sentence m b), m t e  down the 

2 In Uus sentence 

one of these numbers rs replaced by m 

3 Fmd the number whch the lener replaces m each of these senrences 
Guess and check unW you find the conect number 

4 Ben W of two numbers 

Three explorations 
F Exploration 

I 

I FVEN X EVEN, + ODD gves  ODD 

Wnte down all the other msslhle mmbmt~ans  of EVEN and ODD usmg 

0 x 0 + 0  and U x p + q  

For each one, wnte down llthe result a EVEN or ODD I - 
a T b k a b o u t 2 ~ 9 + 6  

If we multlply f m  we gel 24 

Uweaddfmweget30  

But for some numbers 

p.q+o O x -  

w e  the same result 
Inveshgate for whch numbers ttus happens 
'TO to wnte down a general rule 

Exploration 

3 2 X 7 + 5 = 1 4 + 5 = 1 9 0 0  
U 

2 + 7 x  S = $  x 5::; 
U 

But for some numbers 

O x O + 0  and O + p x O  
gve  the same result 
hvestlgate for whch numbers Vus happens 
'TO l0 wnte down a general rule 1 

Source: NMP (1987) 

How could you make the 'What does the letter stand for?' extract into a number exploration 
like 'Exploration'? 

How could you make the 'Exploration' extract into one which uses letters for numbers like 
'What does the letter stand for?'? 

Comments Textbooks and schemes tend to reinforce the notion of separateness in the very way in which 
they are presented in chapters, booklets, cards, etc.; the act of making links may help pupils to break down 
any artificial boundaries. 

This method of making links is also valuable when looking a t  a number of different 
exercises within a chapter or section. 

F USINGYOUR OWN TEXTBOOK 1 Find a section in your own textbook or scheme which deals 
with equations, and try to distinguish between the different ways in which equations are 
presented. In what ways might these affect the ways in which pupils see equations and the 
methods that they use for solving them? What are the merits and deficiencies of the different 
representations and images of equations used in your textbook? 



The above discussion suggests tha t  using the PREPARING TO TEACH framework both to 
question what is offered by a textbook and to compare and contrast different sections can lead 
to many useful classroom activities. Another way of using your textbook is to take an  activity 
and augment it in some way. To this end, i t  is often profitable to ask the following questions of 
any textbook activity: 

What are the pupils supposed to do? 

Do I want more from the activity? 

If so, how could I augment it? 

For example, consider these questions in the context of the next extract: 
' The problem: I I 

I 
What are the lengths of these straws? 

3xcm and x + 4  cm are  the same length 
Make an equation The number 3x equals the number x + 4  1 3 x =  x + 4  

3x-X = X-x+4 (Subtract xfrom each side ) 

the solution When x = 2 ,  3x = 3 X 2 = 6. so 3xcm is 6cm { T h e s t n w s  a r e  6 cm long 

Exercise l Two short straws 

Make an equation for each of the following pairs of equal  straws 
Solve it, and  then hnd the lengths of the straws 

Source: Mathematics in Action Group (1987) 

You might obtain something like the following: 

What are the pupils supposed to do? 
Replace the letters with numbers and try to arrive at the same answer for two 
expressions in  the same pair. 

Do I want more from the activity? 
An appreciation o f  why some pairs of expressions cannot give equal results and 
also some sense of  the link with equations. 

How could I augment it? 
Try forming equations by equating the two expressions within each pair. What 
sort of  equations correspond to the situation where there aye: (i) no possibilities 
(of the expressions being equal), (ii) one possibility, (iii) two possibilities, ( i d  
more than two possibilities? What sort of equations might give rise to three 
possibilities, or four, or five, o r .  . .? 



F AUGMENTING Look back a t  the last activity in the What does the letter stand for?' excerpt in 
MAKING LINKS (see p. 40). Ask yourself the three questions suggested above. 

What ideas and activities arise from these questions? In what ways do these differ from those 
simply given in the excerpt? What are the benefits of this kind of activity for you? 

USING YOUR OWN TEXTBOOK 2 Take an activity from your own textbook or scheme which 
[NI involves the idea of equations, and ask yourself the questions listed above. Discuss with 

colleagues any modifications that you make to the activity as  a result of such questioning. 

P 

F REFLECTING In this subsection we viewed the textbook as a resource which, when used 
[NI creatively, can provide rich and varied activities in the classroom. Take a section of your 

textbook or scheme concerned with equations and reflect on how i t  could provide the stimulus 
for the creation of your own activities. 

How does the PREPARING TO TEACH framework help in this process of using your textbook or 
scheme to prepare or augment activities on equations? 

P 

EXPLORING CONTEXTS AND POSING PROBLEMS 

I t  is possible for pupils to gain a sense of equations which is based entirely on a set of exercises 
and techniques set out in textbooks. To broaden this view, it can be extremely useful to develop 
the idea that equations derive from situations. This subsection is therefore intended to provide 
examples of contexts from which the idea of equations might emerge and, through activities, to 
offer you the opportunity to prepare some classroom activities arising out of these contexts. 

We begin by looking a t  the use of arithmetic and number problems as  a context from which 
many questions concerning equations may arise. Pupils often think that mathematics is all 
about 'getting the right answer'. Such preoccupation with the 'right answer' often begins early 
on in their experience of school mathematics - when using arithmetic. This may be because: 

the purpose of the exercise is to obtain an answer 
and  

there is usually only one answer to obtain. 

Consider, however, the shift required when moving from arithmetic to algebra. Algebra 
involves performing operations on an, as  yet, unknown quantity in the hope that by 
manipulating the unknown i t  will become a known quantity. Here the operations are the 
focus of attention, whereas in arithmetic i t  is tempting to regard the answer as the only 
important thing. 

For example: 'double 5 and add 3' gives an answer of 13, but the number 13 completely obscures 
the process that has been used to arrive a t  it. So, if we then need to perform another operation on 
this answer (say, multiplication by 3), we can start from scratch with 13 (to get 3 X 13 = 39) with 
no need to consider how the operations combine. However, 'double a and add b' results in the 
expression 2a + b ;  here the process of doubling and adding is evident in the answer. 
Furthermore, if we are asked to multiply this number by 3 (giving 3(2a + b) or 6a + 3b), we are 
forced to reflect on how the operations combine together. 

Arithmetic can therefore be considered as a major context from which algebraic exploration 
can be derived. The move from arithmetic to algebra is very important in that it requires 
reflection upon the processes used in arithmetic and the structure of number sentences, rather 



than on the numbers themselves. The following activities suggest some ways of using 
arithmetic contexts to explore various features of equations. (See also the pack PM641 ROUTES 
TO ALGEBRA, produced by the Centre for Mathematics Education a t  the Open University, as 
this includes a section on 'creative arithmetic', which may also provide a useful source of 
activities.) 

F NUMBER SENTENCES Write a number sentence with an equals sign in it. Now write another 
number sentence that has an operation on each side. Now write another one so that there is a 
different operation on each side. Can you now write a number sentence that has more than one 
operation on each side? 

Collect together and discuss the number sentences that have been devised in this way. 

What image or sense of an equation arises from this activity? How does this image develop as 
more complex number sentences are devised? What is the benefit of doing this activity with 
your pupils? 

b 
Comments Responses to the first instruction may well be something like '2 + 3  = 5', which maintains the 
image of the equals sign as a signal to 'do something'. Pupils may not see such an example as an equation. 

A typical progression of responses might then be: 

Such activities can help to develop the image of the equals sign from the 'do something' signal to one of 
balance. 

The image of the unknown can also be introduced and developed by working first in the 
meaningful domain of arithmetic. 

FIVE WORDS Imagine a sentence made up of five words, for example: 'Ashley threw the ball 
away' or 'Jack and Jill fell down'. The five words in each case can be classified as nouns, 
verbs, conjunctions or prepositions, etc. 

Now imagine a mathematical number sentence made up of five words. What could i t  look 
like? Write down such a sentence. 

Some of the 'words' in such a sentence are numbers, what can the other 'words' be? 

Investigate ways of combining the elements of two or more of these number sentences to form 
more complicated sentences. Can you use up all the numbers occurring in, say, two or three 
number sentences when making up these more complicated sentences? 

b 
Com men ts Sentences like '2 + 6  = 8' and '9 X 3  = 27' contain number operations and an equals sign. These 
particular sentences could be combined to form: 

( 9 ~ 3 ) + ( 2 + 6 ) = 2 7 + 8  
or 

8 x 2 7 = ( 2 + 6 ) ~ ( 9 ~ 3 )  

and there are many other possibilities. 



P COVER UP Cover up one of the numbers in any of the equations that have arisen from the last 
two activities (if this number occurs more than once then every occurrence should be covered 
up). Now invite someone else to guess what the number is. 

Try this with colleagues and with pupils. What range of equations could i t  produce? What 
questions and further activities might arise from a discussion of these equations? 

P 
Com ments Using a cloud to represent the covered up number could lead to equations like the following: 

2 +  Q =7; 
Q +5=5+  Q ;  

2+5=10- 0 ; ~  
Q +(6 - l )= ( -  x3)+1; 
Q +(4+1)=(Q X Q)+3. 

They provide an accessible and rich environment in which to discuss whether equations can have many 
(even infinitely many) solutions. Linear, quadratic and other types of equations can be explored through 
discussion of examples such as these. 

Through such activities, pupils can see equations as  things created by them rather than as 
things created by someone else in textbooks and, as mentioned earlier in this pack, the skills 
and techniques of manipulating and solving become far more meaningful when used on 
one's own material as opposed to someone else's. 

P REFLECTING How might working with number sentences in this way provide a means of 
introducing the skills and techniques required to solve equations? 

P 
It  is also important for pupils to see equations as mathematical statements which arise out of 
actual situations in the real world. The following activity invites you to find equations in 
some everyday situations. 

P TEASING OUT THE EQUATION For each of the following situations, first identify the unknown 
and then construct an equation which could be used to solve the problem. In each case, 
incorporate ideas on realistic limits within which you would expect the answer to lie. 

A recent electricity bill for £99.60 was made up of a standing charge of £6.95 plus a 
charge of 5.45 pence per unit used. How many units were used? 

I have enough concrete mixture to cover exactly 10 m2. I wish to put a path around a 
circular flower bed, and I want the path to be exactly 1 m wide. What should be the 
radius of the flower bed? 

The children in the local youth club ran a disco selling the tickets a t  £1.40 for adults 
and £0.80 for those under 16. When the disco was over, they had taken £315 in ticket 
money and they knew that 300 tickets had been sold. How could you work out how 
many tickets were sold to adults? Can you convince someone else that yours is the 
correct and only solution? 

.C 

How could such an a&ivity help when working with pupils? 

COMMENTS This type of activity can help pupils to see that equations provide a way of working with 
practical situations which help clarify both thought processes and processes of logic. Approaching the 
unknown as a representation of something rather than as a thing in itself can also help to demystify the 
concept of 'X'. 



Much of the work on the formation of equations in textbooks and schemes is of an artificial 
nature, with posed problems that bear little resemblance to daily realistic situations. 
Consequently, pupils may become bemused or confused when they encounter the creation of 
equations. So, how can you make more sense of using equations in problem posing? One 
possible approach involves two strategies: firstly, translating a simple story into symbols (for 
example, '3 packets of sugar cost £1.53' leads eventually to the equation 3s = 1.53); secondly, 
reversing the situation by asking for a story to go with an equation (for example, asking for a 
story to go with '3s = 1.53'). 

) STORY Write a story to go with each of the following equations: 

5x = 200; z - 10 = 22; 5O/p = 5. 

Can you write a story to go with the equation (a - 3)(a + 1) = 4? 

Compare and swap stories with colleagues. 

b 
Comments Do you think that this activity could provide more confidence in tackling the more 
challenging problems posed in TEASING OUT THE EQUATION above? 

As mentioned earlier, when pupils solve equations that are directly related to a particular 
situation with which they are familiar, you may find that they are more willing to develop 
their own strategies and techniques rather than use certain techniques inflexibly. 

F IN THE CLASSROOM Devise some situations of your own or choose some from TEASING OUT 
THE EQUATION and invite pupils to construct and then solve the appropriate equations. 

What techniques are used by your pupils when solving their equations? How do these relate to 
some of the standard methods and techniques of which you would like them to be aware? 

How could this activity influence the way in which you teach equations? 

Comments Pupils may well use inappropriate techniques for certain types of equations because of a 
narrow image or 'sense of an equation. Looking at contexts can provide opportunities for encouraging the 
development of language patterns, imagery and standard techniques and also for highlighting and 
discussing any standard misconceptions. 

EXPLORING The questions listed on p. 35 suggest a way of using the PREPARING TO TEACH 
framework in order to construct useful classroom activities on equations. For each of the 
following situations (andlor others of your own devising), explore the possible classroom 
activities that could arise by asking these questions. 

When a train travels 10 k m h  faster, it completes a journey of 80 km in 40 minutes 
less time. Find the greater speed. 

I have a number of children's building bricks which I arrange into a square. I then 
add another row of bricks along the side of the square to obtain a rectangle. This 
rectangle contains 56 bricks. How many bricks did I add along the side of the 
square? 

A ball is thrown straight up in the air with an initial speed of 5 m/s. The 
approximate formula h = ut - 5t2 connects the height of the object (h), the initial 
velocity of the object (U) and the time that the object is in the air (t) when an object is 
projected upwards. When will i t  be at a height of 24 cm (0.24 m)? 

P 



Comments Reflect on how pupils might solve these problems. What techniques might they use? What 
imagery might they have of each situation which might help them to appreciate and then find a solution to 
the problem? For example, the visual image of the ball travelling through the air and the graphical image of 
how height varies with time may well help pupils to appreciate the idea that a quadratic equation has two 
solutions. 

MORE CONTEXTS Brainstorm with colleagues and try to come up with some more general 
circumstances or contexts which may give rise to equations. 

Finally, we consider a context which can be used to explore and develop one particular aspect 
of equations, that of a variable. This context may not obviously be related to equations but it 
does provide a vehicle for exploring many related ideas. The idea of a variable is a complex 
one, but in the context of computing pupils may be more ready to accept it. For instance, when 
editing and running very simple computer programs, pupils are often receptive to the idea of a 
variable and so build it into their own vocabulary. This then enables them to use the idea in 
other contexts too. 

The type of programming language used does not really matter; the choice of BASIC and 
LOGO for use in the activities that follow is based purely on their popularity and availability 
in schools. You may therefore find that you need to modify some of the programs that follow 
depending on what make of computer is available in your school. (Note: if you have not had 
any experience with BASIC or LOGO before, you may wish to work a s  a group with these 
programming languages before working through this discussion.) 

The following BASIC program invites the user to input a number. It  then prints a number 20 
more than this input. 

10 INPUT L 
20 PRINT L + 20 

The essence of a variable may not seem very prominent here. The letter L can be thought of as 
a box into which particular numbers are stored and then subsequently operated on. In fact, 
when looking a t  a computer program of this sort (that someone else has written) there is no 
need to accept the idea of a variable at  all. However, consider the act of constructing such a 
program for yourself. What thought processes are necessary to do this? In what way is the idea 
of a variable used? 

MODIFY I want a program which will tell me the arithmetic mean of any two numbers that I 
type in. Try to modify the program above to do this. At the same time, reflect upon how you use 
your sense of a variable in order to perform the task. 

How could this sort of activity be used with pupils as  an introduction to the idea of a variable? 

Comments The act of writing or modifying programs in this way seems to require a release from 
thinking about particular numbers to accepting a quantity (about which nothing is known) as something on 
which to work. 

The successful construction of a program requires the acceptance of one's own ignorance and 
the willingness to work with it. The act of working with a variable is not the job of a program 
(programs only use numbers which are stored in 'boxes' or 'cells' that have been labelled with 
a letter); it is the job of the programmer. 

The next two activities invite you to consider modifications of some more short programs, with 
the aim of using them to think about the role of the micro in exploring the use of variables. 



(You may find further ideas on how short programs of this nature can provide useful starting 
points in the publications listed in the bibliography a t  the end of this pack.) 

B SHAPES The following LOGO program defines a procedure to draw a square of side 20 units 
on the screen. 

TO SQUARE 
REPEAT 4 [FD 20 RT 901 
END 

Typing SQUARE will then result in the square being drawn on the screen. 

Explore the following modifications. 

TO SQUARE 'SIDE 
REPEAT 4 [FD :SIDE RT 901 
END 

(Try typing SQUARE 50) 

Now try to modify this program to produce 

TO SHAPE 'SIDE 'ANGLE 

(a procedure for drawing a shape with a fixed side and a fixed angle where the side and angle 
can be varied). 

What kinds of shapes might involve three variables? Can you write a procedure for producing 
one such shape? 

How could such activities be used in the classroom as an introduction to the idea of a variable? 

Are there other modifications which might help to develop the idea? 
B 

Comments It is not uncommon for pupils to employ the method of guess and check when using LOGO 
programs, for instance, when trying to discover the correct angle to turn through when drawing a regular 
pentagon. 

As for further modifications, you could ask pupils to modify the program so that it will draw rectangles 
three times longer than they are wide, or so that it will draw a number of squares evenly spaced across the 
screen. 

The ability to use and to write short programs which can draw shapes of any size requires the acceptance of 
one word (or letter) which stands for any number. Such programs can therefore be extremely valuable in 
helping pupils to develop their sense of a variable. They can begin with names like SIDE, ANGLE, THING, 
etc., and later progress to letters like X, Y, a, and so on. 

AREA Consider the following three BASIC programmes. 

10 PRINT "height = 15" 
20 PRINT "base = 8" 
30 PRINT "Area of triangle = 112 X base X height =" ;0.5 * 8 * 15 
40 END 

10FORN= 1TO 10 
20 INPUT "height =" ;HEIGHT 
30 PRINT "base = 8" 
40 AREA = 0.5 * 8 * HEIGHT 
50 PRINT "Area of triangle = 112 X base X height =" ;AREA 
60 NEXT N 



10 FOR N = 1 TO10 
20 INPUT "height =" ;HEIGHT 
30 INPUT "base =" ;BASE 
40 AREA = 0.5 * BASE * HEIGHT 
50 PRINT "Area of triangle = 112 X base X height =" ;AREA 
60 NEXT N 

Comment on the similarities and differences between these three programs. In what sense is 
one more powerful than the others? 

It is easy to appreciate how the computer can be used as an investigative tool. But there is 
another quality of the computer environment which can also provide the opportunity for rich 
discussion. For example, it is extremely enlightening to be able to ask oneself questions like: 
'How did I solve that equation?', 'What is my image of the unknown in this equation?'. Such 
questions constitute ways of reflecting on what has just been done. Reflection is not an easy 
task however, particularly for pupils. Posing questions in terms of the computer, such as 
'What did the computer do then? or 'How does the computer see the letter L?' can act as a first 
step in this process. Then, by re-writing and modifying programs and, eventually, by writing 
their own programs, it is possible for pupils to shift the focus of reflection from the processes of 
the computer to their own processes. 

D SAME RULE? The manipulation of algebraic expressions can also be explored in the context of 
short programs. For example, which of the following rules give the same end result: 

) REFLECTING What does the use of a programming language like BASIC or LOGO contribute 
to the image of a variable and how can i t  help in the teaching of equations? 

LOOKING BACK 

This section looked a t  ways of using your textbook or scheme creatively in order to produce 
some activities that provide opportunities for rich learning situations. It  also considered a 
variety of contexts in which the idea of equations occur and used them as a prompt to help you to 
devise activities for your classroom. 

REFLECTING Choose some activities from this section which you think will: 

generate the most discussion; 

provide pupils with the opportunity to develop an image or 'sense of equations; 

provide opportunities for you to ask useful questions and to discuss misconceptions; 

offer the chance to practise and develop techniques and methods. 

Use the PREPARING TO TEACH framework to infoim your thinking about your chosen 
activities and how you might use them in the classroom. Compare notes with your colleagues 
and justify your choice. 

b 



4 S O M E  RESOURCES, 

The activities included in this section are not intended to be used in any particular order, nor 
indeed to provide any sort of framework for the range of ideas involved in the topic of 
equations. They are intended to be used in two ways. You could try them for yourself and 
discuss with a colleague (or colleagues) in what ways the notion of an equation is involved; 
alternatively, you could try them with a group of pupils, concentrating on appropriate ways of 
working in order to promote a conjecturing atmosphere in the classroom. 

P TAKE A NUMBER Take a number. Double i t  and add three. Now add three to the original 
number and double the result. What is the difference? Try this with another starting number. 
What do you notice? 

Try starting with a negative number, or a fraction, or a decimal. 
P 

F WHAT'S THE DIFFERENCE? What is the difference between x2 and 2x? 

P 

THE SAME? When is doubling a number the same as adding on 2? When is trebling the 
same a s  adding on 3? Extend this to other similar examples. Write down a general 
statement. Have you any conjecture to make? Can you justify it? 

F 

D ONE SUM Imagine any two numbers that add up to one. Which is larger: the square of the 
larger one plus the smaller one; or the square of the smaller one plus the larger one? 

P 

BURYING THE BONE Consider the equation x + 2 = 3. Imagine x as the bone that has been 
buried. You have to dig i t  up to obtain the solution. In this example, the x is not buried very 
deep, and i t  is easy to guess the solution. Create some more equations where x is buried deeper 
and deeper. How deep can you bury the bone? 

P 

P CONSECUTIVE Write down three consecutive integers (these are whole numbers that go up in 
ones). Square the middle number. Multiply the other two together. What do you notice? Try 
other similar groups of integers. 

What happens if the numbers go up in twos, or threes, o r .  . .? What happens with four such 
numbers, or five, o r .  . .? 

P 

P' REVERSE Observe that 39 x 62 = 93 x 26. In other words, the product of the reversed numbers is 
the same as  the product of the two original numbers. Do any other pairs of two-digit numbers 
have this property? 

Source: Schoenfeld and Arcavi (1988) 

P 



P BALANCE 

VAVA @ @  0000 W- 
The upper and middle sets of scales 
both balance as indicated. How 

n 
many squares must replace the 
question mark on the right-hand side 
of the bottom set of scales in order to 
make that balance also? d I*. 01 loo ? I 

Source: Mind Games (1987) 

b 

P COMPLETING THE SQUARE 2 What is the link between the diamams shown below and the 
equation x2 + 12x = 45? 

Can you create similar diagrams for other quadratic equations? 

How might such diagrams be used to obtain solutions to these equations? 

SORTING EQUATIONS Look a t  the following list of equations and'  sort them into groups 
according to whatever criteria you think are appropriate. (You may like to put them on 
separate cards so that you can physically move them around.) 

DERIVING EQUATIONS What equationscan be derived by exploring the following situations? 

I have built a cube using smaller cubes. I break it up with a view to laying them flat 
.- and making two squares of the same size. . . . 



An approximate 'rule of thumb' for converting Centigrade to Fahrenheit is to double 
the number of degrees C and add 30. 

BORDERS Study the following sequence and work out the number of white squares in each of 
the next few pictures. 

Now write down a method of generating these pictures - this may be in words, in symbols or a 
mixture of both. Try to write down a statement which will help someone else to create the 
picture in any position that you care to choose. 

Is it possible to have a picture in this sequence containing 212 white.squares? Write down an . 

equation which encapsulates a way of seeing this problem. 

What about a picture containing N white squares? 

Compare your equation with those of your colleagues and discuss any similarities and 
differences. 

SEEING STRUCTURE Express the structure that you see in each of the following sequences: 

What equations can be derived by exploring sequences in this way? 

EXTRAORDINARY How many solutions does a quadratic equation have? 

Consider the set of integers (0, 1, 2, 3 ,  4 ,  5 )  and the equation x2 +S 5x = 0 (in other words, the 
equation x2 + 5x = 0 (modulo 6)). This equation can be factorised in two ways, giving: 

x (X + 5 )  = 0 and (X  + 2 )  (X  + 3 )  = 0. 

How many solutions does a quadratic equation have? 



SQUARES Create some more sequences of the following type. 

Draw a square Remove a smaller Re-arrange 

pattern of dots WWre from the 
corner 

Can you find a general result? 

What about the difference between two cubes? (Multilink cubes or some other visual aid may 
help here.) 

F SEQUENCE Type in the following LOGO program (in RM LOGO): 

BUILD SEQ 'START 
REPEAT 10 [PRINT :START MAKE 'START :START + 11 

(Then press the ESCAPE key.) 

Try SEQ 3. Try other inputs. 

What different sequences can you make using this program? 

How could such a program be modified by introducing more variables? 

F 

F THE TRUTH CHASE This game is played on a board such as shown in the diagram below, with 
two dice (marked with the numbers 0, 1, 1, 2, 2, 3 and 0, -1, -1, -2, -2, 3 respectively) and a 
counter for each player. Each player is required to find (intuitively) some of the numbers in 
the solution set of given equations or inequalities written in the positions on the inside of the 
track. Some examples have been given; you may like to complete the inner track by supplying 
your own. 

THE TRUTH CHASE r I I 

Each player in turn chooses to throw one or both dice by considering the equation or inequality 
on which the counter is situated and advances according to the following rules: 

6 steps if the numbers shown by the die (dice) constitute the complete solution set of 
the equation in question; 



4 steps if the player chose to throw two dice and the two numbers form a partial 
solution; 

l step if one of the number(s) forms a partial solution; 

0 steps if no number belongs to the solution set; 
< ,  -1 step if no advance is made in three consecutive~turns. 

The winner is the player who first completes one circuit of the board. 

Source: Friedlander and Taizi (1987) 



5 THE LAST WORD 

It is difficult to write a pack which has direct application to all classrooms in all schools and 
for all ages of pupil. PREPARING TO TEACH EQUATIONS set out to explore some of the issues 
related to the teaching of equations, although we have tried to do this in such a way as  to raise 
general principles involved in teaching any topic in mathematics. 

Central to the pack is the PREPARING TO TEACH framework, with its six headings. This 
framework was used to help inform thinking on important aspects of preparing to teach 
equations. It  was also used to direct thinking about what underlies activities on equations. 
This process of reflection is an important one in both the teaching and the learning of 
mathematics. 

P PUTTING THINGS TOGETHER What, for you, are the general principles involved in the twin 
processes of preparing yourself and preparing your lessons? 

How have the headings of the PREPARING TO TEACH framework helped to inform your 
thinking while working on this pack? 

How could you use this pack to explore the teaching of other mathematical topics? 

F 

AND FINALLY As your final activity together on this pack, discuss and then prepare your first 
two lessons on equations. 

F 
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