
2 The constant-acceleration model 
The simplest acceleration case, apart from zero, is constant acceleration. 
This is a useful approltimation to many practical cases. Even if the 
acaleration varies considerably over a long period, it may be approxi- 
mately constant over a short period of time. However, I must caution you 
a g a i ~ t  improper use of this approximation. It is casmtial that you satisfy 
yourself that the acceleration is reasonably constant over the appropriate 
period of time. The constant-acceleration model givea rise to a particularly 
simple set of equations. Say that at time t = O  the object has an initial 
velocity U, and the displacement s is zero. The constant acceleration is k. 

dv 
Sina - = k, the velocity can be found by integration: 

dt 

.=Jkdt=kt+C,  

As the object has a velocity U at time t = 0 

u = k x O + C ,  

so C, =U. Thcrdorc we have for the velocity at any time t 

v-u+kt 

Integrating again: 

Now the displacement, S, is zero at time t - 0, so 

0 = u ~ O + f k x ( O ) ~ + C ~  

Therefore C, = 0 and the displacement at any time t is 
s=ut+fkt2 

we can narrange equation (1) as 

kt=(v-U) 

and substitute in equation (2) 

s-ut +f(v-u)t=f(u+u)t 

which shows that for constant acceleration the displacement is equal to the 
average velocity multiplied by the time. 

By manipulatine these equations you could also show that 

Equations (1)-(4) arc very useful, but let me stress o n a  again that you 
must only use them if constant acceleration (a= k) is a reasonable 
approximation. 



If the object is decelerating, i.e. negative acceleration, then the equations 
are still valid, but k or a will be negative. 

A similar set of equations can be derived for rotation, liking angular 
displacement 8, angular velocity o and angular acceleration a. I will use 
the Greek letter K (kappa) for constant angular acceleration. 

(a) Draw the motion curves that correspond to wnstant acceleration 
from speed U to v in time c. 

(b) Show graphically why v = u + kt and s = ut + i k t 2  

A typical example of a practical constant-acceleration problem is motion 
under gravity. You will see in Block 4 Dynamics, that if other forces are 
negligible then the motion due to the force of gravity is a wnstant- 
acceleration one. The acceleration is g = 9.81 m S-' downwards. (In the 
Statics Units you used g = 9.81 N kg-'. The Dynamics Units will explain 
the relationship between these two representations.) 

The wnstant-acceleration approximation applies quite well to dense 
objects at low speed, e.g. a solid piece of metal or stone dropped a few 
metres. It applies badly to golf balls and footballs in normal use due to 
atmospheric forces, and of course very badly to balloons and gliders. 

I throw a stone straight upwards at 9.81 m S-'. 

(a) Aftcr how long is the velocity first zero? 
(b) Taking the x direction vertically upwards, write an expression for the 

height x in terms of time. (Caution: what sign is the acceleration?) 

(c) For what values o f t  is the expression a reasonable approximation? 
(d) Sketch the motion curves (X, v,, a,) 

If an object moves under the action of gravity, not just vertically but also 
with a horizontal motion, then it is most convenient to represent its 
motion with rectangular axes, one horizontal and one vertical, say x and y 
respectively. The action of gravity affects the vertical motion just as for 
simple vertical motion. However, because gravity acts vertically, the 
horizontal motion is not affected dinctly. If other forces am negligible then 
the horizontal motion will be a constant velocity one. The Dynamics Units 
will look at the reasons for this. 

As an example of this, say you launch yourscll from a 5 m high diving 
board at the swimming pool, with an initial velocity of 3 m s- l  at 40" 
above horizontal (Figure 4). The question is, how far out do you hit the 
water, and at what velocity? First I choose my co-ordinates, x horizontal 
and y vertical, centred on the launching point (Figure 5). Your initial 
velocity components are U, = 3 cos 40" m S-' and U, = 3 sin 40" m S-'. 

Gravity causes a downward acceleration of g=9.81 m S-=, and we can 
neglect other effects here. Your vertical motion must be one of constant 
acceleration with 

v,=u,-gr and y = u , t - f g t 2  

Your horizontal motion has zero acceleration, and is therefore of constant 
velocity U=. 

Now that we have the problem in algebraic terms, how can we solve it? 

Figure 4 

u-3ms-' L X 

Figure 5 



2.3 m S-' 

Figure 6 

The vertical component of your velocity on hitting the water can be found 
by using v' = U' + 2ks. In this case k = -g and y = - 5  m, so: 

v' = U' - 2gy = (3 sin 40")' - 2 X 9.81 X (-5) = 101.8 m' S-' 

and 

The square root does not tell you whether v, is positive or negative. Since y 
was positive upwards in this case v, = - 10.1 m S-'. 

The horizontal component of velocity is still U, = 3 cos 40" = 2.30 m S-'. 

So, by vector addition, you  total velocity is 10.3 m S-' at tan-' (2.30/10.1) 
= 12.8" to the vertical (Figure 6). How far out do you hit the water? This 
will be the horizontal velocity component multiplied by the time. I can fmd 
the time from the vertical constant-acceleration motion: 

so v,=u,-gt 

Therefore 

Remembering that v, = - 10.1 m S-', 

Alternatively you could argue that the vertical velocity change is from 
1.9 m S-' upwards to 10.1 m S- '  downwards, a change of 12 m S-', which 
divided by the constant acceleration is the time, 12 m S-'19.81 m S-' 

= 1.22 S. The distance travelled outwards is therefore 

SA4 8 

Sketch the shape of the path of your dive. 

SA0 0 
I throw a cricket ball as hard as I can upwards and fmd that it takes 3.8 s to 
return to the ground. Estimate the throwing speed. 

SA0 10 
I throw a cricket ball with horizontal and vertical velocity components U. 

and U, respectively. 

(a) Estimate the time that the ball is in the air. 
(b) How far away does it land? Note that gravity acts downwards, so 

neglecting air resistance, the x component of acceleration is zero. The 
ground is level. 

(Answers as algebraic expressions.) 

The maximum deceleration that ordinary car brakes can provide, even in 
good conditions, is about 10 m S-'. Ow previous test car had a terminal 
velocity of 50 m S-'. If the brakes are applied fully at the maximum speed, 
estimate: 
(a) the time tostop; 
(b) the distance to stop. 



You are cruising at steady speed u on the motorway a distance d behiad 
the car in front. You both have good brakes that will give the same 
dealnation of a (= k)  in these road conditions. The driver in front 
suddenly does an emergency stop. With your good reactions you manage 
to apply your brakes tl seoonds later. Find an algebraic expression for 

(a) the distana you travel after applying your brakes; 
(b) the distana you travel after the driver in front applies his brakes; 
(c) the distance you haw dosed up when you have both stopped; 
(d) the distana you are apart when you have both stopped. 

What is the minimum qmration which will avoid an accident if u = 
32111s-l, t , = l . O ~ , a = - 8 m s - ~ f o r  thecase 
(e) when the car in front stops under braking, 
(f') when the car in front hits a motorway pile-up in fog, effectively 

stopping instantly. 




