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Aims 
This Unit explains stress and strain, material properties, and their 
relationship in the process of stress analysis in a design context. 

Objectives 
After working through this Unit you should be able to: 

D e h e  normal stress and normal strain, carrying out design calcu- 
lations for simple wmponents under stress (Section 1.1: SA@ 1-10. 
16, 17, 18). 
Define shear stress and shear strain (Section 1.1: SAQs 11, 12, 13), 
noting how shear stresses can arise (Section 1.2: SAQs 14, 15). 
Interpret data obtained from streskstrain curves ofmaterials, and use 
them in design calculations (Sections 2.1 to 2.5: SAQs 19, 23). 
Model stresses at a point using stress elements (Section 3.1: SAQs 24, 
25, 26). 
Transform known strcsses to stresses in other directions and deter- 
mine and plot stress components in all directions from a point 
(Sections 3.2 to 3.4: SAQs 27 and 28). 
Draw Mohr's circle graphs of stress wmponents (Sections 4.1, 4.2: 
SAQs 29, 30, 31). 
Use Mohr's stress circle to estimate other stresses for a point including 
the extreme values: principal stresses and maximum shear stresses 
(Sections 5.1 to 5.3). 
Use Mohr's stress circk as an aid to analysis of principal stresses and 
maximum shear stress elements (Section 5.4: SA@ 39,40). 
Use Mohr's stress circle to determine maximum shear stress at a point, 
in three dimensions (Section 5.5: SAQ 41). 

Symbol Quaf  ity S1 units 

A 
e 
E 
F 
G 
L 
Y (gamma) 
E (epsilon) 
v (nu) 
a (sigma) 
7 (tau) 
0 (theta) 

area 
extension 
Young's modulus 
force 
shear modulus 
length 
shear strain 
normal strain 
Poisson's ratio 
normal stress 
shear stress 
angle 

m' 
m 
N m-' 
N 
N m-' 
m 
- 

N m-' 
N m-' 
rad or 



In Block 2, Statics, you saw how to determine the loads (i.e. forces and 
moments) within certain structures and their structural members. Block 6 
goes one step further and analyses how these loaded bodies (members) 
withstand their individual loads. We examine the behaviour of the 
material at particular points in the body, to see if it can withstand the loads 
or if it will fracture, causing the body itself to fail. This is the field of stress 
analysis. 

We start in Unit 10 by describing and defining the ditIerent types of 
stresses and strains caused by carrying loads, and how a load can generate 
a mixture of stresses in different directions within a body. We deffiribe 
various properties of materials used in design, properties in particular 
which are reflected in modelling assumptions used for stress calculations. 

Stresses are mon  wmplicated than vectors, so cannot easily be split into 
components by resolving, as for example forces can. We develop instead 
mathematical and graphical techniques to transform stresses into compo- 
nents, or combine components, to determine str#rpes in other directions. 
This is important because a known stress in one direction may give rise to 
even bigger stresses in other dinctions. We study in some detail methods 
for analysing extreme values of stress generated at a point within a loaded 
body. 

Unit 11 goes on to deal with the four main types of commonly enwuntcred 
structural member, how these can be designed to carry their loads (forces 
and moments), the stress distributions within them, and the various 
criteria to apply in considering their safe performance. 

Note that whilst we have so far usually negkted deformations and 
deflections in determining loads acting on individual members, these rigid- 
body assumptions no longer apply when it comes to analysing the material 
behaviour and the stress analysis and design of the members themselves. 



1 Stress and strain: definitions 

1.1 Normal stress and normal straln 
In Unit 3 you saw that Ka weight is hung on a vertical wire then the wire 
will stretch. It is in tension, i.e. subject to a tensile load. If the applied force 
is large enough then the wire will snap. For a steady force the actual value 
at which the wire will snap depends upon the material, and the wire 
diameter. For example, I mm d i e t e r  wire of mild steel will take about 
350N, whereas l mm diameter light aluminium alloy will take about 
200 N, and a I mm diameter piece of string about 100 N. If I used two 
pieces of string alongside each other then each could support 100 N, a 
total of 200N. three pieces 300 N and so on. Similarly with the metal 
wires. (Suddenly-applied loads have more complicated effects and will not 
be dealt with in this course.) 

SA0 1 
Estimate the load-carrying capability of (a) four mild steel wires each 
1 mm diameter, (b) eight aluminium alloy wires each 1 mm diameter. 

What if the wires are of different diameters or lengths? How does that 
affect the force-carrying capability? If a 2 mm diameter wire is tested, it is 
found to support about the same load as four 1 mm diameter wires of the 
same material. The load-carrying capability has increased in proportion to 
the cross-sectional area of the wire - twice the diameter so four times the 
area. 

SA0 2 

(a) How many 1 mm diameter wires have to be placed alongside each 
other to have the same cross-sectional area as one 3 mm diameter 
wire? 

(b) Compare the load-carrying capabilities of mild steel wires 1 mm, 
2 mm, and 3 mm in diameter. 

- P -  

Since each diameter of wire and each material is going to have a different 
strength it would be a very large and unwieldy reference book that held all 
the information about all the various wires available. Fortunately the 
actual properties of a particular component can be separated out into 
dependency on the dimensions and dependency on the material. The idea 
that the tensile strength of a bundle of wires is proportional to the number 
of wires of a given size within it, can be extended to say that the tensile 
strength of a wire is proportional to the cross-sectional area, but does not 
depend on the length. Whether the wire will break or not depends upon 
the force per unit area of its cross-section. Hence in supporting a given 
force if I double the wire diameter, giving four times the area, the force per 
unit area felt by the wire is reduced to one-quarter. The force intensity is 
called the stress, and will be denoted by o ,  the Greek letter sigrna. Hence nrrr 
the force magnitude F, the area A  and the average stress o over the area are 
related by 

F = o A  

SA0 3 
What are the S1 units of stress? 



4 J 5 b N  M O N  
Figure 2 

Figure 3 Tensile stresses in a tie bar in 
tension, and comprespiw stresses in a 
h in comprwsion 

-m 
Figure 1 shows part of a control rod for an aircraft ailexon. The rod 
experiences tension forces of 700 N. Estimate the average stress at each of 
the cross-sections P and Q. 

BdulYon 
Section P: From the fm-body diagram (Figure 2). the fora  acting on 
the section P is 700 N outwards from the surfaa. The cross-sectional area 
is 

A =U$ = 19.6 X 10-' m' 

Using F = aA, 

F a=-= 700 N 
A 19.6 X 10-6 m' 

= 35.7 X 106 N m-' 

= 35.7 MN m-' 

Section Q: The fora  is again 700 N outwards from the surface. The new 
area is 

A = ur' = 7.07 X 10-6 m2 

F o=-= 700 N 
A 7.07 X 10-6 m' 

= 99.0 MN m-2 

At both of the sections in the above example, the force acting on the am- 
section was perpendicular to the section. Whenever the fora  acts 
perpendicular to the area, the corresponding stress is called a normal (or 
direct). stress. A normal stress must act straight out of, or straight into, the 
surfaa and the corresponding st- are called tensile and comprespive 
st- mpectivdy (Figure 3). Note that on my diagrams foras are 
shown with red arrows, but stmses a n  shown with black arrows to avoid 
wdusion. Following the sign convention of Block 2, Statics, for tensile 
(+) and compressive forces (-), we assign positive values to tensile 
strcaacs and negative values to compressive stresses. The S1 units for stress 
are N m-', also called pascal, Pa. You may have seen in the above 
example that the N m-' is a rather small unit for practical stress levels in 
metals, so the units MN m-' or MPa are commonly used, where M is the 
S1 prefix 'mega' (i.e. X 106). Note also in the above example that although 
the load carried stayed constant at 700 N. the intensity of the force within 
the m a t d  (ie. the stress) varied considerably. It is how a material 
withstands these stnases within it that determines the safety of a structural 
component. 

SA0 4 
A tie rod carries an axial load of 0.2 MN. If the safe working stress is 
200 MN m-' estimate the minimum cross-acctional area allowed. 

SA0 S 
A structural member of mild steel can withstand a normal stress of 
250 MN before failing. The cnws-section has an I-shape with dimen- 
sions as shown in Agure 4. Estimate the maximum tensile fora  that the 
member can withstand. 

'The terms normal and dinet stress mean the same thing and an olten 
interchanged. I shall use the tcrm normal sagi throughout. Figure 4 



-- 

SA0 B 
A reinforced concrete pedestal (Figure S), of mass 150 000 kg is to be 
supported by four hollow box-shaped columns each having a cross-section 
with e x d  dimensions 50 mm X 50 mm and wall thickness 15 mm. The 
mass of the columns is negligible compared to the mass of the pedestal. 
(a) Estimate the average compraasive sVcss in the columns. 
(b) If the stress in the columns is to be kept below 160 MN mA%hat new 

moss-scotional area is required for each column? 
(c) Would solid columns of the above wrternal dimensiom suffm? 

5 
Apart from strength we are also interested in deformation or stflness of 
struotural members. The amount that a wire stretches under load depend8 
upon the load, the crossgectional area, the length, and the material. In 
other words the extension e depends upon the stress, and the materid, and 
the length. If1 apply a given load, say 100 N, to a given wire then there wil l  
be a de6nite extension of its length @$un 6), usually very small. Another 
such wire with an equal load will have the same extension. What happens 
$1 connect the wins end to end? To ashieve the name stress I will still need 
to apply 100 N tension, but now the total extension is 2e. Thnc wires end 
to end, and 100 N tension, would stretch 3e. The point to note espcdiy is 
that the extension is proportional to the initial lens length L extends to 
L+e,2Lto2L+2e,andsomThermwofextensiontouns~length 
is the same for all thm% cam, e/L = Zem = 3e/3L, and wauld be the same 
for any initial length and l00N tension; the ratio depends only on the F[gure 
stress and the material. 

This ratio e / L  is called the normal (or direct) main,  and is symbolized by e, oonnrl (lire@) main 
the CmcL letter epsilon. The strain is the fractional increase in length, or 
it can be phmcd-that the extension is the strain timw the initial length: 

Be vety wefd to distinguish between stress and strain. Stress, a, is the 
form per unit area StAlin, e, ia the fractional inaeaae in length. 

SA0 7 
What a n  the S1 units of strain? 

Qadou The steel connecting rod of a car engine haa a maximum 
average tensile stress of 168 MN m-* which produces a strain 
for that material of 0.0008. If the effective unstressed length is 
125 mm, what is its extension? 

~ C E  The extension e = sL = 0.0008 X 125 mm - 0.1 mm. 

When the applied forces on an object g+ve a compressive S-, which will 
have a negative value following the sign convention, then the comapond- 
ingleagth change is a reduction, also negative. Hence the strain is negative 
too, so e i. EL applies to both tension and compression. 

Q d m  Later in the engine cycle the connecting rod is  subject to a 
wmpressive stms of 210 MNm-' (U- -210 MN m-') cor- 
responding to a strain 8 = -8.001. Find the extension. 

h w w  e = 8L = -0.001 X 125 mm = -0.125 mm. The rod has short- 
ened by 0.125 mm from its unstrmscd icngth. 



For tensile and wmpmive  loading of many common materials, such as 
metal and concrete, the strains are usually very small. Whist we can 
neglect them in kiematic analysis (rigid-body assumptions) they are vital 
when it comes to stress analysis. Even so, some engineering materials like 
plastics and rubber do have quite large strains, but for this c o w  we shall 
concentrate mainly on the stiRer materials like metals. Even with these 
materials the designer is still interested in both stress and strain, to check 
that components are both strong enough and stiR enough under the 
service loads. 

SA0 8 
Measure the initial length and bnaking length of a small rubber band. 
Calculate the failure strain. 

SA0 0 
During a tensile test of a metal rod of length 300 mm a gauge kngth of 
100 mm is increased by 0.1 mm. (a) determine the strain, and (b) estimate 
t l ~  total length of the stnsccd rod. 

A square bar of aluminium of side 50 mm and length 2.0 m is loaded by an 
axial compression of 130 kN. If the strain is measured to be -0.0007 
determine (a) the final length of the bar, and (b) the normal stress along the 
bar. 

1.2 Shear stress and shear strain 

Figure 7(a) shows a rivet connecting two plates in tension. A frw-body 
diagram of one half of the rivet shows that for equilibrium in the x 
direction, the rivet must e x p e r h a  a force acting along the cross-section 
(Figure 7b). 

Them is a tendency for one half of the rivct to shear off the other half. Such 
f o m  acting along an area, that is forces that arc tangential or parallel to a 
plane ana, are called shem f w s .  Other examples involving shear fotoes 
an a hole being made in a metal plate by a punch (Figure E), and a tube 
being twisted by moments acting about its own axis (Figure 9). (Such a 
tube is said to be in torsion and the twisting moment is called a torque.) 

Just as a normal force gives a normal stress (normal force pm unit srca), a 
shear fora  gives a shear SW (shesr fora  per unit area). Tbe magnitude 
of the shear fora  F, the a m  A and the average shear stress denoted by T 
(the Grcck letter tau) arc related by 

SAP 11 
What are the S1 units of shear stress? 



E i r e  10 shows two bars joined by plates and bolts. If the tension across 
the assembly is lOkN what is the average shear stress in bolts C and D of 
diameter 40 p ~ a ?  

Only bolt C need be considered as, by symmetry, the average shear stnss 
will have the same value in both bolts. From the free-body diagrams 
(Figure ll), the two bolt cross-sections must experience shear f o m .  The 
shear force Falong each ctom-seotion has a magnitude of 5 kN. The cross- 
sectional a m  is 

A = d= 1257 X 10-= m2 

Using F = ?A, 

F SxiOSN 
t =A 

A 1257 X 10-= mZ 

which is the average shear s t m  on that aoss.don. 

Note the use of half attowheads in Figure 11 to indicate shear stresses. 

An eyebar is attached to a fitting by means of a 25 mm diameter pin 
(Figurt 12). What is the maximum pull P patmissible if the average shear 
stFm in the pin is not to ex& 100 MN m-21 

sideviw 

Figure I2 fmnt view 

A particular sheet of strunural steel has a known shearing strenfl of 
approximately 300 MN m-=. A hole is to be punched in the sheet. If there 
is unifonn shearing on the cylindrical picm of steel to be removed, what is 
the fora necessary to punch a 25mm diamete~ hole through a plate 
l0  mm thick'? 

Figure 13(a)! shovs the same bar that you saw in Figute 3, still in tension. 
However, the section PQ is now at an angle. For equilibrium this indined 
section must also experience an axial force k? This fome oan be replaced by 
a force component petpendiculat to the d o n  plus a force component 
along the d o n  (Figure 13b). There is, themfore, a nonnal s t m  and a 
shear atress on the section PQ. Thun a bar in axial tension or compression 
has both normal and shear stmses on inched sections. In general, for any 
s~uotural member whatever the external applied loads there is a mixture 
of normal and shear stressts generated within the matetial, in vatious 
directions. Tht problem in s t m  analysis is to determine all these, in all 
directions, at all points within the material, for all external load cams! 

This of course is impossible, but in a great many situations the loading 
taw give stress distribution pattern which can be modelled and analysed 
with reasonable degncs of simplicity and certainty. 

Figure I 1  



Figure 17 

-W- 

SA0 H 

Figure 14 shows part of a tie bar of rectangular cross-section 40mm X 

20 mm. The rod carries a tension of 200 kN. The inclined section PQ is at 
30°, as shown. 
(a) Determine the section area. 
(b) What is the magnitude of the force exerted by the upper part of the bar 

on the lower part? 
(C) find the magnitude of the force component perpendicular to the 

section. 
(d) Find the magnitude of the force component along the section. 
(e) Calculate the normal and shear stresses on the section. 

(0) (C) 

Figure 14 Figure IS 

Figure 15(a) again shows the tie bar of the last SAQ. The usual way to 
picture the state of stress inside such a bar is by drawing fnt-body 
diagrams of very small blocks of materid These blocks are called elements. 
They are cubes, but we o k n  only show the square side view. These 
elements show stnsses rather than forces, but the force can always be 
quickly determined as stress times area. If1 choose an element aligned with 
the rod (Figure lSb), I find that it has equal normal stresses top and 
bottom, zero normal stress on the sides and zero shear stresses. However, I 
could choose at the same point another element at an angle (Figure 1%). 
tben because the faces are inclined I shall expect there to be n o d  and 
shear stresses on all the faces. U we consider a small enougb element there 
will be normal stresses of equal magnitude on opposite faas  and likewise 
with the shear stresses. U the body is not accelerating and is successfidly 
resisting or carrying the applied loads then the element is in equilibrium, 
both translational and rotational. Taking moments about axes through 
the corners of the element shows that the shear stresses must all be of equal 
magnitude. The important result is that the shear stresses on two per- 
pendicular planes through a point must always be equal in magnitude. 
Thew are called complementary shem stresses. Therefore the element can be 
shown as in Figure 16, with all shear stresses of q u a l  magnitude. This 
property of shear stresses makes stress analysis a little easier as the number 
of unknowns at a point is reduced. 

SA0 l5 
Figure 17 shows a concrete column in compression. Draw free-body 
diagrams of the elements ABCD and EFGH, mark stress arrows in the 
correct directions, and indicate any equal magnitudes. (Note that the 
elements could be at the same point - I've separated them to make the 
labelling easier.) 



Figure 1Na) shows a rectangular piece of material with a square grid 
marked on it (imagine a piece of wire gauze) and subjected to shear 
stresses as illustrated. The effect of the shear stress is to cause an angular 
deformation distorting the squares into parallelograms (Figure 18b). The 
internal angles at corners D and B change from fn radians, that is a right 
angle 90°, to fn - y whilst the angles at corners A and C increase from fn 
to fu + y (y is the Greek letter gamma). For typical stiff engineering 
materials, for which y will be of the order 0.001 radians, Figure 18(b) is 
shown greatly exaggerated. For such small values, this angular deforma- 
tion y is called the shear strain - defined as the total change in angle (in shear siraia 
radians) from the right angle. 

(a) 

Figure 18 

SA0 18 
An engineer lists the following parameters for a structural component 
but the parameters and their corresponding values are accidentally re- 
arranged. Correct the list. 

Load = 55.6 MN m-2 Length = 0.0036 m2 

Cross-sectional area = 1 m Stress = 0.2 MN 

Strain = l mm Extension = 0.001 

Figure 19 shows part of a load versus extension curve for a metal rod of 
length l m and cross-sectional area 0.01 m2. Draw the corresponding 
stress versus strain curve. The bar is cut in half to give two bars each of 
length 0.5 m. Draw the stress versus strain curve for one of these half bars. 

Figure 20 shows part of a rectangular bar with a cross-sectional area of 
0.04 m2. The bar is loaded in tension and has a uniform normal stress of 
100 MN m-'. Determine (a) the force of one-quarter of the cross-sectional 
area, and (h) the stress on onequarter of the cross-sectional area. 

1 .o 

0.5 

0.5 1 .O 
Figure 19 

Note that whilst stress has a magnitude and direction, we also need to 
specify the location and area of the plane upon which it is acting. It is more 
complicated therefore than a vector and cannot simply be resolved into 
components or combined to form a resultant like forces can. Stress is an 
example of a tensor, and tensor mathematics is much more complicated 
than vector mathematics. The study of the effects of a stress, such as 
components in different directions, is correspondingly more difficult than 
for vectors. All is not lost, however, as there is a very useful technique for 
combining and analysing stresses as we shall see later on. First we must 
consider some modelling assumptions about structural materials and their 
useful properties. 

J 
100MNm-a 

Figure 20 




