
6 Rotatlonal and combined motion 
In Section 4, I used the concept of an object modelled as comprising a 
number of individual particles to justify our use of the relation R =  m& 
applied to the centre of mass of the object. In this section I am going to use 
the same technique to derive the relationship M = la which relates M, the 
moment about G of the external force system, to the angular acceleration a. 
1 is the second moment of mass about G, which you met briefly before. 
As I said in Section 4, this type of proof is not the sort of thing which you 
need to commit to memory. You will not be asked to reproduce it. It is, 
however, worthwhile to spend some time ensuring that you understand the 
steps, since this will allow you to apply the results appropriately, with 
much more wnfi&nce. 

6.1 Derivation of the rotational equation of 
motion, M = Ia 

Figures 97-99 are based on Figure 76-78 and show the block and the force 
system which I used to derive the relationship 

in Section 4. The general particle i is positioned, as before, with respect to 
the centre of mass G and a stationary set of axes Oxyz. This time, however, 
I have included the Oz axis, as we will wish to take moments of forces 
around an axis Gz through G parallel to Oz. The forces applied to the 
block still only have components parallel to the Oxy plane. I have also 
indicated in the figures that the block has an angular velocity W and an 
angular acceleration a. 

Indeed please remember in looking at Figure 99 that it depicts either a 
thin, two-dimensional body (lamina) or a cross-section of a three- 
dimensional body parallel to the Oxy plane. Any motion only takes place 
parallel to the Oxy plane, so that, for example, the acoeleration vector I is 
parallel to this plane. For simplicity of illustration I have used the point G 
to indicate not only the centre of mass of the body, but if the body is three- 
dimensional G also represents the point where the axis Gz intersects any 
plane in the body parallel to Oxy. 

You saw in Figure 77 (Figure 98 here) that there are two types of force 
acting on the ith particle, namely a possible external resultant force F, and 
internal forces typified by A,. The term JJ represents the internal force 
exerted on the ith particle by the jth particle. What happens if we take 
moments about G (strictly, about an axis Gz parallel to Oz) for all the 
forces on the ith particle7 We can calculate the moment of the external 
force F, and also the moments of all the internal forcesJ,,J,, ...,l,. 
Now take moments about Gz of the forces acting on all the particles and 
add all the moments together. Inspection of Figure 97 shows that the sum 
of the moments of all the internal forces will be zero. Why? Consider the 
forces& a n d h  acting on the particles m, and mJ respectively. As we noted 
before, from Newton's Third Law JJ= -A,, and the two forces have a 
common line of action. The combined moment of these two internal forces 
about Gz is therefore zero. Similar consideration can be applied to all the 
pairs of internal forces throughout the body and so my claim is c o n h e d .  
Remember that X, = 0, for i = 1, 2, ..., n. 

On this basis then, when I take moments in this way, I am left just with the 
moments about Gz of the various external forces, typified by F, at the ith 
particle. I will represent this total moment of the external forces about Gz 
by M. I now need to develop an equation relating M to the angular 
acceleration of the body, a. 
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To do this I will return to the equation of motion which I established in 
Section 4.1 for the particle m,. that is 

This equation rehtes the force vectors on the Rh particle to the vector m&,. 
Having taken moments of the forces about Gz I now need to find the 
moment of the vcotor m&, about Gz. Having formed thii moment for the 
ith particle 1 will sum the similar expressions for all the particles. 

The acceleration of the ith particle can be written as: 

8 .il=.i+(aJa 
4 

where (a,), is the acceleration of the. particle relative to the centre of mass 
G. Thus I can express 

If the block has an angular acceleration a and a q u h  velocity o (as 
indicated in Figure 9 9 ,  then the acceleration &, of the ith particle can be 
expressed as the vector sum of the three componcnta shown in 
Figure 100(a). Consequently m@, has the three components indicated in 
Figures 100(b) and (c). From Figure 100(b), if you remember my defi- 
nition of the point G in Figure 99, you can see that the component m,rloa2 
has no moment about Gz, whereas the moment of the component qr,a is 
mlrka. The remaining component m# has a moment given by slQm'a. 

I can now formulate an expression for the total moment about Gz of all 
t k  vectors m,#, for every particle in the body. This can be written ag 

- Fortunately I can simplify this result in several ways. First you should 
m,# recall that the definition of the centre of mass is 

so that 

The 5 s t  term in the above expression can therefore be evaluated as, 

because a is common to all terms within the summation. Similarly the 
second element in the 'moment' expression has a common to each term in 
the summation, so that 

The moment of the external force system, M, is, therefore: 

I 

Does the term mlr$ look familiar? This is the definition of the second 
I -  1 

moment of mah, ii, about an axis through G which you used in Scotion 1. 
The equation may then be stated 

M=Ia  M - moment of the external force system, N m 
I - second moment of mass about G, kg m' 

tr - angular acceleration, rad S-' 



I hope that you can see, from the above development, that the second 
moment of mass I is a concept which arises naturally from the formation 
of the angular acceleration equation. It is not introduced merely as an 
additional term to learn, but plays an important role in the moment 
equation of motion. 

The result 

M = l a  

is the second equation of motion for a rigid body and plays an important 
part in dynamic analysis. You will remember that the result 

was established for any system of particles, not necessarily for a rigid body. 
The moment equation is only valid for a set of particles rigidly coupled 
together - a rigid-body model. 

In two-dimensional motion the vector force equation of motion can be 
expanded to give two scalar equations (in, for example, the X and y 
directions). These, together with the moment equation, lead to three scalar 
equations in total. 

6.2 Second moment of mass, I 
I hope that you have retained a feel for I as the measure of mass 
distribution of an object from Section 1. You calculated some values of I 
for assemblies of masses by using the summation relationship I = Cm?. I 
mentioned then that for 'continuous' objects I could be estimated 
theoretically by using the integral calculus. It is worthwhile following 
through an analysis of this sort since it shows how the information which 
we usually simply look up in tables is derived. Again I should say that you 
will not be expected to reproduce an analysis of this type. 

The wwnd moment of mass for a solid cylinder 
Figure 101 shows a cylinder with the position of the centre of mass G. I 
want to derive the relationship for the second moment of mass about the 
long axis through G, I,. There are, of course, an infinite number of axes 
through G (two others, xx and yy are shown) and there is a different value 
of I (I,, and I,, here for example) associated with each. We will generally 
be most interested in the rotation of cylinders (used as an approximation 
for shafts, wheels, etc.) about the axis zz. This two-dimensional motion is 
parallel to the xy plane. 

Figure 102 shows a section through the cylinder with a particle imarked at 
a position F, relative to G. As you have seen, the second moment of mass 
I, (which from this point I will abbreviate to I )  is given by I = Cm,r:. 

In calculus notation the particle mass is an 'elemental mass' Sm, and the 
summation is an integration. Thus: 

I = j r 2 d m  

The symmetry of the object greatly simplifies the analysis. Consider the 
cylinder as a series of tubes of elemental thickness Sr. Figure 103 shows 
one such tube. 

The mass of the tube is 6m = 2nr dr X I X p. 

Second moment of mass of each tube = 9 6m = r22nrlp Sr 

Summing or integrating over all the tubes (from r =  0 to r = R) gives: 

,=2dpI:..dr 

= )nR41p 

z t 
Figure 101 

Figure 102 
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Figure 103 . 



The mass of the complete solid cylinder is m = nRZlp. 

Thus I = f mR2. 

Figure 104 shows the second moment of mass for some common shapes. 

Please note the somewhat surprising presence of the factor ( R 2  + r2)  in the 
result for a hollow cylinder. Intuitively you might have expected this to be 
( R 2  - r2).  

In some engineering tables you will see the second moment of mass 
provided in terms of the radius of gyration, k. The relation for I is then: 

I = m k 2  

From this definition the radius of gyration has dimensions of length. 

So, for example, the radius of gyration for a solid cylinder about the zz axis 
(Figure 104) is: 

Solid cyl~nder 
-radius R 

Clraular disc 
(thin wheel) 
-radius R 

Hollow cyl~nder 
- external radius R I ,  = $ (R2 +,S) - internal radius r 

Z 

I," =lw =L 
Solid sphere 
- redlus R - +F 

z/ 

Rectangular bar b, = 6 (.'+l') 

Iw= 8 (b2+/2) 

I,= 6 (a1 + b2) 

Figure 104 Second moments of mass for some simple shapes 
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SA0 38 
(a) The assembly of rear wheels and axle of a model car is shown in Figure 

105. By approximating the wheels as cylinders, estimate the second 
moment of mass of the hcmbly about an axis along the centre line of 
the axle. The mass of each wheel is 10 g and the mass of the axle may 
be negkctcd. 

(b) Assuming that the ooRee jar d i d  in SAQ 14 can be modelled as a 
thin-walled, uniform tube open at both ends, estimate the required 
second moment of mass. Take m = 200 g. 
If the model was improved by allowing for the c o h  jar bemg dosed 

greatex or leas than the h t  estimate? 
at one end, would the new value for the second moment of mass be F*e IoS 

6.3 Solvlng problems 
You are now in a position to add the remaining two steps to the problem- 
solving procedure thus enabling you to derive the equations of motion for 
objects in rotation and combined motion. To analyse the problems in this 
section you will need all seven steps. 

You should, by now, be quite familiar with the first five steps. The only 
addition you require now is at Step 2, the fnc-body diagram where, as well 
as the co-ordinate axes, you require a convention for the positive sense of 
the moments and angular motion. I prefer to include this as shown in the 
nartial free-bodv dia- of Fimre 106. The free-bodv dia- mrtscnts #V . " a wheel under &e aczon of a tGque. The torque is the only momedt acting 
about G (strictly about the axis Gz) and so it will simplify the analysis to 
make the convention positive in the name sense, clockwise. Figure 106 

Here are a few more notes which you may find useful to have on your copy 
of the procedure. 

2 Frre-body Rm$mber to h m t  8 Ebnwdon for poeitive 
dironm ~ o f ~ t r . n d a r y o k r m o t i o n  

6 M = l a  M - x ( r x F ) + x l  

I-Kaoteiwarmrybeobt*ntdfmFfeurr 
104, from the radiw d gyration if given, or 
from taw 

7 Kinematic In the 8pecial cue d mUio# without slipping 
oautrahts then 

The remainder of this section is devoted to the analysis of objects in: 

1 Rotation about a 6xe.d axis through G. 
2 Rotation about a 6 x 4  axis other than through G. 
3 Combined motion (translation and rotation). 

Each example and SAQ will be tackled according to the approach 
suggested in the procedure - so, as before, if you stall at some point in an 
SAQ, you should be able to find that particular step in the solution and 
then return to complete the analysis. 



Figure I08 

Figure 109 

6.4 Rotr,tlon about a flxed axis thtwgh G 
Figure 108 shows a few objects in fixed axis rotation about their masr, 
cmtms. This is common in enghcrhg since it m h i m h  bearing 
maotions. In such exampk the translational kinematic constraints 
(Step 4) are, by defmition: 

Application of R= nJ will provide idormation about tbe forcos acting at 
tbe pivot or bmiqs 

The solid steel winding drum shown in Figure 109 is driven by a toque T  
of 650 N m againat a cable tension P of 5000 N. Estimate (a) the fora 
provided by the bearings, (b) the angular acceleration of the drum. 

sohdh 
Step I Skctch (Figure 110) 

Approximating the drum as a solid steel cylinder of density 8000 kg m - 3  

Step 2 Frebody diagram (Figure 111) 

P - cable tension 

T - applied torque 

B - bearing fora (note that friction hes bttn neglected) 

W - weight 

Step3  R,=P+&=ma, 

R , = B , - W = n ~ r ,  

S tep4  a==a,=O 

Step5  W=mg 

Step6  M = T - R - l a  

s tep 7 - 
Ewluotlon 

B*= - P =  -5  X 10'N 

B,= W = m g = l % x 9 . 8 1 = 1 . 9 2 ~  10'N 

61=5.36 X 10' N 4 2 1 °  = 5.36 k N 4 2 t D  (Figure 112) 

a = ( T - R ) / I  

= (650 - 5  X 103 X 0.125)/1.53 

= 16.3 rad a-' 

a = 16.3 rad 3 
Once again by writing the final solution es a =  16.3 rad s-'3 I have 
indicated the direction of the angular aderation, as well as its 
magnitude. 



A grinding wheel is mounted centrally between bearings as shown in 
Figure 113. It is driven by a torque T. Figure 114 shows the angular 
sped-time curve of the wheel as it runs up to speed. 

Estimate (a) the force provided by the bearings, (b) the starting torque. 
The bearing friction and drive shaft mass are small enough to be neglected. 
The grindstone material has density p = 2500 kg m-'. 

6.5 Rotation about a fixed axis other than 
throu~h G 

Figure 115 shows a couple of examples of this type of problem. The most 
useful orientation of co-ordinate system is that shown: normal and 
tangential to the direction of motion of G. Remember that this co-ordinate 
system is hed, not moving with the object. The force. at the pivot is then 
best considered in normal and tangential components. 

The translational kinematic constraints (step 4) arc then: 

am = 0 2 r  

a,=w 

It is worth mentioning at this stage &at in other texts you may find 
problems of this type analysed by takiig moments about the pivot. There 
are indeed positions other than G about which the moment relationship 
can be applied. One of these is a hed axis of rotation. In some cases 
choosing this position can lead more quickly to the equation of motion. In 
this text I will mainly analyse problems by takiig moments about G. This, 
I feel, has the advantage of maintaining a consistent approach. I will, 
however, bri&y review the alternative approach. Before doing so, the 
following SAQ is an example of using moments about G for a simple 
system with a 6 x 4  axis of rotation not through G. 

SA0 4 
The pendulum of an impact testing machine is shown in Figure 116. It is 
released from rest when B = 75". The mass of the cylindrical bob is 50 kg 
and the mass of the rod may be neglected. 

At the moment of release (a) What is the force. exerted by the pivot 
bearing? (b) What is the angular acceleration of the rod? (c) What is the 
acceleration of the centre of mass? 

You may like to compare your answers to SAQ 40 with those for SAQ 33 
where the same problem was analysed using a simpler model. 

Now let us return to the matter of using a simple procedure for takiig 
moments when a body has a h e d  axis of rotation which does not pass 
through the centre of mass G. The derivation which I gave in Section 6.1 
can be generalized to this problem, but I will c o h e  myself to quoting the 
result without proof. 

If a body has a h a d  axis of rotation, Oz, perpendicular to the plane of 
motion and passing through a point 0 which is not the centre of mass G, 
then if I wish I can use the following two equations of motion, 

Figure I I 4  

Figure 115 

MO = Iou 

where MO is the moment about the axis Oz of all the external forces acting 
on the body and 1, is the second moment of mass of the body about Oz. 



Moreover if I dccide to use these equations then the relevant seoond 
moment of mass can be calculated from 

where r is the distanoc betwcee 0 and G and I is the second moment of 
mass relative to the centre of mass G. Of course I. cm also be derived 
directly by generalizing tha previous debition for 1, that is 

whm fi is the distance of the particle m, from the Oz axis. Ohm, however, 
a value for I ia known, from Figure 104 for example, and so it is easy to 
cstimatc 1, from I + d. This result is somehw oallsd the'ParaUe1 Axes 
Theorem'. It is important to nmember it only appliw if I is known with 
mpwt to the csnhc of mass of the body. 

- m e  
As an cxampk I will return to SAQ 40 and determine the angular 
acalmtion of the rod directly by taking moments about the suspension 
point, without first calculating the force exerted by the pivot (sec 
Figurc 117). 

BolulYon 
I cm modily the solution to SAQ 40 as follows. 

Step I m=50 kg 

Step 2 B - bearing force 

W - weight 

Frec-body diagram is Figure 118 
Step 3 - 
Step 4 - 

Step 5 W = mg 

Step 7 Evaluation 

U = 
(W sin 8) X r 

10 
50 X 9.811sin 7 f  l X 1.4 

99 

a =  6.70 rad S-' 

and k = 6.70 rad S-'> 
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1 have therefore calculated an estimate for r which agrees with that found 
in solution (b) to SAQ 40, but in a more direct manner. Of course if for 
design reasons I needed to calculate the support reactions, then it would be 
necessary to restore Steps 3 and 4 of the SAQ solution. 

Some general comments 
I think that at this stage it will be helpful to review the results which I have 
established and offer some general advice. 

I should stress that the pair of equations 

R=ma 

can be applied in all circumstances. The alternative set 

can be used when the body has a fixed axis of rotation through the point 
0. Moments should NOT be taken about any point other than a centre of 
mass G or a fixed axis of rotation. There are a few other special cases, but 
they are not worth remembering. 

Even if a body has a b e d  axis of rotation which does not pass through the 
centre of mass it is still valid, and often preferable, to use the moment 
equation relating to the centre of mass. This approach will be useful if we 
are seeking information concerning support reactions. Conversely if you 
are not required to determine support reactions, then taking moments 
about an axis of rotation can lead to a simpler, quicker, solution of a 
problem (see Example 9). You have met problems for which the body has 
a fixed axis of rotation through its centre of mass - a very common case for 
bodies with symmetry (Section 6.4). In these circumstances, of course, the 
two methods are identical (as M, = M and I, = I) .  

The procedure set down in Section 2.4 should be applied to all problems. 
step 3, 

always refers to the acceleration of the centre of mass of a rigid body and R 
is the resultant of all the external forces, including the weight force, applied 
to a rigid body. At Step 6 you can always apply 

M = l a  

and be confident of success. If the body is known to be rotating about a 
fixed axis through the point 0 then 

can be used instead in Step 6. If you are in any doubt in tackling a 
particular problem use the expression 

in Step 6. 

SA0 41 

A uniform square trapdoor (500 mm X 500 mm), hinged at one end, is 
released from rest in a horizontal position. The mass of the door is 16 kg. 
(a) By taking moments about the hinge axis, estimate the initial angular 

acceleration. 
(b) Calculate the total force applied by the hinges to the trap door at the 

instant of release. 



Figure 119 

Figure 122 

(a) 

6.6 Combined motion: translation and rotation 
The bicycle wheels in Figure 119 are common examples of combined 
motion The centre of mass of the front wheel G, is in &ear 
translation. I would, therefore, use a co-ordinate system orientated as 
shown. This would simplify analysis by making a, = 0 at Step 4. So long as 
the wheel rolls without slipping the rotational kinematic relationship 
(Step 7), is a, = ar. 

- - 

SA0 4.2 
The cricket roller (shown in Figure 120), is pushed by two men such that a 
force of 400 N acts along the axis of the push bar. The roller may be taken 
to be a cylidcr of diameter 0.75 m, length 1 m and density 2400 kg m-). 
The mass of the push bar and friction at the axle may be neglected. 

Estimate the acceleration of the centre of the roller. 

Figure 121 shows a cross-section of a spool of cable of mass 50 kg and 
radius of gyration 0.20 m. The cable tension is 100 N. The friction between 
the spool and the ground is sufficient to prevent it slipping. Estimate the 
acceleration of the centre of the spool. 

Figure I20 Figure 121 

7 Further problems 
Although this section contains very little text other than SAQs please do 
not feel that the 'learning' part of this Block is over. It just means that you 
now have the basic tools at your disposal And the only way to improve 
your problem-solving ability is to use the tools in as wide a variety of 
analyses as possible. 

There is one difference between the problems in this section and the ones 
you have done so far. The majority are what I call 'connected object' 
problems. An example is shown in Figure 122. The weight force on 
block B is acting to accelerate both B and A. Consider Figure 123; here I 
have split the problem up into three parts. If I assume that the mass of the 
cable and friction at the pulley can be neglected then the cable tension is 
the same throughout. I hope that by now you are confident about tackling 
the analysis of the situations shown in Figures 123 (a) and (b). This is 
precisely how you approach problems, where systems of objects are 
connected together. Split the system up and analyse each object separately. 
Draw a free-body diagram for each one and work through the steps of the 
procedure. The separate analyses are then combined, usually by the 
kinematic relationships. In this case it is very simple; the magnitudes of a., 
and a, arc equal, if the connecting cable is inextensible. 

So there is nothing new, just stick to the procedure and take extra care 
with the sign conventions. 




