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0 INTRODUCTION 

Take any page of exercises from any mathematical textbook. 
What does the author expect the pupils to achieve after 
completing work on the page? 

Take any workcard, or activity page from any school 
textbook. What does the author expect the pupils to achieve 
after completing the work ? 

Simply getting answers to all the questions cannot be the point of the exercise. There must be 
some underlying principle, some common thread which links the exercises and activities 
together, and presumably the author expects pupils to become aware of that underlying feature. 
Ideally, pupils will be able t o  express in their own words what the general method or general 
pattern is, or, a t  least, will be able to say how to tackle 'similar' questions, and what i t  is that 
makes them similar. 

Take any picture or drawing in a textbook. To what extent 
are the particular details important, and to what extent is it an 
illustration of a general situation? 

Take any mathematical fact that you would like your pupils 
to be familiar and confident with, for example: 

the area of a rectangle is the base times the height; 
the circumference of a circle is pi times the diameter; 
to add two fractions you. . .; 
a minus times a minus is a plus; 
squaring a positive number makes it  bigger if i t  is 
bigger than one, and smaller if it is less than one; 
to multiply by 10, you put a nought at the end; 
to decide which of two decimal numbers is the larger, 
you . . .. 

In each case, there is a general rule or principle which applies to a lot of different cases. It  is 
not enough for pupils to be able to cope with a few particular cases, since the essence of the 
learning is to become aware of the underlying generality, and to recognise circumstances in 
which it  is relevant. 

Take any standard pupil misconception or error, such as 
'multiplication makes bigger'. Could such misconceptions 
be seen as  the product of intensely mathematical 
generalisations, starting from misconstrued or misheard 
remarks? 

Pupils are rarely wilful in getting wrong answers. Often the error comes about quite 
naturally, as the result of expressing an inappropriate generality. An awareness of the 
processes involved in generalising can help in understanding how such errors arise, and in 
their correction. 

This pack invites you to work on a series of activities involving the seeing of generalities in 
various contexts. This should help you to develop more awareness of the processes involved in 
generalising, and this in turn should help you both with your own mathematics and with your 
teaching. 



AIMS 

To demonstrate that expressing generality lies a t  the heart of 
mathematics teaching and learning, and indeed that it is not 
confined to mathematics. 

To support an approach to mathematics in which those who are 
unsure are particularly encouraged to try to express their 
ideas and thoughts out loud, with the specific intention of 
modieing them: in other words, to provide a conjecturing 
atmosphere. 

To foster a sense of generalising, an awareness of what is 
involved in the act of seeing and then expressing a 
generality, and an appreciation of its importance throughout 
mathematics. 

To provide situations in which the recording of generalities 
(in pictures, words, shortened words and symbols) leads to a 
sense of having captured a statement that applies to a whole 
class of situations. 

To offer situations in which a conjectured generality needs 
an argument to convince someone (first yourself, then a 
friend, then a skeptic) that the generality is valid. 

To establish an attitude which values the struggle to express 
what is seen as part of the process of seeing more clearly. 

To suggest that the manipulation of letters associated with 
algebra arises naturally from the wish to be able to 
manipulate expressions of generality. 

To help develop confidence that symbols and notation are 
useful devices which anyone can employ, and which actually 
contribute to clearer thinking. 



WAYS OF WORKING 

This pack, i n  common with all of the MATHEMATICS UPDATE packs, is based on activity. 

Some activities have comments, but these are best read after having tackled the activity. 
Where no comment is offered, i t  is intended that you discuss with colleagues, and decide for 
yourself when you have given the activity sufficient attention and time. 

At first, a lot of your energy and attention is likely to be absorbed by getting to know your 
colleagues and tutor, adjusting to the content and style of the material, and accommodating 
your private study into your life a t  work and a t  home. As your attention is freed from these 
considerations, you will be able to give more thought to your experience of working on the 
mathematics in this pack, of cooperating with your tutor and colleagues, and of working 
independently. 

There is an implicit assumption running through the pack that the ways in which you are 
invited to  work on this material are equally relevant and appropriate to your classroom work 
with pupils. The implications for classroom practice may therefore form an important theme 
in discussions with your tutor and colleagues. Section 5, THE LAST WORD, contains some 
suggestions in this direction. Section 5 also contains further suggestions on ways of working. 
In fact, most of our suggestions on ways of working are to be found there, not because they are 
intended as  an afterthought to the pack, but because their contents will become more 
meaningful to you as you gain experience of working on the activities. We therefore 
anticipate that you will use those remarks as a back-cloth to your studies. 

Since PM751 EXPRESSING GENERALITY is intended as a foundation to the range of 
MATHEMATICS UPDATE packs, the comments on activities are sometimes accompanied by 
remarks about possible ways of working, both when working alone and when working with 
others. For example, there are suggestions about what to do when you are stuck (which are also 
gathered together on the BOOKMARK: What to  do when you're stuck, where they can be easily 
referred to as you work), and remarks about what is called a conjecturing atmosphere. 

Some brief remarks about what is meant by a conjecturing atmosphere may be appropriate 
before you begin. A conjecturing atmosphere is a supportive atmosphere in which making 
judgements about your own behaviour, or that of others, is not appropriate. Rather, a 
conjecturing atmosphere is  fostered by simply noticing the manner and content of 
contributions and responses to others, and modifjling that behaviour when appropriate. It  is 
based on the explicit premise that you learn much more from trying to express ideas that are 
still fuzzy and half-formed, than you do from telling someone things about which you are 
confident . By expressing ideas, in words, gestures, pictures and writingtthey can be looked 
at, worked on and modified, whereas if they stay inside your head they may just go round and 
round. Bear in mind that even though, perhaps because, you are uncertain, others can also 
learn from your struggle. 

The essence of working in a conjecturing atmosphere is therefore listening to and accepting 
what others say as a conjecture which is intended to be modified. Consequently, i t  is well 
worth noticing how you go about: 

developing and using a vocabulary which fosters conjecturing, (e.g. use words such 
as 'I suggest that . . .' or 'Perhaps . . .' rather than 'No!' or 'That's right!'). 
listening to others and being listened to. 



1 W H A T  IS EXPRESSING GENERALITY? 

P ACTIVITY 1 Look a t  the following sequence. How would you make the next picture i n  the 
sequence? 

And the next? 

Now express in words how the pictures are to be continued. 

TRY THIS NOW BEFORE READING THE COMMENTS 

Comments There are often quite different ways of extending a sequence, so i t  is important to decide 
what rule you wish to use. Any rule will do - as long a s  i t  is consistent with the pattern given and can be 
extended indefinitely. In this case, i t  is pretty hard not to have four squares above and five squares below 
for the next picture. And here the general rule for continuing the sequence would be 'add one more square 
to both top and bottom' to get the next picture . 

The most common type of rule which people come up with is a rule for making the next member 
of a sequence by using or extending the previous one. Such a rule is said to be recursive. And 
already there is an expression of generality: that of extending any particular picture to make 
the next one. Now, suppose you want to make, say, the 37th or 100th picture in the above 
sequence. This could be done by starting from the first picture and then repeatedly using the 
recursive rule to build up successive terms until you reach the one you want. A powerful, and 
often challenging, shift occurs when you ask yourself how to make such a term directly 
without building up from the beginning. What is required here is an expression for the wanted 
term that does not depend on knowing the previous ones. 

ACTIVITY 2 How many squares will be needed to make the 37th and the 100th pictures in the 
following sequence? . . 

What role is being played by 37 and loo? 
b 

Comments The numbers 37 and 100 are intended to focus your attention on connections between the 
structure of a particular member of the sequence, and its position in the sequence. The 37th picture has 36 
squares on the top row, and 37 on the bottom, or 73 altogether. But the answer 73 obscures connections with 
the position number, 37. It  is more sensible therefore to think in terms of 36 + 37 for the total number of 
squares needed. What would be the corresponding expression for the 100th picture? 

ACTIVITY 3 Someone is thinking of a position in the following sequence, but we don't know 
precisely which one. Find a way to tell them how to calculate the total number of squares 
needed to make their particular picture in the sequence. 



Comments Since we don't know what position number the person actually has in mind, we want to 
find some way to refer to this unknown quantity . A little cloud is sometimes used at first, as a reminder 
that the unknown number is in the other person's head. Thus, 'I have a number in my head, which is the 
position of a term in the sequence. I'm not going to tell you what it is, but I can write it with a little cloud. 
Using the cloud, tell me how to calculate the number of squares needed to make that term in the sequence.' 

Some people like to use phrases, such as 'the number of squares is the position number of the picture in the 
sequence plus one less than the position number.' Some people like to move directly to a word or symbol, 
such as POS (or 'position number') Using POS, we can say that the top row will need POS - 1 squares, and 
the bottom row will need POS squares. This gives a total altogether of POS + (POS - 1) squares for the 
picture in sequence position number POS . 

The verbal expression 'position number plus one less than the position number', and the 
expression POS + (POS - l ) ,  or more compactly, 2POS - 1, are both examples of an expression 
of generality. They express the number of squares needed to make a pattern in a general 
position in the sequence. The verbal expression is perfectly adequate, a t  least until you want to 
compare different expressions to decide if they are actually saying the same thing. This is 
taken up in the next section. 

The move from particular terms such as the 37th or 100th, to a general, but unspecified position 
in the sequence, lies a t  the heart of expressing generality. In one sense i t  is not an easy move, 
and yet in another sense, i t  is the most natural. I t  is perfectly natural, because it happens 
naturally just as children learn language and social behaviour. I t  is sometimes not easy, 
because it  requires a shift in perception from particular features, to similarities, and a 
corresponding shift in how to express what is being seen. 

Moving to a general expression can seem difficult, especially a t  first, perhaps because i t  is 
unfamiliar. It  takes time to become familiar with what it means to shift the focus of attention 
from the particularities of one member of the sequence, to what it is within that example which 
makes it exemplify some structure common to all the sequence members. It  takes time to move 
from looking a t  different members of a sequence as being distinct entities, to seeing common 
features. Section 5, THE LAST WORD, makes specific suggestions for thinking about the 
implications of these ideas in the classroom. 

The seeing of similarities is a natural part of how human beings function, but in the context of 
school, i t  often needs nurturing and fostering. The expression of those similarities, as  
generalities, is more difficult. To ease those difficulties, it helps to have attention drawn to the 
wide range of ways in which people have expressed similarities and generalities in the past, 
and so to become familiar with what an expression of generality can look like. Furthermore, 
it is helpful to be aware that in some situations, detecting and expressing a general rule can be 
extremely complicated, if not impossible. For example, the number of different shapes that can 
be made by gluing together a fixed number of squares, edge to edge, as follows: 

looks like a reasonable sequence to try to generalise. However, no general formula is known. 

The move t o  generality is perfectly natural, even for very young children, because it is the 
essence of language, and the basic mechanisy by which we make sense of the world. Words 
are abstractions. Nouns like 'horse' or 'table' are used to refer to specific things, but apply to a 
whole class of objects. When young children are learning t o  speak, they have to sort out which 
features of what they see mean that 'horse' is accepted by adults, and which features require the 
word 'cow'. They have to discover, from listening, how verbs work, how they change 
(depending on singular or plural subjects) and how they vary (depending on past, present or 
future). 



But language is just one example of the means by which we make sense of the world in terms of 
similarity. People seem to have an innate mechanism for detecting samenesses in all 
situations, and this is necessary so that strategies can be developed for dealing with standard 
types of events. Instead of remembering all the details of every experience, people seem to 
focus on some aspects, and to ignore others. Stressing some features and ignoring others is 
what we mean by seeing samenesses in different situations. For example, you see a bicycle 
being ridden, and you subsume a good deal of what you see into your general sense of 'bicycle 
riding'. Your attention shifts from the general to the particularities of this particular 
incident. Later you can reconstruct some of what you saw from the general features of bicycle 
riding, and any prominent details, but in the process you ignore other details that you failed to 
notice. 

Mathematics can be described as a disciplined enquiry about our experience, with the aim of 
detecting and expressing samenesses to do with quantity and relationships. Notice that 
without the words 'quantity and relationships', the rest of the preceding sentence could apply to 
any discipline. What characterises different disciplines is the sort of situations and objects 
which are focussed on as particular cases in which to detect generality, and the manner in 
which people set about convincing others that generalities are valid or valuable. So the process 
of convincing (ourselves and others) is essential to all disciplines, and this perspective leads 
to mathematics as being about convincing other people of the generalities and samenesses that 
are seen to do with quantity and relationships. 

This viewpoint suggests that i t  is crucial to establish a conjecturing atmosphere in the 
mathematics classroom. I t  takes time to convince and to be convinced. First of all, people 
need support and encouragement to express to others what they are seeing, for these 'seeings' 
are conjectures which may need modification, and it  is often in the act of expressing that 
people begin to see things slightly differently, and want to change their minds. Gradually, the 
conjectures become more convincing. At first one tries to convince oneself often by using 
other people as listeners. Later it is a matter of trying to convince them. 

The next activity returns to the original sequence of shapes, raising some further questions 
that you might like to investigate. Try to express to colleagues what you think you see, 
changing your mind, if necessary, until you have a conjecture that convinces you and finally 
the others. 

ACTIVITY 4 Each square is made up of four edges and four vertices. How many edges and 
vertices will there be in the picture in a general position in the following sequence? 

Comments One way to proceed is to count the numbers of edges in each of the first few pictures, and 
then to look for a pattern in the numbers. If you do succeed in detecting a number pattern in this way, you 
still have only a conjecture. You must be able to demonstrate that the pattern of pictures corresponds to the 
pattern of numbers. It is often useful to take the fourth or fifth member of a sequence, and to experiment 
with ways of drawing it which assist you to count whatever it is you are counting. You seek, not the total, 
but how the total arises. Your attention shifts to the action of counting and away from the specific count. 

REFLECTIVE ACTIVITY 5 State in your own words what expressing generality now means to 
you. 

DO THIS NOW, BEFORE READING ON! 
b 



Comments At the very beginning of this pack it was suggested that there is more to doing a set of 
activities than merely getting answers. Usually the purpose is to become aware of some general or 
underlying principle or technique. Reflective activities such as this one then become the core of learning, 
when time is spent trying to express to yourself, to others, and on paper, what you think the underlying ideas 
are, and what features seem to be common to several, most or all of the questions worked on. 

Generality seeking can be hard a t  first but  it can definitely be improved with explicit practice, 
and the  next section consists of a number of different examples of contexts in which you are 
invited to search for patterns and  similarities. Bear in mind a s  you work through the  
material t h a t  it is  not always an  easy step to write down your findings. Seeing or detecting 
pattern or similarity is  one thing; expressing i t  is quite another. So, before trying to get words 
on paper, it often helps to try to say out loud, either to a colleague or just to yourself, what you are 
seeing. You will then find recording your thoughts, in words, pictures, and symbols much 
easier.  

If you find yourself stuck, do not despair. I t  i s  only by getting stuck for a while tha t  you learn 
how to improve your thinking. Make use of the advice on the BOOKMARK: What to do when 
you're stuck. 



2 EXAMPLES OF EXPRESSING 
GENERALITY 

T h e  purpose of t h i s  section is to  indicate t h e  breadth a n d  scope of t h e  idea  of expressing 
generality, both within mathematics  a n d  outside it. More mathematical  examples can be  
found in  the  resource section which makes  u p  the bulk of this pack. 

As discussed in t h e  previous section, generality seeking can be  prompted by  investigating 
pat terns suggested by a few special cases of members of a sequence. 

P ACTIVITY 1 Express a generality suggested by at least  one of t he  following sets  of statements. 

2x4-1x5=3 z2- 12=3 lx2x3x4+1=5x5 

3 x 5 - 2 ~ 6 = 3  32-22=5 2 ~ 3 ~ 4 x 5  + l = l l x l l  

Com ments For example, in the case of the middle sequence, in words you might say that the difference 
between the squares of consecutive numbers is an  odd number. But which odd number? By expressing 
everything in terms of the position number in the sequence, you can actually specify which one i t  will be. 

Paradoxically perhaps, generality seeking m a y  also be prompted by  t h e  examination of a 
general statement. T h e  reason i s  t h a t  pa r t  of the  practice of expressing generality involves 
specialising for yourself, i n  order to make  sense of t h e  situation and to  begin to  detect some 
general pattern. Having investigated various special cases, a pat tern may emerge which can 
then be expressed in  some succinct form. 

ACTIVITY 2 Which of t h e  following s ta tements  a r e  a lways  true, sometimes t rue,  or  never 
true? For those which are  not always true, t ry  to modify them in  some way so t h a t  they are. 

The  sum of two odd numbers i s  odd. 
The  product of two numbers, each with remainder 1 on dividing by 3 ,  also h a s  
remainder 1 on dividing by 3. 
Given a rectangle, there i s  another one with the  same perimeter b u t  larger  area. . . 

If you double the  perimeter of a figure you double the  area. 
Any quadrilateral can be used to tile the plane. 
Girls a r e  taller t han  boys. 

Comments To tackle a general statement, i t  is necessary, indeed almost always automatic, to try out a 
few cases to see first what is being said, and then to see why i t  might be always true, sometimes true, or 
never true. Convincing yourself, and then someone else, comes about through trying to see through the 
particular cases to some features which will hold in every possible case. 

For example, in adding odd numbers, any particular pair of odd numbers, when added, will show that the 
answer is not always odd. Indeed, looking a t  several cases of adding odd numbers to odd numbers 
suggests that the answer is usually even. In fact, any two odd numbers, when added, will give an even 
number. But what does a convincing argument look like? It is not enough simply to offer a few examples. 
Some argument is needed which applies to all possible cases. For example, you could say that, given two 
odd numbers, the 'odd ones left over' make a pair, so the result is even. This is a verbal description of a 
picture of odd numbers as  'all but one paired up'. 



No further comment is appropriate on this activity, since the important thing is to try to convince others of 
what you can see, not to try to work out what these notes say. 

REFLECTIVE ACTIVITY 3 How do you know when you have finished work on a question? 

Comments There is no specific answer to this. You must learn to decide when you think you have seen 
something significant or 'got something from it', or when you have simply 'had enough'. If you have 
nagging doubts that there may be more, then it is up to you to go back and do some more work. There is no 
fixed 'thing' that any question is about, for many mathematical ideas may emerge from any given 
starting point. Even in the simple case of adding odd numbers, there are many possible extensions to 
explore and investigate. For example, what about multiplying rather than adding? What about adding or 
multiplying even numbers? What about combining three, or even more numbers? What is the analogue of 
evedodd when looking at remainders upon dividing by 3, or by 7, or by. . .? 

Generality seeking frequently arises in geometrical situations too, just as  i t  does in 
arithmetic. Here, part  of the practice in expressing generality involves specialising by 
forming an image and perhaps by sketching some diagrams. 

ACTIVITY 4 A rectangle can be broken into two non-overlapping triangles in two different 
ways. What about a general quadrilateral? What about other polygons? 

ACTIVITY 5 Imagine a straight line, carrying on indefinitely in both directions. I t  divides 
the plane into two regions. 

Imagine now a second straight line. Let i t  move about in all possible ways. Bring the second 
line to rest so that it crosses the first line somewhere visible. There is now one crossing point 
and four regions. 

Introduce a third line. How many crossing points and how many regions are formed by your 
three lines? Move the third line about until there are as many regions as  possible. 

How many crossing points and how many regions can be formed from four, or five, or 
. . . lines? 

b 
Generality seeking in areas outside mathematics involves similar processes: seeing or 
detecting similarity in a number of special cases and using this as  a basis for expressing a 
perceived generality; or examining a general situation by specialising (in order to make 
sense of,the situation) and then by seeking a pattern. 

ACTIVITY 6 The following three extracts are taken from a secondary science text. What 
aspects of expressing generality are illustrated? 

Robert Boyle fixed his bicycle pump, to which he had attached a pressure 
gauge, so that it was full of air, and he put it in the oven so that it stayed at 
the same temperature. That was important. He then pushed the pump 
handle in so that the volume of the air in the pump was halved. To his 
great surprise, he found that the 'reading on the pressure gauge had 
doubled. 



For a fixed mass of gas at constant temperature, halving the volume 
doubles the pressure. 

PV is constant i f  T is constant. 

P 

ACTIVITY 7 What aspects of expressing generality are embedded in the following ideas, 
taken from secondary textbooks in various subjects? 

At constant pressure, halving the volume of a gas doubles the 
temperature. 

Acids have a sour taste, turn litmus paper red, and contain hydrogen 
ions. Alkalis feel soapy, turn litmus blue, and contain hydroxide ions. 

All pure samples of the same chemical compound contain the same 
elements in  the same proportions by mass. 

Trees need a growing season of at least three months with average 
temperature above 6" C. 

Sand and shale, with acid peaty soils, are usually covered with coarse 
grasses and heather, while limestone uplands with sweeter soils support 
much shorter, finer grasses. 

Abundant rainfall normally gives rise to forest, moderate rainfall to 
grassland, and low rainfall to  desert. Evaporation and plant 
adaptations mean that this rule is not exact. 

The effectiveness o f  a poem is enhanced by the use of  alliteration, 
onomatopoeia, and rhyme. 

The age of enlightenment was marked by a redefinition of knowledge, 
and how knowledge is obtained, and was stimulated by voyages of 
discovery. 

P ACTIVITY 8 What aspects of expressing generality are implicit in the following diagrams? 

from biology 

Diagram of an animal cell Diagram of a plant Cell 

Protoplasm: 
Cell membrane Small 
Cytoplasm temporary 
Nucleus vacuole 

Glycogen granules 

Oil droplets 

Cellulose cell wal 

ell membrane 

Vacuole membrane 

Large permanent vacuole ' 



from mathematics 

Cuboid Cube Cuboid 

Y 
Perimeter = ? 

Comments on Activities 6, 7 and 8 How do your colleagues in other disciplines work with pupils in 
order to help them get to the point of being able to express such generalities for themselves, to 'make it their 
own'? What devices or strategies do they use to move from particular cases to the general principles? How 
pupils are helped to move from focussing on particularities, to being aware of, and being able to express 
generalities, forms a useful topic for cross-departmental discussions. 

b FOR DISCUSSION WITH COLLEAGUES Select a page or two from your mathematics scheme. 
What generalities might the author be expecting pupils to become aware of? What is the role of 
the examples: from the author's point of view; from your point of view; from the pupils' point of 
view? 

In the  light of your experience with expressing generality, how might pupils be helped to 
express their own version? 

For further ideas on how expressing generality can form a main theme of classroom lessons, see PM641 
ROUTES TO ALGEBRA, obtainable from LMSO, The Open University, Milton Keynes MK7 6DH. 



3 MULTIPLE EXPRESSIONS 

One of the most important features of expressing generality, is that what is being expressed is 
only your own seeing of a pattern. But a pattern detected is usually just one of many 
possibilities. For example there are often a whole variety of ways to continue a sequence of 
which the first few terms only are presented. The sequence 

could continue 4, 5, 6 (the counting numbers), or 5, 8, 13 (each the sum of the preceding two 
terms), or 6, 12, 24 (each the sum of all the preceding terms), or in many other ways. How 
many can you suggest? 

P 

Therefore, before trying to express a general formula for, say, the number of something-or- 
others in a general member of a sequence, it  is essential to specify in words how the various 
members of the sequence are formed. (Often this will be expressed in terms of how to form the 
next member of the sequence from the preceding one.) 

- .  

Then, having specified a method for forming members of a sequence, the next step is usually to 
try to formulate (literally, 'formula-ate') a general rule for the general term. As you work, 
you may easily find that your perception of the pattern changes. This is entirely natural, but it  
is worth looking out for two different levels of perceptual shift. 

For example, take the following sequence: 

One pattern which catches the eye, is a ring of circles around a square. How many circles will 
be needed in general? 

There are many different ways to see how to count the number of circles. Here are three 
different 'seeings' for the third member of the sequence. 

(Note. In the bottom 'seeing' there are four lots of four circles, which overlap on all corners: 
(which are shaded) so that one copy of these shaded parts needs to be taken away.) 

Although for each way of seeing only one particular case is illustrated, there is a natural 
tendency to s,ee through the particular to the general. Notice also that, in order to assist in 
detecting the generality in mind, it  was necessary to choose a 'sufficiently large particular 
case: the first two terms of the sequence would not illustrate.so clearly or so generally the ways 

, 

in which the circles were being grouped. 



Expressing in words the pictorial 'blocking out' of a way of seeing, might therefore produce 
something like: 

four copies of (side minus one), 
four in the corners plus four copies of (side minus two), 
four c'opies of side, minus four in the corners, 

which are all ways of expressing the number of circles needed to make the general term. 

There are many other ways to 'block out' a way of counting the number of circles needed in 
general. How many can you find? 

The fact that the number of circles needed to make a general member of a sequence can be 
expressed in terms of which member of the sequence is to be constructed, leads to one of the 
fundamental shifts of attention which lie at  the heart of algebra. An expression, whether 
expressed in words, or in symbols, is simultaneously a method of calculation, and an entity in 
its own right. Thus, 'four copies of side, minus four in the corners' is both a formula for 
calculating and an answer (the number of squares needed). Failure to make this shift is one 
of the principal contributing factors to finding algebra inexplicable and 'hard'. 

Moving from pictures demonstrating 'blocking out', to words, then into a mixture of words and 
symbols for operations and then into succinct notation with letters for 'side' etc. permits and 
facilitates the algebraic manipulation which is so important in mathematics. Thus 

4 copies of (side - 1) 

might be collapsed to something like 

4 lots of (cloud - l ) ,  

or 

4 X (side-l),  

or even 

4(s - 1). 

Recognising a variety of different ways to see and express'the same pattern requires an 
acceptance of multiplicity. When you can find several different ways to express the same 
generality, there ought to be some way of manipulating the expressions to see directly that they 
are indeed expressing the same thing. You ought to be able to go from one expression to another, 
without resorting to the visual patterns. For example, you ought to be able to go from the 
expression 4(s - 1) to 4 + 4(s - 2) (i.e. 'four in the corners, plus four copies of (side minus 2)'), by 
using only algebraic manipulation. Several exposures to this possibility raises the idea of 
manipulation of symbols, with the rules derived from your own experience of multiple 
expressions, instead of being imposed by an authority. So, before being called upon to 
manipulate other people's expressions of generality (doing their algebra for them), it helps to 
have considerable experience of formulating your own expressions of generality (doing your 
own algebra). 

Algebra is important because by manipulating symbols i t  is possible to capture an argument 
which justifies some conjectured seeing, succinctly and compactly. It does not follow that you 
are supposed to be able to read someone else's compact argument instantly. But with the help of 
algebraic manipulation, and with your awareness of algebra as the manipulation of symbolic 
expressions of generality, you can expand their' symbols into words, you can specialise to detect 
what is being expressed, and you can then regeneralise it, so that you reconstruct the argument 
for yourself. 

As well as recognising that there are several ways of seeing the same pattern, you also need to 
bear in mind that there may be a question mark over which pattern is being seen, and this 
requires another acceptance of multiplicity. 



For example, i t  i s  usually possible to see the initial part  of a sequence in several different 
ways. The sequence of circles above could also be extended as  follows: 

the fourth term being the first in which the inner dots can appear and still leave some hollows. 
The point is that  a few examples are not enough to guarantee a particular pattern. Thus i t  is 
essential to specify how members of a sequence are formed, before seeking a general formula 
and a convincing justification. Stimulating pupils to look for alternatives emphasizes the 
variety and  creativity in mathematical thinking, and counteracts the  identification of 
mathematics with right or wrong answers. Encouraging them to convince someone else that  
their conjecture is correct puts the emphasis as  much' on convincing as  on the  ultimate 
correctness of the conjecture. 

For elaboration of pedagogic points concerning the teaching of algebra, see PM641 ROUTES TO ALGEBRA. 
For elaboration of the fundamental mathematical thinking processes of specialising, generalising, 
conjecturing and convincing, see PM750 LEARNING AND DOING MATHEMATICS in the MATHEMATICS 
UPDATE series. Both are obtainable from LMSO, The Open University, Milton Keynes MK7 6DH. 



4 SOME RESOURCES 

This section consists of numerous contexts in which seeing and expressing generality can be 
practised and exercised. Its primary purpose is to enable you to observe the differences between 
seeing or sensing a pattern, being able to describe that pattern to a friend, and recording it on 
paper in words and symbols. The title is intended to indicate that there are various ways of 
making use of the material, some of which are listed below. 

The contexts are collected together under headings, and this immediately implies a 
classification, a seeing of sameness. You may therefore like to work through 
several items under a given heading and then ask yourself 'What is the same, and 
what is different, about these activities?' 

You may wish to dip into various headings, looking for items that attract your 
attention. You might then wish to ponder upon what it is that you find attractive or 
unattractive about different examples in order to gain insight into pupils' 
experience. 

Most activities are presented straight, without any attempt to set them into a story or 
context which might be expected to attract attention. You may wish to take some 
examples, and to recast them in a different form or as part of a story. 

Most activities start with a particular question, and invite you to generalise, as befits 
the title EXPRESSING GENERALITY. You might wish to rephrase some such activities 
in general terms, inviting participants first to specialise (to make sense) and then to 
regeneralise for themselves. 

The various contexts are intended only to illustrate possibilities. Thus, i t  is possible 
that you will want to generalise the generalities, in the sense of seeing the activities 
offered as examples of more general patterns or contexts. 

There are numerous computer programs available, which can be used to support 
practice in expressing generality. Any program in which 'something happens' begs 
some or all of the following questions: 

what is the 'something'? 
will i t  always happen? 
what will happen next?, or, what will happen with this input? 
what would happen if you could also . . .? 

Every mathematician, of every age and experience, can benefit from practising expressing 
generalities. It might be useful therefore to establish a habit of working on one item every day 
for a period of time. 

There are two absolutely critical points to bear in mind when working on these resources. 

It  is essential to state in words what it is that you are generalising. Bear in mind 
that different ways of perceiving the same situation can result in different 
generalities, as well as multiple expfessions of the same generality. 

An expressed generality is no more than a conjecture. I t  is mathematically 
essential to try to convince (first yourself, then a friend, then a colleague) that your 
conjecture is indeed valid. See PM750 LEARNING AND DOING MATHEMATICS in the 
MATHEMATICS UPDATE series for more details. 



(i) VISUAL PATTERNS 

Each of the following pages contains a number of visual patterns. 

Take one of the sequences (or situations). 

Look for one or more ways to extend it. 

Express those ways in pictures, words and symbols. 

Describe a general member of the sequence (or a general form of the situation). 

Try to generate your own, similar pattern, and make a note of it  in a special 
generalities notebook. This will grow into a useful resource of your own. 

Choose something that seems attractive, and don't feel you have to 'do' every example. If you 
do look a t  several patterns on the same page, remember to consider what connections, 
similarities and differences there are, and try to express those to yourself and to a colleague. 

Any difficulty this presents may shed light on the experience of your pupils. If you can catch 
yourself struggling to detect a pattern, or struggling to express what you 'see', you will have 
direct experience on which to draw in discussion with colleagues about how mathematics is 
learned and how you can help pupils to learn. 



) BEGINNINGS 

Choose a sequence. Describe in words how to make the next, and the next, and the next 
. . .  terms in your sequence. 

Express the number of squares, or edges, or vertices needed to make up a general term. 
Convince someone else that your conjecture always holds. 

W W - * -  

a # E... 
Look for patterns among these sequences, and make up some more for yourself. Your 
own sequences are usually the most interesting! 



b POSSIBILITIES 

One shape has lots of possibilities for being developed into a sequence. 
Two terms -:uts down the possibilities considerably. 
Three terms are often definitive, and it can be hard to detect any other rule. 
Four terms can usually only be extended in one way. 

Concentrate here only on the numbers of squares in each shape. 
Check any rules carefully, as it  is easy to overlook the first term or two in your 
eagerness t o  account for the others! 

What is the same and what is different about the sequences in each group? 

What is the same and what is different about the groups of sequences? 



WHEEL PATTERNS 

Imagine a wooden roller, much like a wallpaper roller or rolling pin, with patterns carved on 
it. The roller is rolled in ink, and then along a piece of paper. It  leaves behind a printed strip, 
like the examples below. 

There are several general patterns to seek and express here. 

What is the pattern carved on the roller? There are usually several ways to express 
this (but see below). 
What is the shading (if any) of the 37th, the 100th and the 999th square? Can a rule be 
given to determine the shading of any square? 
In what square will the 37th, the 100th, and the 999th shaded (in a particular way) 
square appear? What about in general? 
How much information is needed to guarantee a unique strip pattern? 

If only a few squares are given, so that not all the roller has been seen, then prediction is 
impossible. Is i t  enough to be told that the roller has rolled around completely a t  least once? a t  
least twice? a t  least thrice? . . . (Note that if you are told the roller has gone round exactly once, 
twice, etc., the prediction is easy.) 

Here are some more examples. Again, the most interesting ones are those you make up 
yourself, in an attempt to 'hide' the pattern from colleagues, or at least to make it difficult to see 
the pattern quickly. Try to express a method for analysing all roller pattern problems. 

Imagine now a die resting on one square of a square grid whose squares are the size of the 
faces of the die. The die can be tipped over any of the four edges of the face on the grid. A record 
is kept in each grid square, of the pips showing on the top of the die when it occupied that square. 

If you always start with the die the same way up on the same starting square, and 
then successively tip it  over, what pips can appear in what grid squares? 
Express a method for predicting what pips can appear, and how to make them appear 
there. 
Try this for a tetrahedron resting on a triangular grid. 

Take a tennis ball, mark a particular point on it, and place the ball on a table so that the 
marked point is a t  the top. Investigate the routes over which the ball can be rolled so as to get the 
point back to the top position. At what points on the table can this be achieved? 

I b 



WINDOWS 

Imagine a copy of the Hundred Square in which the numbers 1 - 100 are placed one after 
another in a table with 10 rows and 10 columns. Observe the four adjacent entries which have 
been highlighted in a window. 

Notice that 
23+34=33+24, 

and that 
33x24-23x34~ 10. 

Does that happen for other similar windows? 

On the same Hundred Square, what sorts of relationships are there among the entries of bigger 
windows, which also hold amongst other similar sized windows? An example might be the 
window 

for which 
55+67=65+57, 
55+66+57=65+56+67+ 10, 

and 
65x57-55~67=20, 

among other things. 

Formulate general relationships for any sized window. What if the window edges are not 
parallel to the sides of the square? 

The Hundred Square is just one of many different tables that can be formed. For example, the 
numbers can be placed one after another in a table that has eight columns. Predict what 
changes will occur to the relationships you found for Hundred Square windows, when 
interpreted in such a table. Generalise. If the entries are written in base eight, what 
connections are there with the Hundred Square relationships? 

Instead of always counting by ones, imagine a table such as the following, which is made up by 
counting in threes. 

What relationships are there amongst window entries on such a grid? 

Another way to form a table is to count along the rows in, say, threes, and down the columns in, 
say, fives. The rows and columns extend indefinitely, but you might be shown only part of a 
small window such as  

(which is not based on three and five). Since the entries shown are nicely a t  the corners of the 
window, i t  isn't hard to work out how the table has been formed, You can then investigate 
relationships amongst the window entries. One thing worth investigating is the formulation 



of a technique for deducing from a few, perhaps scattered entries how the table is made up, if 
all you know is that the rows and columns are produced by counting on in fixed steps (but 
where, perhaps, the steps in the rows and the columns are different amounts). 

Addition is not the only operation available. What happens if succesive terms are generated 
by multiplying by, say, two, rather than by adding? What if you always multiply by two and 
add three to get the next term? 

Windows can be formed on other tables - on addition tables, on multiplication tables, and on 
tables made using subtraction and division. For example, the window 

can be found in a division table with 6 and 12 as the column headings, and 2 and 3 as the row 
headings. It could also be part of a multiplication table, where the rows are not in the usual 
order. By trying various examples, formulate a technique for deciding what sorts of 'tables' 
four entries could come from. 

Perhaps the entries you are given are scattered, rather than neatly together, such as 

It  is still possible to find a t  least one 'table' from which these entries come, but is it always 
possible if the entries are more scattered? What connections are needed in order to be sure that 
a table can be recovered? What if some of the scattered entries are row or column labels? 



Concentrate here on the number of squares needed to make a shape. Use the related shape 
with shadows added to help work out how many squares are needed in general. 

What general principles appear to be being illustrated? 
Make up some sequences of your own which involve the same principles. 

Use what you have learned from the above sequences to try to generalise the following. 
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b AREAS 

Each of the following sequences of diagrams can be seen as telling at  least one story 
about areas. To express that story in general is to express a theorem, which then may 
need justifying in order to be correct in all cases. 

Which areas are the same in the following sequences? 

Find the areas of the triangles in the following figures, in terms of the initial 
rectangle, assuming that the parallelograms all have the same length base. 

Interpret the area of the triangle in terms ...,....... .:.:.:.:..:....:. ..A 

of the length of the dotted line. 
... ... ... ... ...... . .......... - ............... 

Interpret the area of a triangle as a special ::::., 
.::z :::::*. 
.:.:.:, .v.. A.. 

.$~.$~., case of the area of a trapezium. :.:::::.:.:.:::: 

What happens as the 
strips get narrower 
and narrower? 

What happens in 
three dimensions? 



) SQUARE TILES 

If these tilings are extended to cover 
the whole plane, what will be the 
proportion of large and small tiles? 

What other groupings of tiles could be 
used to generate the same tiling? 

Is there a rule to determine whether a 
given pattern of tiles can be used to 
tile the whole plane? 

What is the same and what is different about the following diagrams? 
How many different types of tiling are possible with tiles of given sizes? 

Find several ways to describe rules which floor tilers could use to extend the diagrams to tile the 
whole plane, where possible. 

Investigate the possibility of stating a method of checking whether a pattern 'start' like one of 
these can in fact be extended to the whole plane. 



) CIRCLES 

Circles can be arranged in ways which squares can not, giving rise to yet mare possibilities. 



Concentrate here on formulating a verbal description of how to carry on a sequence. Make 
sure it actually works! Finding a general formula for the number of squares at each stage 
can be very difficult. 

.... Being able to say 'Oh that's just the same as is often a sign of a significant insight, and 
not to be lightly dismissed. Try to say what it was that you suddenly saw as 'the same'. 



(ii) PATTERNS FROM NUMBERS 

F REAPPEARANCES Observe that 

7641 - 1467 =6l74 andthat 7531 - 1357=6174. 

What sets of four digits, when arranged first in descending and then in ascending order and 
then subtracted, will yield'6174? For those that don't give this answer try applying the same 
process to the digits in the answer. Explain what is happening, convince someone that 'it' will 
always happen, and generalise - say to sets of three, or five, or more digits. 

v 

F SMALLER AND SMALLER Carry on the following sequence, and justify the conjecture that it 
will continue to work. 

7 ~ 8 ~ 6 ~ 9 - > 5 x l 0 > 4 x l l  > . .  . 
Generalise, and convince someone. 

v 

F REVERSES Observe the following sums, generalise, and then convince someone. 

571 396 482 198 
- 175 + 693 - 284 + 891 

3% 1089 198 1089 

Try something similar with four-digit numbers. 

ALWAYS For each of the following statements, decide whether it is always true. If i t  is not, 
then modify the statement to make i t  always true. Convince someone else that you are right. 

If a perfect square ends in 6, the preceding digit must be odd. 
If a perfect square does not end in 6, the preceding digit must be even. 
Any number which is one more than a multiple of 4 is either prime, or the square of 
an odd number. 
If two numbers (not necessarily whole numbers) sum to one, then the square of the 
larger added to the smaller is larger than the square of the smaller added to the 
larger .  
If the difference between two numbers is even, then their product is the difference of 

' two squares. 
If the difference between two numbers is odd, then their product is the difference of 
two numbers, each of which is the product of two consecutive numbers. 
The product of two consecutive numbers is divisible by two; the product of three 
consecutive numbers is divisible by three. 
Take any number and write down all of i ts positive divisors. Now write down the 
number of divisors each of those numbers'have. The sum of the squares of the new . 
numbers is equal to the cube of their sum. 

. 



) DIV ISORS Is there a number with exactly 115 positive divisors? What if you must count both 
positive and negative divisors? 

S U M  PROBLEMS Notation can have a remarkable focussing effect, by drawing attention to a 
calculation as  having two aspects: as a technique of computation, and as  an answer. 

First 

let l + 2 + 3 = s  
then 3 + 2  + l  = S 
and  4 + 4 + 4 = 2 s  

let 5 + 7 + 9 + l 1  = S  
then 11 + 9 + 7 + 5 = s  
and  16 + 16 + 16 + 16 = 2 s  

Try to see these a s  examples which illustrate general techniques. Express those techniques in 
words, and use them to compute similar sums. 

Now, 

let l +  3 +  9 +  27 - - S 
so t h ~ t  3 x 1  + 3 x 3 +  3x9 + 3x27 = 3s 
thus 1  - 3x27 =(l-3)s 

Similarly, 

let 1 . 2 +  1 . 2 ~ +  1 . 2 ~ +  1 . P  = S 

so that 1.2~1.2' + 1 . 2 ~ 1 . 2 ~  + 1 . 2 ~ 1 . 2 ~  + 1 . 2 ~ 1 . 2 ~  = 1.2s 

1 . 2 ~ -  1.2 
S O  S = 1.2-1 ' 

What exactly is it that is 'similar' about the last two examples? 

Apply similar techniques to the following sums, and to examples of your own. Try to express 
what sorts of sums are amenable. to these techniques. 

1 x 2  + 3 ~ 2 ~  + 5 ~ 2 ~  + 7 ~ 2 ~  +. . . +  3 9 ~ 2 ~  

AB-SURD Observe that 

(3-47)' = 49 - 47 and 9  - 7  = 2' 

(3 - d712 = 3256 - 4252 and 256 - 252 = 2 2  
(3 - d713 = 48100 - 48092 and . 8100 - €!Q92 = 23 



) SUM THE DIFFERENCE One example of a general technique is presented here. Generalise, to 
find a general formula for this case, and for other 'similar' cases. What exactly is 'the 
technique'? 

ALTERNATE SUMS There may be more patterns here than first meet the eye! 



(iii) PATTERNS FROM GEOMETRY 

) JUNCTIONS How many junctions will there be in a network of.roads which cross each other 
two a t  a time? 

What is the maximum (minimum) number of crossings obtainable with a given number of 
straight lines? Do you perpit  more than two lines to cross a t  a point? 

So far the crossings have been in networks of'straight lines, in which each pair of lines cross 
each other a t  one point a t  most. What happens if the straight lines are replaced by circles, 
squares, rectangles, etc.? 

Call a collection of curves a k-family if each pair of curves cross each other a t  most k times, 
and if only two curves cross a t  one place (so the straight lines form a l-family). Investigate the 
numbers of crossings that can be achieved. 

B 

POLYGONS A rectangle can be broken into two non-overlapping triangles in two different 
ways. What about a general quadrilateral? What about other polygons? 

What is the sum of the angles of a polygon? Does your generality cope with all of these cases? 

How many right angles can a polygon have? 

A triangle has  no chords, a rectangle has two chords. . . How many chords in a polygon? 
(Source: David Fielker) 

b 

FOLDED PAPER Imagine a long strip of paper. Fold i t  in half so that i t  is half as long (and 
crease the fold). Fold in half again, and again. How many creases will there be when you 
unfold it? Can you predict the sequence of ups and downs that will result when you straighten 
out the paper? Try making each fold into a right-angle, then trace the edge-curve on a piece of 
squared paper. Make some predictions, test them, and try to find a convincing argument. 

Take a long thin strip of paper. Glue the ends together to make a band, but before gluing, give 
the band a number of twists. Now flatten the band onto a table. There will be some creases 
formed. How many creases must there be (and can there be)? 

Imagine a square of paper folded in half along one diagonal. The result is an isosceles right- 
angled triangle. Fold that along its line of symmetry. Fold that along its line of symmetry. 
Imagine repeating this a few times, then actually cutting along the line of symmetry. Predict 
the number and shape of the pieces that will result. (Source: Peter Gates) 

Cut a shape from a piece of paper. What shapes can be folded and cut along a line of symmetry 
to produce two smaller, congruent shapes? What if these shapes must be similar to the  
original? What if you fold the shape first and then cut, or cut into two pieces with a straight 



line, then cut each of those to produce four pieces congruent or perhaps similar to each other 
(and perhaps similar to the original shape)? 

FlXlNGA FIGURE Imagine a circle. Let i t  move about, changing i ts  size and position. Get a 
sense of the amount of freedom i t  has. 

Imagine a point fixed on the plane. Imagine a circle moving around a s  before, but always in 
contact with the point. I t  may spin about its centre (the circle simply has  to pass through the 
point), change size, and generally move about. Get a sense of the freedom available to the 
circle subject to the constraint of the point. 

Now fix another noint. Let the circle move about as much as possible but always remain in 
contact with the two points. How much freedom is there? 

Now fix a third point. How much freedom is there? 

Try the same exercise but  with a rectangle, square, pentagon, regular pentagon, sphere, 
tetrahedron, regular tetrahedron, etc. 

Imagine a circle moving about in the plane, but always in contact with a point (a line, a circle, 
. . .). Where can i ts  centre get to? 

Imagine the circle now always in contact with two points (etc.). Where can i ts  centre get to 
now? 

A circle can be thought of as a set of points equidistant from a given point. What might i t  mean 
for a circle to be equidistant from two points? Where could its centre be? What might i t  mean 
for i t  to be equidistant from three points and where could its centre be? (Source: John Mack) 

TRIANGULAR LINES Imagine a triangle. Imagine a little circle inside the triangle a t  one of 
the vertices, just touching the edges of the triangle. Let the circle grow and shrink, always 
remaining in contact with the two edges. Follow the path traced out by the centre of the circle as 
i t  grows and shrinks. Mark specially the centre of the circle when i t  touches the third edge of 
the triangle. Repeat with little circles near the other vertices of the triangle. Announce a 
general result based on what you observe. 

Imagine a triangle. Imagine also a circle passing through two of the vertices. Let the circle 
grow and shrink but always remain passing through the two vertices. Follow the path of the 
centre of the circle as  it moves. Repeat with other pairs of vertices. Announce a result based on 
what you observe. 

Imagine a triangle. Focus on the mid-point of one of the sides . Imagine a copy of that  side 
sliding towards the opposite vertex but always remaining parallel to i t s  starting position. 
Follow the path of the mid-point. Repeat for the other two sides of the triangle. Announce a 
result based on what you observe. 

Try replacing the mid-point with a point one-third, or two-fifths of the way along. When can 
you get all three to meet a t  a single point? What if you focus on diflerent cut-points for each of 

J 
the three edges? * 

b 

POLYHEDRA A p.yramid is formed by joining all the vertices of a polygon to a single point not 
in the plane of the-polygon. How n~anyvertices, edges and faces can apyramid have? 



Aprism is formed by taking two copies of the same polygon (possibly of different sizes) lying 
in parallel planes, and joining up matching vertices between the two copies. How many 
vertices, edges and faces can a prism have? 

A drum is formed like a prism, except that each vertex of each polygon is joined to two adjacent 
vertices of the other polygon, to produce triangular faces. How many vertices, edges and faces 
can a drum have? 

Try gluing polyhedra together. Can you predict the number of vertices, edges and faces in 
each family of polyhedra? Can you produce other families of polyhedra? Can you describe 
them in words so that others can draw or make them? 

) CROSSINGS A quadrilateral can be thought of as a figure with four (quad) sides (lateral), 
drawn one after another, so that the last ends back at the start of the first. A crossing occurs 
when two 'sides' intersect each other. How many crossings can a quadrilateral have? (You 
have to decide what to do about vertices lying on sides.) 

What is the most number of crossings a trilateral can have? A pentolateral? In general? 
What numbers of crossings can be achieved in general? 

F PAINTINGS Imagine a wooden cube painted red. It  is cut into a number of cubelets (small 
cubes). How many cubelets are red on how many faces? 

Imagine a rubber rope with hexagonal cross-section, stretched out on the table in front of you. 
Imagine grasping the ends and bringing them together so that they could be 'glued' to make a 
ring. Just before the gluing, imagine that one end is given a twist of some sixths of a full 
revolution. The ring now has a number of faces each of which could,be painted with a different 
colour. How many colours are needed? 

Points are equally spaced around a circle, and a thread is drawn starting a t  one, and 
following a rule such as 'join to the next but 3 clockwise?' How many threads will be needed in 
general? 

Cornmen ts  Although the 'threads' question does not mention painting, it is intimately connected to the 
'painted ropes'. 



(iv) EUREKA 

I t  is easy to be trapped into believing that  you have detected the pattern, when in fact you have 
only detected a possible pattern. The game of EUREKA demonstrates this point very clearly. I t  
also shows that i t  is important not to believe a conjecture, but to try to prove and  to disprove it. 

The basic principle of EUREKA is that  one person (the knower) thinks of a rule for generating 
objects - for example a sequence of numbers or geometrical patterns, or all objects in a room 
sharing a certain property. The knower writes down the rule (in order to avoid disputes later), 
and announces one example which fits the rule. 

Participants then offer further examples like the knower's - the next term in the sequence, or 
some other object in the room - based on a guess a t  the type of rule chosen by the knower. The 
knower simply announces whether the proffered examples fit or don't fit the rule. I t  helps to 
keep a record of proffered examples, both fits and non-fits. 

The title EUREKA is  used for this game, because a t  no time does anyone announce what they 
think the rule is. When they think they know 'the rule', they announce EUREKA. The object of 
the game is  to get everyone to be able to say EUREKA confidently. When someone has  said 
EUREKA, i t  is their task to offer examples which will help others to see the pattern for 
themselves. If the knower wishes to test a EUREKA, an example can be offered with a challenge 
to the participant to say whether i t  is thought to be a fit or a non-fit, the point being to surprise 
people who have detected a different rule by not probing deeply enough. 

The classic example, derived from Peter Wason, is to offer a triple of numbers such a s  
(3, 9, 27). Most people jump quickly to the conclusion that  powers of three are involved in the 
rule, or that  the terms are obtained by multiplying the first by 3 and by 9. All examples based 
on these ideas are accepted. But (2,4, 8) will also be accepted by Peter Wason. If all examples 
offered involve powers of numbers, he might eventually offer (1, 3, 11) or (2, 6, 12). For some 
time the offers might all conform to the rule 'all even or al l  odd', but  Peter Wason will also 
accept (1, 4, 7), or (2, 15, go), because in this instance the actual rule on the card is 'strictly 
increasing order'. 

WARNING Don't be too fancy about your rule, or no-one will get a EUREKA. The aim is t o  
surprise people by trapping them for a while in a mistaken conjecture, not to stump them for 
ever or to show how clever you can be. 

OBSERVATION At first, people tend only to offer examples which they think will fit the rule. 
I t  takes some time, perhaps even several games, to discover the usefulness of examples that  you 
think will fail - because they may get accepted. Once you think you know the rule, i t  is wise to 
offer examples which nearly but don't quite fit your version of the rule. 

The game of EUREKA has  been likened to scientific research. Rules are sought which govern 
the way the universe operates, but there is no guarantee that those rules actually apply, and no- 
one will ever confirm a EUREKA. Scientists must try constantly to find flaws in their 
conjectures, to test and probe their assumptions. Much the same is true in mathematics., 



(V) EXTENDING NOTATION 

The underlying idea in the following activities i s  the way in which meaning is  'sensibly' 
given to symbols in new situations, by extending their meaning from familiar contexts. 
There are  three subsections or contexts in which to explore this idea: indices; products of 
negative numbers; and repeated operations. 

The first two are based on typical sets of exercises from textbooks. The third offers ideas 
towards extending standard notation further than is usually done. 

INDICES 

P ACTIVITY l a  What generalities are being illustrated in the following? 
3 4 a2 = a.,; a = a a a  a = a.a.a.a 

2 + 3 3 + 5  a2a3 = a.a.a.a.a = a ; a3a5= a.a.a.a.a.a.a.a = a . 

P ACTIVITY l b What generalities are being illustrated or indicated in the following? 

ACTIVITY I C  What generalities are being illustrated or indicated in the following? 

What then is a sensible meaning for a'? 

ACTIVITY Id What generalities are being illustrated or indicated in the following? 

0 1 -1 a =al- '=a .a SO a-' = ? 

What then is  a sensible meaning for a-'? 
0 2 -2 so ? a =a2-'=. .a 

What then is a sensible meaning for a-2? 
0 a =a3-3= a a -3 so a-3 = ? 

What then is a sensible meaning for a-3? 

Cornmen ts A general pattern may seem entirely obvious but the attempt to crystallise and express it can 
help to clarify and can point to unnoticed inconsistencies. 

Adding indices corresponds to multiplying terms; subtracting corresponds to dividing. The rules work in 
particular cases but, more importantly, the addition of positive indices in general corresponds to multiplying 



factors (such as a2a3 = aa.aaa = as) simply by adding up the number of a's multiplied together. The notation 
itself facilitates this sort of computation, focussing attention on the key aspect of an index. 

Tne meaning of aO, and the meaning of negative indices, follows 'sensibly' by extending the rules. This is 
typical of the effect of mathematical notation. Good notation is both suggestive and extendable. 

) ACTIVITY l e  Investigate a sensible meaning for a2I3 by considering the  meaning of 
expressions such a s  

2 2 2  (a213 = a a a and extending the idea to a2I3. 

Don't forget to generalise. 

P 
'C 

) ACTIVITY I f  Suggest a sensible meaning for a-w3. Check that  your decision is compatible 
with the 'rules' of indices. 

P 

ACTIVITY lg What is  the  same, and what is different, about the following particular 
examples, each of which illustrates a general principle? 

NEGATIVE TIMES NEGATIVE 

Since negative numbers are usually thought of as below or to the left of the positive numbers, 
arrange a multiplication table as follows:. 

. . . . . .  I I . . . . . . .  

b ACTIVITY 2a Look a t  the table above. Rehearse the patterns in order to refresh a strong sense 
of how the rows and columns work. For example, in row 3, column 5 there is  a 15 because 3 
times 5 is 15. F 

Now extend the columns downwards, retaining the patterns. For example, counting down in 
the first column, 5 , 4 , 3 , 2 ,  1, carries on to 0, -1, -2, . . . 



Extend the original rows to the left, again retaining the patterns. For example, row 3 read 
from right to left goes 18, 15, 12,9,6,3, and carries on to 0, -3, -6, . . . 
Justify the row and column of O's, in terms of a multiplication table. 

b 

b ACTIVITY 2b Now fill in the bottom left quadrant, both by extending rows to the left, and by 
extending columns downward. Observe that it makes no difference which way you choose to 
extend. 

Comments The confluence of the two methods of extension suggests that one sensible way to extend the 
notion of multiplication to negative numbers is to adopt the rule that 'minus times minus equals plus'. 

ACTIVITY 2c A slightly different version of the same idea goes as follows: 

Since 1 times anything leaves it unchanged, 1 X -1 = -1. 
Now, since (1 + -1) = 0, 

Ox0 = ( l+ -1 )  X ( l+-1)  
= l x ( l + - l )  + (-1 ) X (l + -1) 
= 1 x 1  + l x ( - l )  + ( - 1 ) x l  + ( - l ) x ( - l )  
= 1 + -1 + -1 + ( - l ) x ( - l )  
- - (l + -1) - 1 + (-1) X (-1) 
= -1 + (-l)x(-l). 

Thus, 
0 = -1 + (-l)x(-l) ,  

or 
l = (-1) X (-1). 

So a sensible meaning for (-1) X (-1) is 1. 

Compare this argument with that in activities 2a and 2b. Pick out all the places where appeal 
has implicitly been made to patterns. 

Commen ts There are significant patterns present in multiplication, and a well-based awareness of those 
patterns supports, and perhaps even constitutes, mathematical understanding. 

REPEATED OPERATIONS 

In the 1950s, someone working for a computer firm suggested that exponentiation be 
represented as **. Thus 23 would be signalled to the computer by 2**3. This suggests the 
following idea: 

Since 

a shorter notation for these facts could be 

b ACTIVITY 3a Find at least two different ways to express in words a meaning for ++, based on 
these examples. 



Comments One approach is to describe the operation ++ in terms of +; namely it adds the first number to 
itself the second number of times. Another approach is to interpret ++ by its effect, in terms of other, known 
operations; namely, by multiplying the two numbers. Thus ++ is the same as X. These two different 
approaches should be helpful if the idea is extended beyond multiplication. 

There are a t  least three different directions to pursue from this point. The operation ++ could be 
extended from whole numbers to fractions andlor to negative numbers and could be examined 
to see if i t  remains the same as multiplication. The idea could be extended to a new operation 
+++. The same idea could be applied to another operation such as  X, or + . These ideas could 
also be combined together. For example the operation +++ could be explored and extended from 
whole numbers to fractions or to negative numbers. More detailed suggestions along these 
lines are given in the following activities, but you may wish only to refer to them if you run out 
of ideas. 

ACTIVITY 3b To extend ++ to fractions, complete the following rule which holds when a, b  and 
c are whole numbers: 

( a + + b ) + ( a + + c ) = a + + ?  

Now let b and c both be 112 and see if you can deduce a value or meaning for a  ++ y 2 .  

Extend to a  ++ 1/2, a ++ 1/4, etc. 

Extend to a  ++W3 etc. 

Investigate what happens with negative numbers. 

b 

ACTIVITY 3c To extend ++ to +++, forget for the moment the connection with multiplication, 
and work with the other interpretation of ++ as repeated addition. Just  a s  2++3 means 2  
repeated three times and all added together, so 2  +++ 3  could mean 2  ++ 2  repeated three times 
and all added together. Investigate what happens in general. 

Extend to fractions and to negative numbers. 

Extend to ++++ and beyond. 

B 

ACTIVITY 3d If 2 ++ 3  means 2 added to itself three times, what might 2  xx 3  mean? 

Extend xx to fractions and to negative numbers where possible. 

Since ++ is the same as X, it is worth looking for connections between +++ or ++++ and xx. 
Extend to xxx and beyond. 

b 

ACTIVITY 3e Could there be an operation A on whole numbers, such that, whatever A means, 

means the same as a  + a  ? . 

B 

REFLECTIVE ACTIVITY 3f Look back over all the above activities and look for similarities and 
differences. What have you discovered about repeated operations, about mathematical 
thinking, and about yourself? 

b 
(Source of ideas for this subsection: John Warwick) 



(vi) MOVES 

This section provides a number of situations in which objects are moved from one position '2r 
configuration to another. Questions to consider include finding the minimum number of 
moves, in general. ?ky extending or varying the situations. 

JUMPS Place an even number of coins or counters in a row. The object is to get them into 
piles of two, but a counter may only be moved by passing it over exactly two other counters. 
When is i t  possible to achieve piles of two and how many moves are required? 

Place an even number of coins or counters in a row, with alternate coins heads and tails, or 
alternate colours. The object is to get all the counters of the same colour to be adjacent to each 
other, but a move consists of taking two adjacent counters and moving the pair as if they were 
stuck together, to an open space, without swapping them round (see below). Is i t  possible to get 
counters of the same colour next to each other? How many moves are required? 

P FLIPS Place three or more plastic cups (or coins) in a row. The object is to get them all the 
same way up. You can change the arrangement of which are up and which are down, by 
switching exactly two each time. Which arrangements are possible? What if you must switch 
three a t  a time. . .? See also PM752A ACTIONS INTO WORDS in the MATHEMATICS UPDATE 
series. 

Place three or more cups or coins in a row, all the same way up. Can you get them all the other 
way up, if the flipping rules are that you can only flip a cup if all the cups to the left of it are 
either all up or all down? How many moves does it take? Can you get from any starting 
position to 'all the same way up'? Try other 'flipping rules'. 

SLIDES Arrange a number of coins or counters in a horizontal row on a square grid. How 
many moves are required to get them into a vertical column? 

What counts as a 'move'? It  is perhaps more challenging to consider a 'move' as  a slide to an 
adjacent space on the grid along a row or column (but not a diagonal). 

What is the minimum number of moves required? What is the minimum number of moves if 
the starting and finishing positions are given in advance? Produce convincing arguments 
that you have found the minimum! 

Ed Vaughn (Maths in School, Vol. 16, No. 4, 1987) points out that i t  is instructive to look 
particularly a t  the following cases. The starting position is shown lightly shaded, and the 
finish is shown dark. 



In the left hand figure, look a t  the total number of moves as  the sum of the moves of each piece. 
Look also a t  the number of moves in terms of the number of grid squares occupied a t  some time 
during the moves. There are also several kinds of moves to consider: 

move the closest piece its shortest distance, then the next closest, and so on; 
move the pieces so that no grid square is used more than once; 
move each piece the same amount. 

Different expressions for the same thing often produce mathematical results. 

Start with a rectangle of counters. How many moves are required to move the counters (in the 
way described above) about the grid square in order to form a rectangle the other way up? 

Try other configurations, looking both for the number of moves simply to get from one 
configuration to the other, and for the minimum number of moves to get from one given 
position to another: 

REFLECTIVE ACTIVITY What is the same and what is different about the various situations in 
this section, in terms of the mathematical thinking that emerges? What is the effect of finding 
several different ways of looking a t  the same thing? 



(vi i) PUZZLES (OLD AND NEW) 

Mathematical puzzles have been popular for over 3000 years, as evidence is provided by 
Babylonian stone tablets, Egyptian papyri, Indian Sutras, medieval European manuscripts, 
and modern puzzle books. Each of the puzzles in this collection can be generalised in a t  least 
one way. Try to find several different directions to extend or generalise each one. 

By finding similarities between the various puzzles, try to develop a classification scheme, 
then try to extend the list by introducing new types. 

SHARING (Indian, about AD 50) A hungry wanderer came across two shepherds who had 3 
and 5 loaves respectively. The three shared the loaves equally, and the wanderer paid 8 
pennies for her share. How should the shepherds share the payment? 

P 

QUEUE (Modem) While standing in a queue, I noticed that while threeelevenths of the queue 
was behind me, five-sevenths of the queue was in front of me. How long was the queue? What 
properties must the two fractions have in general in order to make a possible puzzle? 

P 

): FOUNTAINS (Greek, about AD 50) I am a brazen lion; my spouts are my two eyes, my mouth 
and the flat of my right foot. My right eye fills a jar in two days, my left eye in three, and my 
foot in four. My mouth is capable of filling it in six hours. Tell me how long all four together 
will take to fill it. 

P MILLED (Claviur, AD 1484) 1 wish to have 500 rubii of grain ground. At the mill there are five 
stones. The first grinds 7 rubii of grain in an hour, the second 5, the third 4, the fourth' 3, and 
the fifth 1. How long will i t  take to to grind all my grain, and how much will each grind? 

' 

P 

P SLOSHED (Buteo, AD 1559) An amphora of wine is placed before three mighty drinkers. The 
first can empty it  in 24 hours, the second in 12 and the third in 8. How long does it take all three 
together? 

P 

HOW MUCH LONGER? (Modern) One day, as  I was walking along reflecting on my life, I 
suddenly realised that I had been teaching for one-quarter of my life. How long will i t  be 
before I will have been teaching for one-third of my life (assuming I keep on teaching!)? 

While working on a repetitive task, I noticed that I had only one-third left to do. How much 
longer will i t  be before there is only one-quarter left to do? 

P 

P MAGIC (Fibonacci, AD 1200) Think of a number less than 300. Divide your number by 5, 7, 
and 9, and note the remainders. Multiply the first by 126, the second by 225 and the third 



by 280; add these results; subtract 315 as many times as possible while remaining positive. 
What is left is your original number. 

Explain and generalise. 

b 

F EGGS (Medieval) A woman going to market with a basket of eggs, and pondering on life in 
general and her eggs in particular, realised that if she grouped her eggs in 3's, 4's, or 5's, there 
would be 1 left over in each case. How many eggs might she have had? Find a general 
method. 

F MINTED (Modern) A certain small country, eager to save money by minting as  few coins as 
possible, minted a 3 unit coin, and a 4 unit coin. Which bills could be paid exactly, without 
needing change, and which would need change to be given? (Note The three coin problem is 
very hard.) 

F SHIPOWNERS (Probably 15th century) Three merchants purchase a ship. One pays two- 
fifths of the price, another three-eighths, and the third 2700 Livres. What was the ship's price? 

F CROSSING (Arabic, l lth century) A man came to a river bank with his wolf, goat and 
cabbage. The only transport was a small boat which would take the man, and just one of his 
possessions. However, if left alone together, the wolf would eat the goat, and the goat would eat 
the cabbage. How can the crossing be effected? (The wolf, goat and cabbage can be interpreted 
as psychological aspects of oneself, and the steps in the crossing as stages in life.) 

There are many other versions of this problem, involving missionaries and cannibals, 
jealous couples, and small boys with rafts. Investigate possible generalisations and 
extensions. 



(viii) ANCIENT ALGORITHMS 

Over the centuries the need to be able to find answers to typical problems has led people to 
formulate techniques which could be carried out routinely. The name 'algorithm' for such 
routines comes from the title of an Arab work, by AI-Khwarizmi in the ninth century. Now 
that pocket calculators are readily available, there is no need to spend hours mastering 
routines for multiplying large numbers, extracting square roots, etc. But using a calculator, it 
is instructive to examine the ancient methods, to try to see why they work in general (and not 
just that they do work on an example), and to express a convincing argument that they will 
indeed always work. 

Algorithms considered here are: peasant multiplication; finger times nine; and roots. 

P PEASANT MULTIPLICATION In medieval times, multiplying numbers of more than one digit 
was a major achievement. Versions of the following method can be found in many different 
cultures. 

Place the two numbers side by side. Successively halve the left one (ignoring 
remainders) and double the right one, writing the figures i n  a column. Mark 
those for which there was a remainder upon dividing, and add up the 
corresponding entries i n  the right-hand column. The answer is the desired 
product. For example, to find 11 X 7: 

11 , 7 (remainder) 
5 , 14 (remainder) 
2 , B  
1 , 56 (remainder) 

and 7 + l 4  +S6 =77 = l 1  x7 

Why does this method work? 

P FINGER TIMES NINE Consider the following: 

To multiply a digit (such as 6 for'example) by 9, hold your hands open in front of 
you; counting from left to right, fold down the sixth finger, and read off  the 
result as fifty (five fingers to the left of the folded one) four (fingers to the right 
of the folded one). 

What is i t  that makes this technique work? 

Can you modify the method to multiply by other numbers? 

ROOTS Fifty years ago, many pupils were taught to find square and cube roots by a method 
developed by Isaac Newton around 1640. There is no virtue in having to learn this method 
now, because calculators are widely available and they can be used to do the arithmetic 
directly. However, using a calculator, the algorithms can be explored, and explained. 

The following calculations show several stages in the working out of a square root. Use the 
examples to try to express what the method is. 



The same method can be used with letters ra ther  t han  numbers. The  two stage calculation can 
be written as: 

X 

, 2m + a 2  , x2p 2ax + a 

2x + a  2m + a 2  

Formulate a method, i n  words, for finding square roots. .Convince someone t h a t  i t  will always 
work! 

Comments In 1889, J. L. Richardson published Arithmetical Wrinkles, in which he quotes an  'old 
style schoolmaster' as source for the following method of finding square roots. 

The root ofyour first you 
Must place in quote2 ifyou work true 
Whose square from your said period then 
You must subduct3, and to the remain 
Another period being brought, 
You must divide, as here is taught, 
By the double o fyow quote; but see 
Your units place you do leave free, 
Which place being supplied by the square 
Of your next quotient figure there, 
Next multiply, subduct, and then 
Repeat your work unto the end; 
And if your number be irrational, 
Add pair of cyphers4 for a decimal. 

Notes. 
1. The number i s  broken into 'periods' of two digits, staring from the decimal point and working both 

ways. 
2. For 'quote' read quotient. 
3. Subduct seems to be an old form for subtract. 
4. Cypher means zero. The idea is that by adding zeros to the end of a number, you can find more decimal 

places. 

In The Intellectual Calculator, published in  London in  1862, t h e  method given for calculating 
cube roots i s  similar to that for square roots: 

Mark a point over the unit figure, and over every third figure, which will divide 
the line into periods of three figures. Place the root of  the first period in the 
quotient, and its cube under the first period. Subtract, and to the remainder 
bring down the next period of three figures. Multiply the square of the quotient 
by 300 for a divisor. Find how often it ,is contained in the dividend, and put the 
number in the quotient. Multiply the divisor by this number. Add to the product 
the amount of all the figures in the quotient, multiplied by 30, except the last, and 
that product by the square of the last. To this add the cube of the last figure in the 



quotient, and subtract the whole from the dividend. Bring down another period, 
and proceed as before described. 

T h e  book follows with an example. Try constructing your own example, i n  order to work out  
how the  method actually works. It might be sensible to start with the  known cube of a two-digit 
number! Try t o  generalise, in  order to  see why the  method works. 

Com ments Thank goodness for calculators! It  is no wonder that the method was not widely taught and 
remembered. Notice, however, that once you know what to do, and why you are doing it, i t  is only the 
tedium of long calculations which makes i t  difficult. Expressing the method in words makes i t  seem 
much more complicated. 



(ix) PASCAL'S (AND OTHER) TRIANGLES 

Arranging numbers in various arrays and configurations has been popular for 2000 years. 
The best known array is probably Pascal's triangle, named after Blaise Pascal who studied it 
in 1654, even though it was known to the Chinese hundreds of years earlier. Chu Shi-Ki wrote 
about it in 1303, and it appeared in print in Europe in 1527 in a book by Petrus Apianus. Here 
are two of the most common ways to display Pascal's triangle. 

ACTIVITY 1 Each entry is obtained in a systematic manner, from the entries in the row above 
it. Find at least one way to express a general rule for obtaining more entries. 

F ACTIVITY 2 The entries in Pascal's triangle are connected with coefficients of the terms in 
the expansions of 

(1 +X), (1 + x12, (1 + x13, (1 + x14 and so on. 

Find a succinct but convincing reason for this. Use it to explain why the row sums have the 
pattern they do, and why the sum along a row with alternating + and - signs has the pattern it 
does. Omar Khayyam studied these coefficients around 1100, and Newton formalised the 
pattern as the binomial theorem about 1600, and then generalised it to fractional powers. 

) ACTIVITY 3 Pascal's version of the triangle was printed in the form 

James Bernoulli, in 1713, used the following triangle, based on that of Pascal. 

Find several ways in which to derive Bernoulli's triangle from Pascal's. 

) ACTIVITY 4 The entries in Pascal's triangle are connected with counting the number of ways 
of choosing k things from a set of nthings. Explore and explain this, by interpreting the 
coefficient of xk in the expansion of (1 + x ) ~ .  

F 



F ACTIVITY S The triangular numbers show up in Pascal's triangle. Find them, and explain 
why they appear where they do. Is there a way to explain other parallel sets of numbers in the 
array using pictures analogous to triangular pictures? 

F 

F ACTIVITY 6 The trinomial array is similar to Pascal's triangle. Each entry is also obtained 
from the entries in the row above, but in a slightly different manner. 

Find a succinct rule for generating more entries of this pattern, and relate it  to coefficients of 

Generalise. 
F 

ACTIVITY 7 Leibniz produced an array which is closely related to Pascal's, both in rule and 
in patterns. Each entry (except those on the edges) can be thought of as obtained from the row 
below, or from the row above. 

Find a t  least two ways to describe how to generate successive rows of Leibniz's triangle, and 
find some connections between the entries in the triangles of Pascal and Leibniz. 

F 

ACTIVITY 8 It  is reported that as a schoolboy Leonard Euler (1707-1743) was asked to find the 
sum of the reciprocals of the first 100 triangular numbers (probably to keep him quiet). Use 
your rule from Activity 6 to answer the problem posed to Euler, and to suggest the answers to 
sums such as 



ACTIVITY 9 Instead of using a triangular array, the same ideas can be used to generate a 
frieze pattern as follows: 

Find some connections between Pascal's array and this frieze. 

FOR THE BOLD A stihdard method of finding a formula for a sequence of numbers is to  form 
a frieze like that  above, with the given sequence a t  the bottom. You then work your way 
upwards. As soon a s  a constant row appears, i t  is possible to write down a formula for the given 
sequence. Investigate how this is done. Try to state a method in sufficient detail for someone 
else to follow. 

P 
Comments This method simply gives a formula for a sequence of numbers formed according to the 
frieze method. When investigating a pattern, and trying to predict numbers which arise, it is not enough to 
find a formula which works for a few cases. This provides only a conjecture. It is necessary to 
demonstrate that the numbers will continue in the same pattern! 

P ACTIVITY 10 The following array was well known to the ~ r e e k s . ' ~ i n d  a way to generate new 
rows. Formulate some conjectures about the fractions which will appear, and in which row. 
Convince someone. What other patterns can you find? . . 

P 
Many of the ideas for this section come from Mathematical Discovery by George Polya. 

. U:' > 



(X) FORMAL POWER SERIES 

Note first, that 

The objects in brackets are called polynomials, and they are multiplied by expanding the brackets 
in the usual way. Each term in the first bracket is multiplied by each term in the second, and 
like terms are added together. Polynomials have only a finite number of terms. 

Now think of 
2 3 4 l + x + x  +X +X +.. .  

as an object with no particular meaning, except that all  the powers of X are present. Other 
examples are possible, with different coefficients for the various powers. Pause for a moment, 
and imagine the vast range of possible objects. Mathematicians call these objects formal power 
series. (Note that an expression such as 1 + x + x2 can be thought of as  a formal power series, 
with almost all of the coefficients equal to zero.) 

Formal power series can be added, subtracted, and multiplied just as if they were ordinary 
polynomial expressions. The object of these activities is to investigate the possibilities for 
division. 

ACTIVITY l Multiply l - x by l + x + x2 + x3 + x4 + , , , and draw a conclusion. 

B 

ACTIVITY 2 Call 1 + X + x2 + x3+ x4 + . . . P for short, multiply it by itself, and call the answer 
P2. Try to get a general expression for the coefficient of xt. Then predict what the answer will be 
when you multiply P 2  by 1 - 2x + x2, before actually multiplying i t  all out. Generalise by 
arranging the power series (perhaps without their X'S) in rows one beneath the other as follows: 

and looking for patterns in the coefficients. Pascal's triangle (see subsection (ix)) may be helpful 
a t  first, but this will need to be replaced eventually. 

A C l V l N  3 Investigate finding square roots and cube roots of polynomials such as 
2 l + % ,  l + & ,  1 + x + x ,  . . ., P, etc. 

It might be worth squaring a formal power series with general coefficients first, and investigating 
how the coefficients relate. 



(xi) INVERSETANS 
A diagram such as the first one below, can be interpreted as a statement about sums of 
angles (shown shaded in the two subsequent copies), whose tangents have simple forms. 

The statement illustrated is: 

the angle whose tan is 112, plus the angle whose tan is 113, is the angle ~ 1 4 ,  

that is, 

tan-l l /  2 + t a r 1  l /  3 = tan-l 1 = W4. 

Other diagrams can make the same statement, though it may be hard to spot. i 

Find a way to interpret each of the following diagrams which justifies the statement. 
Generalise the sequence. 

Find some other diagrams which illustrate statements about tangents, trying to 
minimize the number of squares used, or the size of the rectangle used, or . . .  

Perhaps there are some statements about s ir1 and cos1 as well. 
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5 THE LAST WORD 

Work on this pack can not be considered to be finished unless and until some overall sense 
has been made of the activities undertaken, and connections made with teaching in a 
classroom. The following activities are intended to be used as the basis for discussion with 
colleagues, but in order to prepare for such a discussion, it would be useful to  consider them for 
yourself, first. 

ACTIVITY 1 Think (andlor look) back over the various activities undertaken in this pack. 
What is similar about them all? 

Take any three activities, and consider what quality distinguishes two of them from the 
third. 

Consider other triples of activities. Use this 'two from three' process to develop a vocabulary 
which highlights the essential features of expressing generality for you and your colleagues. 

What (if any!) were the significant staging points for you in the development of your own 
awareness of the significance of seeing the general in the particular, and struggling to 
express it? 

F 

ACTIVITY 2 Looking back over sections 1 , 2  and 3, with an eye to the way in which the idea of 
expressing generality were introduced, what are the implications for introducing the same 
ideas to your pupils? 

F 

P ACTIVITY 3 The introductory page of this pack contains a list of sample mathematical facts, 
and a suggestion that these involve seeing and expressing at least one generality. Pick one or 
two similar facts or ideas from the lessons you are about to teach, and express any underlying 
or related generalities which you would like or expect pupils to become aware of as a result of 
the lesson. How might you tell whether pupils actually recognise the generalities you have in 
mind? 

b 

P ACTIVITY 4 Pick a mathematical fact, idea or technique that you are about to introduce to 
pupils, and consider how your awareness of the role of generality in mathematics might 
influence how you work with your pupils. 

P 

F ACTIVITY 5 In the introductory page of this pack it was suggested that many apparent pupil 
misconceptions and errors can be accounted for by pupils having generalised misconstrued or 
misheard remarks: generalising beautifully, but, unfortunately, inappropriately. Note down 
some of the standard incorrect answers associated with the topic you are currently teaching. 
What plausible sources can you think of from which, by seeking and expressing some 
generality, you might expect some pupils to arrive at the ideas or techniques that they have? 



ACTIVITY 6 Formulate some advice for a colleague about to start work on this pack, to help 
them get the most out of their work. 

ACTIVITY 7 What are the implications for teaching in the classroom? 

OBSERVATIONS Expressing generality is not so much a topic to be taught in a specific lesson, 
as a way of looking a t  what mathematics is about. Almost any moment in almost any 
mathematics lesson has some aspect of generality a t  its heart. Algebra arises as a result of 
wishing or needing to manipulate generalities (see PM641 ROUTES TO ALGEBRA). We offer 
below some observations, made by various people a t  various times, about strategies for 
promoting a seeing of generality in, or through, particularities and for encouraging a shift of 
attention from specific instances, to an awareness of the generality which integrates those 
instances. 

Don't rush pupils into symbols. Words, or shortened words, are perfectly adequate 
until expressions are to be manipulated. 

Pupils not accustomed to dealing with the inexplicit, the abstract, and the general, in 
mathematics, often need considerable support and assistance to come to see the 
general in and through the particular. Generalising is well within the scope of any 
pupil a t  school, since it is necessary in order to speak, to function socially, and to 
survive in any lesson. 

For a period of time, try starting each lesson with five minutes work on a sequence 
from Section 4(i) VISUAL PATTERNS. 

Sequences of static pictures on a page can be dead and boring. Participating in the 
generation of a sequence, and appreciating the range of possiblities from which a 
particular sequence is chosen, can be much more engaging. 

To shift pupils from particular numbers to generality, the 'I've got a number in my 
head; can't tell you which one i t  is; can you tell me how to calculate i t  . . .' game 
often helps. 

Attention can be drawn to generalising when working on standard topics from 
texts, workcards or in the midst of investigations. 

It  is possible to imagine the third, or the tenth member of a sequence, but difficult to 
imagine the general term. Generality can be detected in, or seen through, a single 
example, by stressing the structural features and ignoring the particular numbers 
involved. 



REFLECTING ON WAYS OF WORKING 

It  is important when working on an activity, not simply to get lost in the 'doing', but every so 
often to take time for reflecting: for pausing, drawing back, and trying to make sense of what 
has been noticed. It is hoped that you will come to recognise the points a t  which such pausing is 
appropriate. 

When you pause, i t  is helpful to make a note of both the mathematical sense and confusion you 
have you have, and any moments which stand out as significant for you either because of the 
mathematics, or the self-knowledge. A two sentence reminder of a vivid moment can be used 
as an anecdote to try to link your experience with that ofcalleagues, and so to improve 
discussion about teaching and learning. A notebook devoted to such anecdotes and significant 
moments is very helpful. 

Reflecting is partly a solitary activity, as you try to make sense of a number of ideas and begin 
to integrate them into a whole. It  is also a communal activity, as you try to express to others the 
sense you have made and in so doing both recognise your own areas of woolliness and provide 
opportunity for others to work on their understanding. This applies both to the mathematical 
content and to psychological observations. Such material support is dependent upon the 
establishing of a conjecturing atmosphere. To prepare for a productive discussion with 
colleagues, i t  is usually useful to write down a few sentences that capture what you think the 
various activities have been about, with any questions or uncertainties that you are aware of. 

Working on an activity, i t  is very possible that you will get stuck. What do you do then? The 
BOOKMARK contains some suggestions. Use it. Use any colleagues to whom you have access , 
to discuss your stuckness. I t  may be that you are not clear what the activity involves. If so, 
then investigate for yourself, formulating your own questions. I t  may be that you are not clear 
what the activity is trying to get at. If that is the case, then try to make up some sort of story, 
write i t  down, and compare notes with colleagues. 

After working for a while on a mathematical activity, there is often a strong desire to know 
whether you are 'on the right track'. However, these notes contain no answers as such, for 
many reasons. The most salient reason is that most of the time there is no particular correct 
answer. There are many things worth noticing, and these are likely t o  emerge from 
reflection and discussion. It  is essential that you develop your own criteria for deciding when 
you have 'done enough for now'. If you have some nagging doubt that there is more to discover, 
then perhaps it  is worth going back and investigating further. 



6 TUTOR NOTES 

The activities in this pack are not intended to be complete in themselves. All that is possible in 
such a pack is to describe some mathematical activities which have the potential to foster 
awareness of significant mathematical ideas, and to suggest reflection on links and 
commonalities between apparently disparate activities. The way the resource is actually used 
will be a function of the tutor's concerns and preferences, and the characteristics of the group of 
participants. 

We anticipate that tutors and participants will wish to augment the material with additional or 
alternative activities, and will determine the pace, the relationship between group work and 
'home-work', and the content and level of discussion. These notes are intended simply to 
indicate some factors which we believe to be germane to all groups of teachers working 
mathematically with a tutor. 

Significant aspects of the role of a tutor or group leader are: 

to establish a conjecturing atmosphere and ways of working; 
to ensure that the implications for classroom practice both of these ways of working, 
and of ways of reflecting on one's learning, remain part of everyone's awareness; 
to help teachers discover and develop their own ways of working with pupils. 

Establishing a conjecturing atmosphere is best done by example. Tutors can encourage 
conjecturing and conjecture-modification both in others and in themselves, they can 
explicitly promote the fundamental mathematical processes of specialising and generalising, 
and they can establish a discipline in which participants respect each other's utterances. Such 
tutors will find that participants are willing both to struggle to express their thinking when 
they are unsure, and to hold back when they are sure. 

The complement to a conjecturing atmosphere is the keeping of a notebook for observation. 
There are two sorts of things worth noting. The first is mathematical, and particularly 
concerns observations about finding yourself stuck, and getting unstuck. The BOOKMARK 
contains some advice in this area, but its value will be enhanced if the remarks on it are 
linked to specific personal experience. The second sort of things worth noting are brief but 
vividly described moments during your own mathematical work, during group discussions, 
and from your classroom. Vivid anecdotes, which colleagues immediately recognise, are 
very helpful in promoting significant discussion about teaching and learning mathematics. 
They provide the special cases from which general principles emerge. It  is recommended that 
tutors also keep such a notebook, and that they are seen to use it during pauses in sessions, and 
to refer to it during discussions (or, at least, that they seem to be using it in this way). 

Once a conjecturing atmosphere is developed, i t  is recommended that the group be encouraged 
to become more independent of the tutor, in respect of deciding: what activities to pursue and to 
what depth and extent; how much work they wish to undertake between group meetings and 
what sort of work that will be; how they want to use group meetings for working co-operatively 
on activities and for giving each other encouragement and support. 

We recommend tutors to look a t  Section 5, THE LAST WORD, before the first meeting. 

A rough pattern of work might look something like the following: 

INITIAL MEETING 

The tutor introduces one or two activities from the pack, and uses the opportunity to set up ways 
of working which include: adopting a conjecturing mode; lots of working in pairs; reflecting 



on being stuck and getting unstuck; noticing connections, samenessess and differences 
betweeen activities, etc. The tutor emphasises the struggle to express thoughts to others. The 
tutor always takes care to act consistently with the ways of working which are being suggested. 

The tutor demonstrates the effectiveness of participants recalling and then describing briefly 
but vividly some moment from their own thinking which highlights a particular aspect of 
mathematical thinking. 

MIDDLE MEETINGS 

Participants meet together to share thoughts and difficulties, usually beginning by working 
together on some activity, perhaps as proposed in the pack, but possibly as modified, extended, 
developed, or devised by participants. 

Brief but vivid moments from recent experience are shared. The tutor reminds students of the 
value of keeping a notebook for this purpose and as a record of the change and development in 
their awareness. 

LATER MEETINGS 

The tutor encourages participants to reflect on and to express implications for the classroom of 
the activities they have been engaged in and their manner of working. Ideally, participants 
will be teaching at least some of the time, and will be able to bring back to the meetings vivid 
descriptions of classroom moments which highlight some issue or observation that they find 
striking. 

LAST MEETING 

Participants should be encouraged to have read, pondered, and worked on Section 5 THE LAST 
WORD, prior to the meeting. 

Having reflected on experiences of bits of this work, some time could be devoted to working 
further, together, on activities in Section 5, and some time to reflecting on implications for the 
classroom of: 

the particular activites in this pack; 
activities in general (posing, setting and introducing); 
reflecting, as  a complement to activity; 
ways of working which foster and sustain mathematical thinking, and the 
classroom atmosphere conducive to such thinking. 

Some time devoted to forming crisp mental images of typical classroom situations, and a 
variety of possible strategies with which t o  respond to those situation, could usefully end this 
last session. 






