
4 Relative motlon 
4.1 Translation 
So far in discwing motion it has usually been obvious that the motion 
was measured rclative to the Earth. The Earth seems to be a pretty solid 
and reliabk object to use as a rcfmna and, d course, in engineering it is 
often thc motion relative to the Earth that is important. However, the 
Earth itsclfmoves- it moves around the Sun once a year and rotates about 
its own axis once a day. If engineers arc sending a spaceship to the Moon, 
then they have to take account of this motion of the Earth. As a less 
esoteric example, if you are drinking a cup of coffee on a moving train, then 
you are interested in thc motion of the coffee relative to your mouth rather 
than relative to the Earth. When we want to measure the position, or 
velocity or acceleration, of an object we must choose a co-ordinate 
reference frame in which to make those measurements. In some cases we 
would imagine these reference axes fixed on the Earth, but this may not bc 
the best choice. The designers of your car engine with all its components 
would be concerned with assuring the correct motion of the cranLshaR 
relative to the block, regardless of whether the car itself was travehg at 
high speed on the road, or stationary in a garage test hay. 

Motion, then, is relative. The position, velocity and acceleration of an 
object are measured relative to something else. The mcasunmentp are 
made in a coordinate system, and an only meaningful if we know what 
the co-ordinate system is. If I say 'I am walking at 2m S-' towards 
London' and omit to mention that I was on a train going towards London 
at 30 m S-' then my statement was, to say the least, misleading. My co- 
ordinate system was a set of axes "fixed to' the train. My statement that the 
train was going towards London at 30 m S-' is now also seen to bc only an 
abbreviation for 'the velocity of the train relative to ground is 30 m S-' 

towards London'. In many cases it is obvious what the coordinate axes 
are meant to k: the train's motion is almost certain to bc measured 
relative to the ground unless the statement clearly indicates otherwise. 

So, am I just beiig pedantic, or is this idea of dative motion really 
important? It is very important. Consider the Bight of an aircraft. The 
aircraft has a velocity relative to the air around if but the air is probably 
moving dative to the ground, so the aircraft has a d i i t  velocity 
relative to thc ground. A i d  usually land and take off into the wind to 
reduce their speed relative to the ground, and thc motion of the air also has 
an important e&ct on navigation. S i l y  the motion of a ship or boat 
relative to the sea may not be the same as relative to the land - there may 
be strong tidal currents. The yachtsman may have to contend with thra 
different velocities, those relative to land, sea and air. 

Similarly in mechanisms, with various components moving in different 
ways, we may need to know the velocity of one component relative to 
another one, neither of them being the "fixed' frame. On the other hand, in 
order to 6od the velocity of a component relative to the frame we may need 
to use ideas regardiig its velocity relative to other moving components. 

The key to the solution of such problem is the velocity diagram. This is a 
diagram in which each point rep-ts a velocity. Figure 22 shows an a 
example. 

The origin of the coordinates, labelled 0, in this arse rcpnsents the Earth. 
The point labelled a repnsents the velocity of an aircraft, which is 
travelling at 100 m S-' relative to the Earth, in a direction 30" West of 
North. I have choscn the orientation of my axes in the N-S and W-E 
diitions for convenience. The scale of my diagram is 1 mm:4 m S-', so 

would draw the line at 30" and mark off the length 25 mm to give a. Note 
that the line is just a convenience for construction and to show the angle 

the length of w. is 25 mm. To draw the diagram, having marked the axes, I 22 



Figure 23 

30°, but it is not strictly speaking a part of the velocity diagram. Only the 
points o and a actually reprcscnt velocities. Also note that the position of 
the aircraft was of qo significance: only its velocity mattered. Another 
aircraft B somewhere else but with the same velocity, 100 m S-' at 30' W 
of N, would be represented by 6 in the diagram at the same point as a 
(Figure 23). 

- 

SAO n 
Draw one velocity diagram representing all the following. Use a scale of 
1 mm:O.S m S-'. 

A, yourself, stationary (relative to the Earth) 
B, a car travelling at 10 m S-' West 
C, a motorcyclist travelling at 30 m S-' NE 
D, a lorry in Liverpool travelling at 15 m S-' NW 
E, a helicopter Eying at 15 m S-' North 
F, a man in Brighton running at 5 m South. 

Figure 24 

Figure 25 

How does a velocity diagram help us to 6nd relative velocities? They can + be md directly horn the diagram. As an example, consider the problem of 
101 the navigator of a small aircraft P. The airspad indicator and compass show 

that the aircraft is Eying at 80 m S-' E relative to the air. The weather report 
says that the air is moving at approximately 35 m S-' SW (relative to the 
ground). The navigator wants to estimatemovement relative to the ground, 

Jt and so draws a velocity diagram, choosing the Earth E as initial origin 
and axes N-S and E W ,  Figure 24(a). The air A has velocity 35 m S-' SW, 
which at a scale of 1 mm:2m S-' is 17.5 mm (b). The navigator plots 
the known velocity relative to the air. The direction is East, so it 
is along the new line in Figure 24(c). The spccd is 80m S-', which at 
1 mm: 2 m S-' gives the length of ap as 40 mm, locating p (d). 

Now, what is the aircraft's velocity relative to the Earth? It is relative to the 
Earth, so is measuredfMrn e, Figure 24(e). From the diagram, ep is 30.3 mm, 

a $ which at 1 mm:2 m S-' is 60.6 m S-', and the direction is 24' South of East 
The aircraft is actually moving in a direction 24" away from the intended 
one, and its ground speed is only 60.6 m S-', not 80 m S-]. This is a drastic 
difference, but not impossible for a small aircraft in a strong wind. 

Note from this example that the velocity of any point relative to any other 

a fdl L can be measured from the diagram. Starting from the reference point (it 
may help to imagine new co-ordinate axes on that point) measure to the 
point whose velocity is required. The velocity direction is from the 
reference towards the point. 

101 A few words on notation. To indicate the velocity of the aircraft P relative 
to the Earth E, I shall write (h), In other words, for the brackets read 

p 'relative to'. 

SA0 22 
(a) What is the symbol for the velocity of the air relative to the ground? 
(b) What does (U,), mean? 

(c) What does (g)p mean, and what is its value? 

It is very important to note the distinction between (Up), and (v,),. The 
letter inside the brackets is the object whose velocity is being described. 
The letter outside the brackets is the reference, the thing that it is being 
measured relative to. Imagine a set of co-ordinate axes bolted onto the 
reference if it helps. Whatever the two objects are, the values of the 
velocities (B,), and (B,), have the same magnitude but are in opposite 
directions, (6,), = -(h),. Figure 25 shows the velocity diagram for this. 



The magnitudes of the velocities arc the same, i.e. the speeds arc the same. 
The symbol I shall uat for the spced is (vA),. So (vA), = (QA.  Acceleration 
will bc denoted by 6 e.g. (G), for the vector and (e), for the scalar. 

SA0 25 
You arc in a train travelling at 30 m S-' and you observe that mhkops 
arc falling at an angle of 70" to the vertical (relative to you). It is a calm 
day. Draw a vdocity diagram (scale l mm:l ms-') and estimate the 
velocity of the rain (relative to the ground). 

SA0 24 
You are a strong swimmer and can maintain 0.5 m S-' comfortably. You 
are faced with the prospect of swimming across a 50 m wide river which is 
flowing to the right at 0.4 m S-'. 

(a) If, relative to the watq you swim in a direction straight across the 
river, how far downstream will you land and how long will it take? 

(b) If you try to adjust your swimming direction to arrive exactly opposite 
on the other bank, can you do it? If so, how long will you take? Use a 
velocity diagram. 

In the next Unit you will be getting plenty of practia in the use of velocity 
diagrams to 6nd the velocities of machim components. In any question in 
which relative velocities appear relevant, bc prepared to draw a velocity 
diagram. 

You may be wondering why velocity diagrams 'work', or why velocity is a 
vector, which is effectively the same thing. If you imagine a very short Iime 
interval, and draw the diiplaaments of the objects in a displaament 
diagram, you get a diagram the same shape as the velocity diagram. In 
other words, velocities must be vectors because displacernents are. The 
same applies to acceleration8 and all the higher time derivatives too. 

Circular motions of various sorts arc very common in modern technology. 
Rotation is a way to provide motion without a cumulative displacement, 
and drcular motion is the moothest way to do i t  Hence engines, motors 
and wheels go round and round. I want to look here at the kinematic8 of 
an object that is travelling in a circle. The original subject of our analysis 
could be a point on a turning wheel, or a car or train or any other object 
moving in a circular path. 

First let me remind you that a point which is moving with constant speed 
can have an acceleration. Acceleration is time rate of change of vdocity. 
Constant speed only means constant magnitude of velocity. If the direction 
of the velocity changes then that is just as real an acceleration as if the 
speed changed. Let's look at a point P on a car driving at constant spced U 
in a circle of radius r (Figure 26). The tangential speed of the point, v, and 
its angular speed around the circle, o, are related by v = o r  as you have 
seen already, provided o is expressed in rad S-'. The great advantage of 
the radii as a unit of angle is that it gives such simple equations without 
any extra factors such as 2%. The direction of thevelocity is at right angks 
to the radius line - the velocity is tangential to the circle. Hence it is called 
the tangential velocity. Even though the speed is constant, the velocity 
direction is changing, so there is an acaleration. 

Figure 26 Position diagram 

You will S# in Block 4, Dynamics, that this is of peat importana because 
of the foras required to produce the motion. Can we calculate the 
acceleration? Suppose that &er a small interval of time the car has moved 
so that the point P on it is now at P'. The velocity still has the samc 



Figure 27 Velocity diagram Pigwe 28 Vector d e a m  

magnitude, v = o r ,  but its direction has changed. If I draw the velocity 
diagrams for the two successive positions of the cat I get Figure 27. op 
represents the velocity when the cat is in the first position, of represents 
the velocity whenit is in the second. It is convenient now to turn this into a 
vector diagram (Figure 28). The change in velocity M the difference 
between the final and original velocities (remember that they are dverent 
because they have dwerertt directions). It is easier to sec how the d@iience 
between two vectors is shown on a vector dia- if we interpret the 
diagram as representing the vector addition of the original velocity I and 
the change in velocity d l  to give the final velocity l'. The d c r a t i o n  is the 
rate of changc of docity: d8/dt. The length 60 is approximetcly vbe, M, the 
magnitude of the aaeleration is approximately v(68/dt) or exactly oa, in 
the W t  However, v = o r ,  so there are three ways to cxpnss the 
d e r a t i o n :  

What about the direction of this acceleration? It is the anme as the 
direction of 6s which, whm dB bccomes in6ni-y small, is per- 
pendicular to V. Referring to Figure 26, thin is the dimction PO, or towards 
the centre of the oircle. Consequently this d e r a t i o n  is called the 
centripetal (or ccntrc-mcking) acceleration. To rrmind us of this we write 

The direction of this acceleration is always towards the centre of the circle 
(Figurc 29). 

Figure 29 

Now what if the speed is varying? My analysis above, for the centripetat 
acceleration, r d m  only to the instantanwus value of the sped, so even if 
the sped is varying the centripetal acceleration is still given by w2r ,  o o  or 
va/r towards the mtrc of the circle, where v or o is the instantaneous 
value. m e  effect of angular speed change is simply to introduce an extra 
d e r a t i o n  component perpendicular to the radius. The new acceleration 
is a tangential ac~xluation (Figure 30). This is the o, = ar  that you met in 
Section 3. The total or resultant acceleration is the vector sum of the 
compoacnt accelcrations a,, and &,. 



SA0 25 
(3 A spin drier of d i e t e r  0.2 m runs at a steady 720 revolutions per 

minute. Find the acceleration of the clothes touching the drum. 
(b) If the speed is constant at twice the value, how is the acceleration 

affected? 

Does a double diameter drum give more accekratio~ 
(C) for a givcn angular velocity? 
(d) for a givcn tangential velocity? 

The spin drier of SAQ 25 is initially at rest and is started with a constant 
angular acceleration of 2.5 rad S-'. For a point on the surface of the drum 
(diameter 0.2 m): 
(3 What is the tangential ~caleration? 
(b) What is the centripetal accekration 0.5 8cconds after starting from 

lest? 
(c) What is the total acrwleration at this instant? 

I will now return to the example of the wheel rolling to the right, without 
slipping, on a horizontal surface (Figure 20, repeated). As we saw in 
Section 3, if there is no slip, the velocity of the point in contact with the 
surface is given by VA = O  and that of the m t r e  by B. = o r  +. Similarly 
the accelmtion of the centre is given by &, = ar +. 

I now want to consider the accelerations of points A, B, C and D. First, it 
may be helpful to introduce some figures: Suppose that the wheel has a 
radius of r = 0.25 m and that at the instant under consideration it is rolling 
without slip at an angular velocity of o=4rads- '  and an angular 
accclcration of a = 12 rad S-', both clockwise. I can now calculate, for the 
centre:vo=or=lms-' a n d a , = a r = 3 m ~ - ~ .  

Now we will look at point A. As we have seen, this point has zero velocity, 
because it is in non-slipping contact with the stationary surface. Does this 
mean that its acrwlmtion is zero too? We can apply a similar reasoning to 
the horizontal components of acceleration - point A has an accelmtion 
component m = 3 m S-', to the left, relative to the centre 0, but the centre 
has an acceleration ar = 3 m S-', to the right, so the resultant horizontal 
acceleration of A is indeed zero. This result arises from the non-slip 
condition at the point A. However this is not the end of the story because 
point A also has a mtripetal component of acceleration with a magnitude 
a,,, = o'r = 4' X 0.25 = 4 m S-'. The direction of this component is 
towards the centre of the wheel or vertically upwards. 

For point B the component Bcalerations a n  a,., = m = 3 m S-', verti- 
cally upwards and a,. = 02r - 4ms-', horizontally. These components 
are relative to the d c r a t i o n  of the m t r e  0, which as we have scta is 
a,= 3 m ~ - ~ ,  to the right. A vector diagram will help us to set how 
these components all fit together (Figure 31). This shows that the total 
horizontal acceleration has a magnitude of (3 + 4) = 7 m S-' and that the 
multant acceleration of point B has a magnitude 

a,=,/-==7.62m~-~ 
and a direction givcn by 

e=tan-' $=23.2" 
so = 7.62 m S-' h 23.2". 

Figure 20 (repealed) 

(80 + a,.) = 7 m S-l t----l 

SA0 27 

Find the resultant accelerations of points C and D. 




